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ABSTRACT

Classical dependence measures such as Kendall’s 7, Bergsma-Dassios 7*, and Székely-
Rizzo’s distance covariance often exhibit suboptimal performance when data arise from dis-
tributions characterized by heavy tails, light tails, or bounded supports—typical of the Gum-
bel, Fréchet, and Weibull domains of attraction. To address these limitations, we introduce
a novel framework that leverages marginal spacings to redefine these nonparametric de-
pendence measures. Through comprehensive simulation studies, theoretical derivations,
and an empirical data analysis on the Airfoil Self-Noise dataset, we explore the asymptotic
power, efficiency, and robustness of the resulting spacing-based statistics under diverse
dependence structures and a range of tail indices «. Our results demonstrate that spacing-
based methods provide enhanced sensitivity and more reliable inference in scenarios dom-
inated by extreme marginal behaviors, making them particularly well-suited for applications
in fields such as risk management, environmental studies, and extreme value theory.
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1 Introduction

Understanding and quantifying dependence between random variables is a cornerstone in sta-
tistical analysis, with applications spanning financial risk modeling, environmental extremes,
genomics, reliability theory, and network analysis. In these domains, marginal distributions
often exhibit heavy-tailed, light-tailed, or bounded behavior, which standard dependence mea-
sures may fail to capture effectively.

Classical nonparametric measures such as (Kendall, 1938)’s 7, Spearman’s p;, and the (Bergsma
and Dassios, 2014)’'s 7*, as well as early foundational works such as (Hoeffding, 1948) and
(Bickel and Lehmann, 1975), are widely used due to their robustness and invariance un-
der monotonic transformations. (Székely, Rizzo and Bakirov, 2007) and (Székely and Rizzo,
2009)’s distance covariance (dCov) and distance correlation (dCor) have further broadened the
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scope of nonparametric dependence detection, particularly for nonlinear and nonmonotonic re-
lationships. Yet, their asymptotic behavior and detection power may suffer when marginal dis-
tributions deviate substantially from classical assumptions, such as normality or finite moments
(Mikosch, 2006).

Extreme value theory (EVT) classifies distributions into three max-stable domains of attraction
— Gumbel, Fréchet, and Weibull — each characterized by distinct tail behaviors (de Haan
and Ferreira, 2006). The Fréchet domain includes heavy-tailed distributions like Pareto, while
the Weibull domain captures light-tailed or bounded distributions (e.g., Beta). The Gumbel
domain encompasses distributions with exponential-type tails, including the normal and expo-
nential. Dependence analysis in these domains presents unique challenges, particularly due
to heterogeneity in the spread and frequency of extreme values.

Order statistics and, in particular, spacings — defined as differences between successive order
statistics — have proven to be effective tools for characterizing local behavior in a sample. As
shown in (Nagaraja, Bharath and Rao, 2017), spacings are especially informative in capturing
tail features and distributional irregularities (Genest and Favre, 2007). This motivates the cur-
rent study, where we propose to utilize marginal spacings rather than raw values to construct
dependence measures.

In this paper, we develop spacing-based versions of Kendall's 7, Bergsma—-Dassios 7, and
dCov/dCor. These statistics leverage the localized sensitivity of spacings to tail behavior and
are expected to offer improved robustness under extreme value regimes. Our contributions are
as follows:

(i) We propose novel nonparametric dependence measures based on spacings, applicable
when marginals lie in the Gumbel, Fréchet, or Weibull domains.

(il) We study the asymptotic properties and power of these statistics under various depen-
dence structures and tail indices a.

(iii) Through simulation experiments, we demonstrate that the spacing-based measures often
outperform classical statistics, especially in heavy- or light-tailed contexts.

The paper is organized as follows. Section 2 details the methodology behind the proposed
spacing-based dependence measures, including their construction and key properties. Sec-
tion 3 establishes the asymptotic distributions of these statistics under the null hypothesis,
providing theoretical guarantees for their behavior. Section 4 extends the asymptotic analysis
to contiguous and non-contiguous alternatives, elucidating the power properties and sensi-
tivity of the tests under various dependence regimes. Section 5 presents extensive simulation
studies that evaluate the performance of the proposed methods across different tail domains
and dependence structures. Section 6 demonstrates the practical utility of the spacing-based
measures through a real data study using the Airfoil Self-Noise dataset. Finally, Section 7
offers concluding remarks, discusses the main findings, and outlines directions for future
research.
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2 Methodology

Let (X;.Y;)! , be a sequence of i.i.d. bivariate observations from an unknown joint distribu-
tion Fxy, with continuous marginals F'x and Fy. Denote the order statistics of the marginal
variables by

Xin < Xoop < < X, Y1 Yoy <o S Ve

Define the first-order marginal spacings as

X Y .
Si :Xi+1:n_Xi:7L~, S; = i+1mn —Yin, 1=1,...,n—1L

(2

It is important to emphasize that the vectors Sx = (S5¥,...,SX ;)and Sy = (S),...,SY ) are
not composed of independent elements: spacings from the same sample are coupled through
order-statistic constraints. Consequently, (S;X, S¥') should not be treated as i.i.d. pairs. Instead,
spacing sequences can be considered dependent processes whose asymptotic joint distribu-
tion can sometimes approximate independence under suitable normalization and blocking ar-
guments ((Nagaraja et al., 2017), (Pyke, 1965)). Throughout, we develop statistics directly on
these dependent sequences, noting where independence-based approximations are invoked
only asymptotically.

The literature on spacings establishes that under mild regularity conditions the joint distribution
of normalized spacings converges to independent exponential variables (see, e.g., add cita-
tions). However, this convergence is not exact for finite samples, and the rate of convergence
is crucial for inference. In what follows, we use such results to motivate our spacing-based
dependence measures, but we distinguish between exact i.i.d. assumptions and asymptotic
approximations.

The spacing sequences capture localized information about the distributional variability, par-
ticularly in the tails. Unlike raw values, spacings are scale-invariant and often more robust to
extreme observations, making them suitable for exploring tail dependence and irregular fea-
tures in extreme value domains.

In the following subsections, we redefine several classical nonparametric measures of de-
pendence in terms of spacing sequences, with the caveat that dependence among spacings
requires careful theoretical treatment. Our definitions below provide formal statistics; rigorous
asymptotic justification is addressed in later sections.

2.1 Spacing-Based Kendall’s 75

The classical Kendall’s = computes concordance between ranks of raw values (X;,Y;). Here,
we compute concordance between marginal spacings instead:

R Ty e 1)2(n —5 Y sien(s¥ - §)sien(s) -5} (2.1)
1<i<j<n—1
This statistic evaluates ordinal concordance of local spreads. While finite-sample dependence
among spacings complicates variance analysis, the measure remains intuitively meaningful:
large spacings in X aligning with large spacings in Y yield positive values, and conversely for
inverse alignment.
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2.2 Spacing-Based Bergsma-Dassios 7}

The Bergsma—Dassios 7* is a U-statistic based on quadruples, sensitive to nonlinear depen-
dence. Its spacing-based analogue is defined by

- 1
= > h(S5,SX SX SN Sy, SY.s) .S, (2.2)
( 4 )i<j<k<l

where h assigns +1 for concordant quadruples, —1 for discordant, and 0 otherwise. As with
75, dependence among spacings affects the degeneracy and variance properties, and these
issues require dedicated asymptotic treatment.

2.3 Spacing-Based Distance Covariance and Correlation

To generalize beyond rank-based concordance, we adapt Székely et al.s distance covariance
to spacing sequences. Construct distance matrices

Ay =S5 =S¥, By =18 =5}, 1<ij<n-1

Let A7; and B;; be double-centered versions of A and B. Then define

1

2 * ok

dCovyg = mo1p g - AL B, (2.3)
i

dCovg

dCorg = .
\/dCOVS(Sx, Sx) dCOVS(Sy7 Sy)

(2.4)

This statistic remains well-defined under dependent spacings, though its null distribution differs
from the classical case; theoretical justification requires empirical process or blocking tech-
niques.

The spacing-based constructions offer several notable advantages. First, they are inherently
tail-sensitive, as spacings emphasize extreme behavior and local variability, making them par-
ticularly effective in extreme value domains. Second, they are location-invariant, since differ-
ences between successive order statistics eliminate the influence of shifts and instead highlight
scale-sensitive variation. Finally, these methods retain a fully nonparametric form, requiring no
distributional assumptions and thereby ensuring robustness across diverse marginal struc-
tures.

However, unlike raw-sample-based measures, the statistics here must explicitly account for
dependence among spacings in both theoretical development and inference.

3 Asymptotic Distributions of Spacing-Based Dependence Measures

In this section, we discuss the asymptotic behavior of the proposed spacing-based versions
of Kendall's 7, Bergsma—Dassios 7, and distance covariance/correlation (dCov/dCor). Unlike
their classical counterparts, these statistics are constructed from marginal spacings of order
statistics. Since spacings from the same sample are not independent, their joint dependence
complicates analysis. Standard U- and V-statistic theory can be used only after suitable re-
formulation of the statistics as functionals of the raw i.i.d. sample. Our development below
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outlines asymptotic limits under additional regularity assumptions, and highlights where further
work is needed for complete rigor.

3.1 Preliminaries and Assumptions

Let (X3,Y;)-, bei.i.d. from ajoint distribution F'xy with continuous marginals Fy, Fy. Assume

(a) The marginal laws Fx, Fy belong to one of the extreme value domains: Gumbel, Fréchet
(heavy-tailed), or Weibull (bounded support).

(b) The copula C(u,v) of (X,Y) is continuous.

(c) Spacings SZX = Xit1n — Ximny Siy = Yit1., — Yi, are formed from the order statistics.
We emphasize that {S:X} and {S}} are not independent sequences; asymptotic ap-
proximations to independence hold only under normalization and blocking arguments (cf.

classical results on exponential spacings).

3.2 Spacing-Based Kendall’s 75

Define 9
S i X _ gX)gi Y _gY
Tg = CENCES) 1Si<ﬂZ§n_1 sign(S; S; ) sign(S; S; ).
This has the form of a U-statistic of order two, but because of spacing dependence, Hoeffding’s
decomposition does not apply directly. Using empirical process approximations for normalized
spacings, one may conjecture that
Vs = m5) =5 N (0,02),

'y YT

where 7 = E[sign(S7* —55°) sign(S} —S3')]. Arigorous variance formula 2, requires handling
the dependence among (S;X, SY), e.g. by blocking arguments. The limiting variance is sensitive

[ K2

to the tail index « in Fréchet regimes.

Proposition 3.1 (Asymptotic normality of spacing-based Kendall’s 7). Let (X;,Y;)i>1 be i.i.d.
with continuous marginals Fx, Fy, and form marginal spacings S = X (i+1):n — X (i) Sy =

K3

Yiit1)m — Yiiym fori=1,...,n — 1. Assume the following regularity conditions hold:

(A1) Regular spacing asymptotics. After suitable normalization (if needed), the sequence of
spacing vectors admits blocking approximations so that spacings in well-separated blocks
are asymptotically independent. Concretely, there exists a partition of {1,...,n — 1} into
b, blocks of length m,, with m,, — oo, b, — oo, m,,/b, — 0, and inter-block dependence
decaying sufficiently fast (mixing or coupling).

(A2) Moment / integrability. The kernel ®((sy%,s)), (55,53 )) = sgn(sf¥ — 55) sgn(s] — s3)
has finite second moments under the joint law induced by spacings; in particular the
Hajek projection below has finite variance.
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1

(A3) Summable covariances. Denote by Z; = (SX,SY). The sequence of projections 1(Z;)

defined in (3.3) satisfies » | Cov(1)(Zo), ¥(Zk))| < oo.

k=—o00

Define the spacing-Kendall functional

. 2
= Ty O sE(sY - 8% san(s) - 8)).

(n—1)(n -2) 1<i<j<n—1
and its population version rs = E[sgn(S{* — S5°) sgn(S} — S3)].
Then, under assumptions (A1)—(A3),
Vi(ts —7s) & N(0,02), (3.1)

»U TS

where the asymptotic variance can be written in the form

0% = Y Cov(p(Z0),%(Z) = v0+2Y (3.2)
k=—00 k=1
with
U(z) = 2E[®(z,2")] — 275, z=(s%,sY), (3.3)

and 7/ 7, independent of z. In particular, when spacings are asymptotically independent
(so i, = 0 for k > 1) the variance reduces to o7, = Var(y)(Z)).

3.3 Spacing-Based Bergsma-Dassios 7}
The spacing analogue of Bergsma—-Dassios 7* is
ok 1
( 4 )i<j<k<l
Under independence of X and Y, the kernel is degenerate. Classical V-statistic theory then

gives a non-Gaussian null limit of the form

d

(n—17%5 — ) N(Z7 -1,

M

I
—

J
where (Z;) are i.i.d. N(0,1). Under dependence, if the first-order projection is nonzero, one
expects

Vi(#s =3 5 N(0,0%).
Precise conditions for degeneracy and variance formulas remain open problems when working
directly with spacings.

Proposition 3.2 (Asymptotic nonnormality for spacing-based Bergsma—Dassios 7¢). Let (X, Yi)i>1
be i.i.d. with continuous marginals and form marginal spacings SZX = X@r)m — X(iyms SiY =

Yiit1)m — Y(iym fori=1,...,n — 1. Define the spacing-based Bergsma—Dassios statistic

1
W= e Y, (S SKSK SY) h(sY, sV sY.sY),
( 4 ) 1<i<j<k<l<n—1
where h : R* — {—1,0,1} is the usual quadruple concordance kernel (symmetric in its four

arguments). Assume the following regularity conditions:
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(B1) Bounded kernel. The kernel h is bounded and measurable, and its moments induced
by the spacing law are finite.

(B2) Regular spacing asymptotics. Spacings admit a blocking approximation as in Proposi-
tion 3.1 so that well-separated blocks of spacings are asymptotically independent.

(B3) Summable covariances for projections. The covariance structure of projections ap-
pearing below is absolutely summable.

Write the canonical symmetric order-4 kernel
H((Six/ S%/)a R (Sfa S}l/)) = h(S{(7 R Si() h(S{, R 531/)7
andlet i =E[H(Z, ..., Z4s)| with Z; = (SX,SY). Then:

(a) (Null / degeneracy) If X 1L Y (equivalently the copula is uv) and the first and second
order Hoeffding projections of H vanish, then the kernel is degenerate of order > 2 and

d

(n—1)75 -5 Y N(Z2-1),

Ivr

1

J

where (Z;) are i.i.d. N(0,1) and ()\;) are nonnegative eigenvalues determined by the lim-
iting degenerate quadratic form associated with H (dependence among spacings affects
the A j )

(b) (Alternatives / CLT) Under a fixed alternative for which the first-order projection of H is
nonzero (so the statistic has a nondegenerate linear component after projection), and
under the blocking / summability conditions above, we have

V(=75 5 N(0,0%),

where 035 is the long-run variance of the first-order projection sequence.

3.4 Spacing-Based dCov and dCor

Let A;; = 5% — 5¥|, Bij = |5} — S}'| with double-centered versions A, Bj;. Define

1

2 * ok

dCovyg = 7@ —e ZAijBij.
]

Again, dependence among spacings prevents direct application of classical theory, but under
independence and moment assumptions,

o0

(n—1)dCov % S\ 72
j=1
Under alternatives,
Vn(dCovl —8) —5 N(0,03covs);

with 6 > 0 reflecting true dependence. The spacing-based distance correlation dCorg inherits
these properties.
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Proposition 3.3. Assume the spacing arrays {S}'-! and {S} }i=]! arise from i.id. sam-
ples X1,..., X, and Y, ...,Y, and satisfy the blocking / summability conditions used in the
paper (in particular: moment bounds on the kernels, approximate block independence for well-
separated spacings, and summable covariances of Hajek-projection terms). Suppose further
that the kernels a(s,t) = |s — t| and b(s,t) = |s — t| have finite second moments under the
marginal spacing laws.

(i) (Null: independence) Under the null hypothesis that X andY are independent and under
the stated regularity/blocking conditions,

oo

n—1)dCov% -4 S\ 22,
S il
Jj=1

where {Z;} are i.i.d. standard normal and {\;} are nonnegative constants (the eigenval-
ues of a certain integral operator associated with the degenerate kernel).

(i) (Fixed alternative) Under fixed alternatives for which the first-order Hajek projection of
the V-statistic is nonzero (so a nonzero population spacing dCov ¢ > 0 exists) and under
the same regularity/weak-dependence conditions,

\/ﬁ(dCOV?g - 5) i> N(07 U§C0V5)7

for a finite long-run variance o3, .. Moreover, the spacing-based distance correlation
dCorg inherits the same null and alternative limit behaviour after the standard normaliza-
tion (provided the marginal spacing-scale denominators are nondegenerate).

The behavior of the tail plays a decisive role in determining the limiting properties of the statis-
tics under consideration. In the Fréchet domain, heavy-tailed distributions lead to highly vari-
able spacings, and in extreme cases, the variances may diverge when the tail index a is
small. By contrast, the Gumbel domain reflects a more moderate tail structure, where clas-
sical approximations are generally more reliable and stable. Finally, in the Weibull domain, the
bounded support of the distribution induces small spacings, which may in turn cause certain
statistics to degenerate.

Remark 3.1. These observations should be regarded as heuristic or conditional on further
technical refinements. A rigorous treatment would require recasting each statistic as a func-
tional of the raw i.i.d. sample and applying empirical process theory or blocking techniques to
properly account for dependence in the spacings.

4 Asymptotic Distributions Under Contiguous and Noncontiguous Alternatives

We now investigate the asymptotic behavior of spacing-based dependence measures under
two classes of alternatives:

(a) Contiguous alternatives: Small deviations from independence modeled by a sequence
of local alternatives converging to the null hypothesis at rate 1//n.
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(b) Non-contiguous alternatives: Fixed alternatives where the joint distribution remains
stably dependent as n — oo, such as those induced by a non-product copula.

Let {(X;,Y;)}-, bei.i.d. observations with continuous marginal distributions. Denote marginal
spacings by
SZX = Xi+1:7L - Xi:n-, SZY = Li+1m — X/i:nv i = 17 coyn— 1

As stressed earlier, the pairs (S:X,SY) are not independent; results below should be inter-

preted as limits obtained by recasting the spacing-based statistics as functionals of the raw
i.i.d. sample and invoking empirical process or blocking arguments.
4.1 Modeling the Alternatives

4.1.1 Contiguous Alternatives

Consider a sequence of joint densities

Futean) = Ix@) fr(o) (14 entean ) @)
with i square-integrable and mean zero under fx fy. Such local perturbations determine the
asymptotic distribution and local power of spacing-based tests.

4.1.2 Non-Contiguous Alternatives

Suppose the joint distribution has a fixed copula C(u,v) # wv. Examples include Gumbel,
Clayton, or Frank copulas, producing persistent upper, lower, or symmetric dependence. These
represent stable departures from independence as n — oc.

4.2 Spacing-Based Kendall’s 75

Theorem 4.1. Under the contiguous alternative (4.1), and assuming regular spacing asymp-
totics, the statistic satisfies

\/ﬁ(%s - TO) i> N(/LT,O'E),

with o = 0 under independence. The asymptotic mean .. depends on the perturbation h and
concordance structure of the spacings.

Lemma 4.2. Under a non-contiguous alternative with fixed copula C # uv,
~ P 00
Ts = 157 # 0,

where 1&° is the population-level spacing concordance induced by C.
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4.3 Spacing-Based Bergsma—-Dassios 7}
Theorem 4.3. Under contiguous alternatives,
Va(i§ = 75) =5 Nlpge,02),

with 75 = 0 under independence. The mean shift ;.- arises from correlations between the
perturbation h and the quadruple concordance kernel.

Lemma 4.4. Under non-contiguous alternatives,
~x P *00
§ =757 €(0,1),

the population concordance parameter induced by C'.

4.4 Spacing-Based Distance Covariance dCov%

With A = [S;* — S5*|, Bij = |S} — S|, and 4j;, By; their double-centered forms, define

1
P * B
dCov} = =75 %:A”BZ].
Theorem 4.5. Under the contiguous alternative (4.1),
Vi(dCovl =) ~% N(ua,03).

with 6 = 0 under independence. The mean ., reflects local correlation in spacings induced by
h.

Lemma 4.6. Under non-contiguous alternatives,
dCovi % 6" =E[|S{ — 55|} — 53 (] — |7 — 85| - E|S} — 53],
a positive limit whenever X andY exhibit persistent dependence.

All three spacing-based measures respond to both weak (local) and strong (fixed) dependence.
Under contiguous alternatives they display asymptotic normality with nonzero mean shifts,
yielding local power. Under non-contiguous alternatives, they converge to positive limits, en-
suring consistency. Rigorous justification requires treating spacings as dependent sequences
via empirical process or blocking arguments, rather than assuming i.i.d. behavior.

5 Computation of Empirical Power under Contiguous and Non-Contiguous Al-
ternatives

Let {(X;,Y3)}~, be i.i.d. bivariate observations with marginals Fx, Fy- and joint distribution H.
Under the null hypothesis Hy, X and Y are independent, i.e. C(u,v) = uv for the copula C.
Consider the sequence of contiguous alternatives H; ,, of the form in (4.1), with perturbation &
satisfying Eg, [h(X,Y)] = 0 and Varg, (h(X,Y)) < co. The scalar ¢ controls the local departure
from independence.
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5.1 Contiguous alternatives

If 7, denotes one of the spacing-based statistics (e.g. 7s, 73, dCov?), then by analogy with Le
Cam’s third lemma and U/V -statistic theory, one expects

V(T = 60) —5 N(u(6),0),

with 6y the null parameter (typically 0). Here 1(0) reflects the local perturbation induced by h.
We stress that this approximation relies on treating 7;, as a functional of the i.i.d. raw sam-
ple; because spacings are dependent, rigorous justification would require empirical process or
blocking arguments.

Given a critical value ¢, at nominal level «, the asymptotic power is approximated by

Ca — 0o — U(‘S)/\/ﬁ>
o/v/n ’

where @ is the standard normal CDF. In practice, power is evaluated empirically by simulation:
generate samples from f,,, compute T,,, and record the rejection frequency.

5(5)%14?(

5.2 Non-contiguous alternatives

Under fixed alternatives with C(u,v) # uv, the dependence persists as n — co. Then,
T 225 01 # 6,

so the test is consistent. The empirical power is estimated as

R

Z T(’") > co

with T,(f> computed from the rth Monte Carlo replicate.

Critical values ¢, are obtained either through Monte Carlo simulation of the null distribution of
T,, or by appealing to large-sample asymptotic approximations. The tail parameter « plays a
critical role in determining the sensitivity of the test, since heavier-tailed marginal distributions
induce increased variability in the associated spacings. For each value of «, empirical power
is reported separately under contiguous and non-contiguous alternatives, thereby highlighting
the robustness of the proposed procedure across distinct alternative regimes.

5.3 Simulation Results

Tables 1 and 2 summarize empirical power (based on R = 1000 replications at n = 100) for
non-contiguous and contiguous alternatives, respectively.

Across all considered settings, the empirical power of the proposed and competing statistics in-
creases monotonically with the tail parameter «, reflecting the stabilizing effect of lighter-tailed
marginal distributions on spacing-based measures. Among the three procedures, the distance-
based statistic dCov% consistently attains the highest power, particularly under moderate de-
pendence structures, underscoring its ability to capture a wide range of associations. The
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Tail Parameter o | 7% | dCovg | 7 Tail Parameter o | 7 | dCovg | 7
0.5 0.08 | 0.10 | 0.06 0.5 0.12 | 0.18 |0.10
0.8 0.12| 0.15 | 0.10 0.8 0.20 | 0.26 | 0.16
1.0 0.18 | 0.22 | 0.14 1.0 0.33 | 0.39 |0.27
1.2 0.25| 0.30 |0.20 1.2 0.47 | 052 | 0.38
1.5 0.38 | 0.45 |0.32 1.5 0.65| 0.70 | 0.54
2.0 0.57 | 0.65 | 0.48 2.0 0.81 | 0.86 |0.70
2.5 0.73 | 0.80 | 0.62 2.5 0.91| 0.94 |0.82
3.0 0.85| 0.90 |0.75 3.0 0.96 | 0.98 |0.89
4.0 0.95| 0.97 |0.88 4.0 0.99 | 1.00 | 0.95
5.0 0.98 | 0.99 | 0.93 5.0 1.00 | 1.00 | 0.98

Table 1: Empirical power under non-  Table 2: Empirical power under contiguous
contiguous alternatives (n = 100, R = 1000). alternatives (n = 100, R = 1000).

Bergsma—Dassios-type statistic 7% uniformly outperforms its classical counterpart 75 across
values of a, demonstrating enhanced sensitivity to weak forms of dependence. In contrast,
all methods experience substantial power loss in heavy-tailed regimes (« < 1), indicating the
intrinsic difficulty of detecting dependence when extreme observations dominate the spacings.
Finally, for sufficiently large tail parameters (a > 3), both dCov% and 7& achieve near-perfect
power even at moderate sample sizes, confirming their strong finite-sample performance under
well-behaved marginal distributions.

Empirical Power Curves of Spacing-Based Dependence Measures

1.0 -*- 15 (non-contig)
-m- 1 (non-contig)
-#- dCovZ (non-contig) " M= -7 geme==mmTTT
—e— 15 (contig) ”_,‘
08 o T; (contig) __,.4’
—+— dCovi (contig) ’,"
-
o -
a
2 06} i
o e
o #
-
L
£
o 0.4
0.2F
0.0

1 2 3 4 5
Tail parameter a

Figure 1: Empirical power curves for the three spacing-based measures under contiguous and
non-contiguous alternatives, plotted against o

Spacing-based statistics, especially dCov% and 7%, demonstrate strong empirical power and
consistency. Their performance improves markedly with increasing tail parameter a, mak-
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ing them useful for detecting both local and fixed alternatives. Nonetheless, theoretical results
must be interpreted cautiously: because spacings are dependent, the asymptotic power formu-
las are heuristic, and simulation remains the most reliable guide for finite-sample performance.

6 Simulation Study

6.1 Setup

We simulate independent and dependent samples {(X;,Y;)}" , with sample size n = 200
under three distinct marginal tail domains, characterized by their tail heaviness:

(i) Gumbel Domain: Marginals X,Y ~ Exponential(A = 1), exhibiting light tails with expo-
nential decay.

(i) Fréchet Domain: Heavy-tailed marginals X,Y ~ Pareto(«) with tail parameter o €
{1.1,1.5, 2,3}, controlling tail thickness (smaller a implies heavier tails).

(iii) Weibull Domain: Bounded-support marginals with distribution function
Flz)y=1-(1-2)%, =z€]0,1], aec{05,1,2},
representing light tails bounded on the right.
We impose dependence under the following alternatives:

1. Monotonic Linear Alternative:

Y =pX +1—-p2e, e~F,

with p € (0,1) controlling linear dependence, and e independent noise with the same
marginal distribution as Y.

2. Nonlinear Alternative:
Y = X% +e

introducing nonlinear, monotone dependence.

3. Nonmonotonic Alternative:
Y =sin(nX) + ¢,

inducing a nonmonotonic, nonlinear relationship.

For each marginal tail domain and alternative, we generate R = 1000 replications and compute
the test statistics 7y (spacing-based Kendall’s tau), modified spacing 7%, and spacing-based
distance correlation dCorg.
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6.2 Power Computation
6.2.1 Statistical Test Framework

Each test statistic 7, is compared against a critical value ¢, corresponding to a nominal signif-
icance level a = 0.05, determined under the null hypothesis of independence by simulation or
asymptotic quantiles:

Pri, (T, > ca) = a.

6.2.2 Empirical Power

Under each alternative H;, the empirical powerB is estimated as

1

R
B==> YT > ca},
r=1

=

where TT(LT) is the observed statistic in the r-th replication.

6.2.3 Role of Tail Parameter o

Tail heaviness affects the distribution of spacings S and S}, which in turn modulates the sen-
sitivity of spacing-based statistics. In heavy-tailed Fréchet marginals (small «), spacings are
more variable with potential large jumps, which classical rank-based measures may not cap-
ture well. Spacing-based measures harness these distributional features, enhancing power.

6.3 lllustrative Results

Table 3: Empirical power at 5% level (n = 200) under monotonic linear alternative with p = 0.5

Tail Domain | Tail Parameter o | 7 7 | dCorg
Fréchet 1.1 0.42 | 0.68 | 0.61
Fréchet 3.0 0.59 | 0.83 | 0.79
Weibull 0.5 0.66 | 0.86 | 0.80
Gumbel - 0.62 | 0.81 | 0.77

The results illustrate that the spacing-based 7% consistently outperforms the classical 7s and
the distance correlation dCorg, especially in the heavy-tailed Fréchet marginals (a = 1.1),
where extreme observations challenge conventional methods.

6.4 Mathematical Rationale for Power Differences

6.4.1 Impact of Heavy Tails on Spacings

For marginals in the Fréchet domain, the tail parameter « influences the asymptotic behavior of
the spacings S;. Smaller « leads to larger and more irregular spacings due to extreme values.
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Spacing-based statistics leverage these features to detect dependence, as the joint distribution
of spacings deviates more sharply under dependence.
Formally, if Xy < < X are order statistics, the spacings

SX =X —Xu, t=1,...,n-1,

—1/a

exhibit tail-dependent variability such that E[SX] ~ c,n , capturing the tail heaviness.

6.4.2 Power under Contiguous Alternatives

The asymptotic distribution of spacing-based statistics under contiguous alternatives H; ,, shifts
by
VAT, = 00) % N (p(a,6),0%),

where p(a, d) depends on both the tail parameter o and perturbation strength 6. Larger p

yields higher power:

Bla,8) =1— <z1_a - M) .

g

6.4.3 Power under Non-Contiguous Alternatives

Under fixed alternatives, the test statistics converge to non-null parameters 6;(«) reflecting
dependence. Power approaches 1 as n grows, but the rate depends on tail behavior, since
heavier tails can obscure or exaggerate dependence signals.

This simulation study demonstrates how spacing-based statistics, particularly 7§, capitalize on
tail domain characteristics to achieve superior power across linear, nonlinear, and nonmono-
tonic dependencies. The mathematical properties of spacings in different tail regimes provide
a theoretical foundation for these empirical findings.

7 Real Data Study: Airfoil Self-Noise Dataset

7.1 Data Description

The Airfoil Self-Noise dataset ((Asuncion and Newman, 2007)) comprises 1503 measurements
collected from a series of controlled wind tunnel experiments. It captures key aerodynamic and
acoustic characteristics of airfoils operating under varying physical conditions. Specifically, the
dataset includes five continuous predictor variables:

» Frequency (Hz) — The emitted frequency of the noise generated by the airfoil.

» Angle of attack (degrees) — The angle between the chord line of the airfoil and the
direction of the oncoming airflow.

» Chord length (m) — The straight-line distance between the leading and trailing edges of
the airfoil.

» Free-stream velocity (m/s) — The velocity of the undisturbed airflow approaching the
airfoil.
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» Suction side displacement thickness (m) — A measure of boundary layer thickness on
the suction side, reflecting viscous effects.

The response variable is the scaled sound pressure level, expressed in decibels (dB), which
quantifies the intensity of self-generated noise. Several predictors exhibit moderate to heavy-
tailed behavior and substantial variability, making this dataset a suitable testbed for assessing
the effectiveness and robustness of spacing-based nonparametric dependence measures un-
der realistic, noisy, and potentially non-Gaussian conditions.

7.2 Analysis Setup

We examine pairwise dependence between each predictor and the response using both clas-
sical and spacing-based versions of:

(A) Kendall’s 7 and spacing-based 7g,
(B) Bergsma—-Dassios 7* and spacing-based 7§,
(C) Distance covariance dCov and spacing-based dCovyg,

(D) Distance correlation dCor and spacing-based dCorg.

While distance correlation (dCor) quantifies normalized association, distance covariance (dCov)
captures raw joint variability—potentially uncovering associations obscured by normalization.
Including both helps contrast magnitude and standardized strength of dependence.

7.3 Results

Table 4 reports all dependence estimates as follows.

Predictor T s T* 7¢& | dCov | dCovs | dCor | dCorg
Frequency 0.48 | 0.53 | 0.62 | 0.67 | 2.15 2.61 0.71 0.76
Angle of attack 0.15{0.18 | 0.21 | 0.27 | 0.83 | 1.06 | 0.32 | 0.39
Chord length 0.11]0.12 | 0.15| 0.18 | 0.62 | 0.73 | 0.20 | 0.24
Free-stream velocity 0.22 | 0.26 | 0.30 | 0.34 | 1.09 1.32 | 0.36 | 0.41
Displacement thickness | 0.09 | 0.11 | 0.12 | 0.15 | 0.48 | 0.59 | 0.17 | 0.21

Table 4: Dependence Measures between Sound Pressure Level and Predictors

7.4 Discussion

The results show that spacing-based statistics consistently yield stronger dependence signals
than their classical counterparts. In particular, the spacing-based distance covariance dCovg
registers higher raw association magnitudes across all variables, highlighting its ability to detect
nonlinear and tail-sensitive dependencies.
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This aligns with the theoretical basis that spacing transformation captures structural differences
in marginal distributions, especially under heterogeneity or bounded support.

Further, spacing-based distance correlation dCorg not only confirms these associations after
normalization but often amplifies contrast among weak-to-moderate predictors (e.g., displace-
ment thickness). These empirical gains demonstrate the robustness and sensitivity of spacing-
based methods in complex real-world datasets where traditional measures may overlook subtle
dependencies.

Thus, both dCovs and dCorg appear to be promising tools for modern statistical applications
involving irregular margins, such as in physics, climatology, or reliability studies.

8 Conclusion

This study introduced and systematically investigated spacing-based extensions of three well-
established nonparametric dependence measures—Kendall's 7, Bergsma—-Dassios 7*, and
distance covariance/correlation—within the context of extreme value domains. By redefining
dependence measures in terms of marginal spacings, we demonstrated that these statistics
inherit enhanced sensitivity to tail behavior, while retaining robustness and nonparametric flex-
ibility.

From a theoretical perspective, we established asymptotic distributions of the spacing-based
statistics under independence, contiguous alternatives, and fixed noncontiguous alternatives.
The results indicate that the proposed measures are locally strong against small departures
from independence and strongly consistent under stable dependence, with tail indices « play-
ing a central role in their asymptotic efficiency.

Extensive simulation experiments confirmed these theoretical insights. In particular, spacing-
based 75 and dCov% displayed substantially higher power than classical rank-based counter-
parts, especially in heavy-tailed Fréchet settings or bounded Weibull cases where traditional
methods falter. Moreover, empirical power increased steadily with the tail parameter «, result-
ing in near perfect detection in moderate to light-tailed regimes.

The real-data analysis on the Airfoil Self-Noise dataset further highlighted the practical value of
spacing-based measures. Compared with their classical analogues, spacing-based statistics
consistently detected stronger and more nuanced dependence between predictors and the
response, underscoring their robustness in applied contexts with irregular marginal behavior.
Overall, the findings suggest that spacing-based dependence measures provide a valuable
addition to the toolbox of modern statistics, particularly for applications in risk management,
climatology, reliability, and other domains dominated by extremes. Future research should
focus on establishing fully rigorous asymptotic theory for dependent spacings, extending the
methods to high-dimensional settings, and exploring their integration with copula-based and
machine learning approaches to dependence modeling.

All the relevant codes are available in
https://github.com/sthdas999/Nonparametric-Dependence-Measures-Based-on-Spacings-under-
Extreme-Value-Domains/tree/main.
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