International Journal of Applied Mathematics and Statistics,

Int. J. Appl. Math. Stat.; Vol. 65; Year 2026, Issue: 2 (Published on 22/08/2026 )
ISSN 0973-1377 (Print), ISSN 0973-7545 (Online)

Copyright © 2026 by International Journal of Applied Mathematics and Statistics

Forecasting the Trend Component of Time Series Using a
Trigonometric Basis

V.M. Balyk', E.V. Sudilina?, K. H. D. Nguyen?, M. T. Nguyen*, T. C. Vu®,
H. T. T Nguyen®

"Moscow Aviation Institute (National Research University), Moscow, Russia, balikv@gmail.ru
°Moscow Aviation Institute (National Research University), Moscow, Russia, hitechsun@yandex.ru
3Irkutsk National research technical universuty, Irkutsk, Russia, hd04011996@gmail.com
“MIREA — Russian Technological University, Moscow, Russia, Nguen_m@mirea.ru
SMIREA - Russian Technological University, Moscow, Russia, Vutrichien0O0@gmail.com
8Vietnam Maritime University, Hai Phong, Viet Nam, trangnht@vimaru.edu.vn

ABTRACT

This paper examines the problem of constructing a nonlinear forecast for time series using a
trigonometric polynomial framework. Apart from the linear case, time series forecasting remains a
complex and insufficiently resolved task. In the development of a technical system, three closely
interrelated types of forecasts are typically distinguished:

1. forecasting the operational conditions under which the prediction will be applied;
2. forecasting optimal system parameters;
3. forecasting the functional characteristics of the technical system.

Although this conventional forecasting scheme is conceptually simple, it lacks reliability for medium-
and especially long-term predictions. Furthermore, the need for prototypes when forming statistical
datasets leads to the rapid obsolescence of information concerning new technical solutions by the
time the data sample is constructed.

In this study, we propose a new variational approach to forecasting, in which the regularity criterion
serves as the variational functional and trigonometric polynomials are used as the variational basis.
The optimal structure of the basis functions is determined through statistical synthesis, followed by
the construction of the most effective basis components. We demonstrate that statistical synthesis
enables the development of simple and efficient algorithms for generating basis functions.
Additionally, we introduce specialized operations on statistical samples that give rise to
fundamentally new algorithms for solving multidimensional forecasting problems.

A model experiment confirms the practical convergence and effectiveness of the proposed
statistical forecasting method.

Keywords: statistical synthesis; dataset; variational polynomial; forecasting; basis function; regularity
criterion.
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INTRODUCTION

It is well known that variational methods are an effective tool for solving complex problems in numerical

analysis, particularly in multidimensional settings where grid-based approaches and the finite element

method face the well-known “curse of dimensionality” [1]. However, even within variational frameworks,

a number of methodological difficulties arise. One of the common challenges is the slow convergence
www.ceser.in/ceserp
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of the variational series to the exact solution as the size of the variational basis increases, which typically
results in the inversion or diagonalization of extremely large matrices. Such slow convergence is
generally due to the fact that the exact solution is not sufficiently similar in form to the preselected set
of basis functions [2,3]. Kuklin (1975) proposed a fundamentally new approach was proposed to
overcome these difficulties—namely, a step-by-step stochastic optimization of a nonminimal variational
basis, referred to as the stochastic variational method. In this approach, the variational basis is not
chosen universally but is instead constructed through random trials specifically tailored to the boundary-
value problem under consideration [4]. This strategy allows for a substantial reduction in the basis size
and enables fully analytical computation of the required matrix elements. Nonetheless, for many
complex problems, a significant issue remains: a large number of random trials are required to optimize
the basis. This leads to considerable increases in computational time, especially when the analytical

expressions for the matrix elements involve multidimensional sums or special functions [5-7].

This work further develops this new line of research. The proposed method significantly reduces the
number of random trials required to evaluate the variational functional by employing an algorithm that
analyzes the distribution of functional values obtained during these trials and based on this analysis,
predicts the most optimal form of the basis components. This approach, referred to as the statistical
forecasting method, allows for a substantial improvement in the efficiency of constructing the variational
basis [8].

Statistical Synthesis of Forecasting in a Gaussian Basis [9-12]

Let the forecasting problem be reduced to minimizing the functional E[]in the space L2. We expand
the desired solution ¥ (x)— where x denotes a symbolic coordinate, either one- or multidimensional —
into a series with respect to a non-minimal basis {¢; = ¢(x,a;), i = 1,2, ...}, where «; are the nonlinear

parameters of the basis:

P(x) = Xi=1 Cipi (%), (1)
The coefficients C; represent the linear parameters of the trial function . For forecasting problems, it is
convenient to use the Ritz variational principle, which reduces the problem to minimizing the variational
functional E[y] in the space spanned by the vectors of the chosen variational basis {¢;(x)}. As is well
known, this leads to a system of linear algebraic equations for the linear superposition coefficients C; in
(1) (i =1,2,..), whose nontrivial solutions yield the desired approximate solution of the variational

problem associated with the basis functions ¢;(x).

We then proceed analogously to optimize «a,, that is, the second component in (1), followed by a5, and
so forth. Upon reaching ay, this procedure corresponds to the so-called coordinate descent (or

coordinate relaxation) in the established classification of multivariable function minimization methods.
Alternatively, one may retain the Noptimized basis components {(p(x, ai(m),i =1, ...,N)}, add N(or M #

N) new components — thus expanding the basis to dimension N + M(or 2N) — and then optimize these

new components using the same method described above.

In any case, the algorithm described above for determining the optimal basis components ultimately
reduces to selecting a single best element (in a certain sense) from a given random sample and

discarding all other “nonoptimal” components. It is clear, however, that significant potential for
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improvement lies in the effective use of the nonoptimal components that were previously discarded

under this approach.

The essence of the new method proposed in this work for optimizing the basis is as follows. The set of
random values of the functional £, (p = 1,2, ..., m), generated during random trials, is interpreted as the
outcome of a set of experiments performed on the system. Based on these experimental results, a
statistical prediction is then made regarding the optimal values of the nonlinear parameters of the
variational basis. This is achieved using well-developed methods and algorithms from the theory of

statistical synthesis of technical systems in automatic control [13].

The main elements of statistical synthesis are statistical samples, from which the reconstructed
dependencies are formed, as well as external criteria that determine the optimal order of the
reconstructed regression polynomial [14-16]. A statistical sample serves as the primary carrier of
information in statistical synthesis problems. Such samples are typically divided into two unequal parts,
referred to as the training sequence and the validation sequence [15]. Using the training sequence, the
linear parameters of the regression polynomial are computed via the least-squares (LS) method, while
the external criteria are evaluated at the validation points to determine the optimal degree of the

reconstructed polynomial [17, 18].

As established in [15], the optimal degree of the reconstructed polynomial corresponds to the minimum

of the external criterion — in our case, the variational functional Ey].

Suppose based on statistical data, it is required to reconstruct an n-dimensional function J =

J (x4, %3, ..., x,). FoOr such a problem, the corresponding statistical sample takes the following form:

Table 1: Multidimensional statistical sample

X1 X2 Xn ]

X1,1 X2,1 Xn,1 I
X1,2 X2,2 Xn,2 Iz A
B

X1,N X2,N Xn,N In

Here, the statistical sample of size N contains n input variables x;, i = 1,...,n, and a single output
characteristic J. In our case, this output corresponds to the values of the variational functional J[y]
evaluated at random values of the parameters x;, x,, ..., x,,. The sample is conventionally divided into

two parts: A — the training sequence, B — the validation sequence.

The main idea behind constructing a regular method for determining the optimal values of the nonlinear
parameters a;,j = 1,2, ... of the variational basis is to establish a correlation relationship between these
nonlinear parameters and the functional of the variational problem J[y] = J (a4, ..., ay). This relationship
is subsequently used to predict the values of a;,j = 1,2, ..,, that minimize the functional J[] at a given

step of the optimization process.
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Such a relationship can be constructed by means of a specially formed statistical sample.

In the considered algorithm, statistical samples are constructed at the stage of determining each term
of the variational series. At the k-th step of the algorithm, the statistical sample for the problem takes

the following form:

Table 2: Sample for Constructing the Wave Function

a 1/’(X' ak) E[l/j]
(@)1 PYi(x, i1 Ey
(ar)2 Yi(x, ) E,
(vi)n Yi(x, )y En

Here, k = 1, ..., m denotes the step number, and y(x, a;), represents a trial function of the form (1),

consisting of N terms, in which all nonlinear parameters except «;, are fixed, while «; is being optimized.

Table 3: Reduced sample of the form:

a Er
(a1 Er,y
(ak)z ET_z
(ar)n Erpn

Based on this reduced sample, a power polynomial of optimal complexity is constructed in the form:

Ey(a;) = by + bya; + bpaf? + -+ byal,i=12,..,N )

where the order pis determined by minimizing an external criterion.

Unlike internal statistical criteria, external criteria are evaluated at the points of the statistical sample
that were not used in determining the linear parameters b;, i = 1,2, ..., p, of the polynomial obtained by

the LS method.
The main types of external criteria used in models for constructing the variational basis are as follows:

1. Regularity criterion:

N

N,
Zl‘:bl]’%‘,i
where Jr; are the tabulated (true) values of the functional, J,,; are the model values of the functional at
point i, computed from polynomial (2), and N,is the number of sample points not used in constructing

model (2).

2. Bias-Minimization Criterion:
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Z?’:lUA _]B)iz
ni, = ="———+—5—=>min 4
az?’:l]%,i “)

where

e ], denotes the values of the functional obtained from the points with larger variance of
the output variable,
e J; denotes the corresponding values for the points with smaller variance,

e a is the extrapolation coefficient.

The bias-minimization criterion requires the maximum possible agreement between the output values
produced by the two regression polynomials constructed from two different parts (A and B) of the
statistical sample. According to the Widrow theorem [3], the optimal partition of the statistical sample
consists of splitting it into two equal subsets, N, = N/2 and Ny = N/2, each of which may contain
different data points [15, 19].

Criterion (4) makes it possible to choose the polynomial that is least sensitive to random errors in the
input data used to construct it. According to this criterion, the polynomial should provide nearly identical
predictions on the data sequences of both groups A and B. Thus, criterion (4) is suitable for solving the
problem of reconstructing an underlying law from noisy experimental data. It is therefore reasonable to
apply this criterion when constructing improved regression polynomials by artificially assigning weights

to experimental points in order to refine the shape of the regression polynomial.

Let the regularity criterion be chosen as the functional of the problem:

YiE (Er — Ex)? .
L2 E

where Ny is the size of the validation subset, E(i)denotes the tabulated (true) values of the functional,

E@W) = ®)

and E, (i)denotes the corresponding values produced by the variational polynomial.

The variational polynomials are represented in the form

N
By = ) Cip(x, ) ®)
i=1

where ¢(x, ;) = exp(—a;x?),i = 1,2, ... Here, ¢(x, ;) is a one-dimensional Gaussian basis function.
The quantities x;, i = 1, ..., N, form the sample used to reconstruct the variational polynomial, where
Nyis the size of this sample, and x;is the value of the i-th forecasted characteristic. The coefficients C;

are the linear parameters of the function Ey,.

The minimization of the variational functional E (1)in the space spanned by the vectors of the chosen
variational basis leads to a system of linear algebraic equations with respect to the linear coefficients
C;,i =1,2,... The solution of this system yields the desired approximate solution of the variational
problem that minimizes the functional E(y). The non-minimality of the complete basis {¢;(x, a;)}
implies, in particular, that there exists an infinite number of possible choices of the nonlinear parameters

a;, i =1,2,.., that preserve the completeness of the basis (i.e., satisfy the conditions of the Mintz
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theorem [20-22]). Therefore, the nonlinear parameters of the basis should be chosen such that the

variational expansion (5) converges with the highest possible rate.

To compute the series (5), a statistical sample is constructed for each of its terms. Such a sample,

corresponding to the coefficient a;, is shown in table 4.

Table 4: Statistical Data for Determining a,

a; Er
(a1)1 Eya
(a1)2 Ey.
(a)n Eyn

With
Eyq = Co + Crexp(—a;x?)

Below is the process of constructing the variational polynomial (6), starting from the second term.

ay | Ey. & Epy = Co + Crexp(—a;x?) + Crexp(—ayx?)

as | Eugs S Eyz=Co+ Crexp(—a;x?) + Crexp(—a,x?) + Czexp(—azx?)

& Eyn = Co + Crexp(—a,x?) + Crexp(—a,x?) + Czexp(—azx?) + -+ + Cyexp(—ayx?)
To illustrate the numerical construction of the variational polynomial, we present a fragment of the

solution to a problem discussed in [23].

We consider the problem of constructing the seventh term of the variational polynomial, i.e., determining

the nonlinear parameter a, based on the statistical data of the following form.

Table 5: Statistical data for computing the seventh term of the variational polynomial

Er=a, Ey
0.16 -0.467
0.48 -0.18

57 -0.462
0.06 -0.462
0.002 -0.462
1.65 -0.498
5.469 -0.484

18 -0.467

34 -0.463

68 -0.462

72 -0.462

The polynomial of optimal smoothness is reconstructed in the form

m
C
J(x) = ?0 + Z[ai cos(w;x) + b; sin(w;x)] (7)
i=1
where m is the number of selected harmonics, C, is the mean value of the time series,
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2N-1

1
Co=y ]Z J6)

where N is the size of the statistical sample, a; and b; are the Fourier coefficients,

2N
1
a; = NZ](xj) cos(w;x;)

j=0

2N—
Z J(x;) sin(w;x;)

where w; are the frequencies of the process,and j =1, ...,m
From the solution of the minimization problem (7), the forecasted parameter x,,,is determined as
minJ(xy41) = Jr(xn41)

Model Problem

We consider a model problem of forecasting the wholesale price of Al-92 gasoline. Statistical data on
the price dynamics of Al-92 for the period from 1997 to 2002 were taken from [25]. Since the prices are

provided on a monthly basis, the total size of the initial dataset is 72 observations (N = 72).

Table 5 presents the original statistical data, and figure 1 shows the corresponding plot. Here, tdenotes

time, and Crepresents the cost of one liter of Al-92 gasoline in conventional units.

Table 5: Dynamics of Wholesale Prices for Al-92 Gasoline

t c t c t c

1 1.31 28 2 55 5.48
2 1.39 29 2.62 56 4.68
3 1.46 30 3.23 57 5.98
4 1.46 31 3.31 58 412
5 1.46 32 4.37 59 4.32
6 1.46 33 5.76 60 5.65
7 1.46 34 5.66 61 5.24
8 1.54 35 5.61 62 4.84
9 1.54 36 5.37 63 4.58
10 1.62 37 5.37 64 5.47
1" 1.62 38 5.18 65 6.56
12 1.62 39 51 66 8.09
13 1.69 40 5.05 67 8.29
14 1.69 41 5.01 68 8.2
15 1.58 42 4.93 69 8.35
16 1.62 43 5.43 70 8.35
17 1.54 44 5.74 71 7.89
18 1.39 45 6.85 72 6.72
19 1.46 46 7.12

20 1.39 47 7.45

21 1.42 48 7.05

22 1.46 49 6.7

23 1.5 50 6.16

24 1.54 51 6.14

25 1.58 52 6.04

26 1.69 53 5.78

27 1.88 54 5.78
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At this stage, the input data (nonlinear parameters) are generated using a random number generator
over the interval [0,100] with a normal distribution.

Based on the given statistical data, the following polynomial of optimal smoothness was obtained:

E(a;) = —0.473 — 0.01a; + 0.000067 a?
from which the optimal value is determined as 5" = 13.972.

Considering the calculated value a?pt, the variational polynomial takes the form:

Ey,(x) = —8.431 exp(—0.282x7) + 0.00017 exp(—0.001x?) — 0.0014 exp(—0.01x?)
+0.0635 exp(—0.123x2)

—0.012 exp(—23.775x2) + 9.565 exp(—0.25x2) + 0.00414 exp(—13.972x2)
Statistical Synthesis of Forecasting in a Trigonometric Basis

The construction of forecasts in the class of trigonometric polynomials is of considerable importance,
since any continuous function f(x) defined on a circle Qcan be represented as the limit of a uniformly

convergent sequence of trigonometric polynomials
h
Jx) = Z(ak coskq + by sinkg)
k=0
with real coefficients [24].

At the first stage of the algorithm, a forecast is constructed based on a statistical sample of the form

presented in table 6.

Table 6: Statistical Sample

x J(x)
X1 J(x1)
X2 J(x2)
X3 J(x3)

XN J ()

Xne1 | J(ner)
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Figure 1. Graph of the original statistical sample

From the plot, it is clear that the function C = C(t)exhibits a complex, highly multiextremal dependence,
which makes it practically impossible to construct a reliable forecast directly from the raw data. As a
variational basis we employ the harmonic basis

2mx; L (2mx;\ .
@(x,w;) = a; cos (—) + b; sin (—)l =1,2,..
w; wi

L

where x; is the argument of the process, w;is the process frequency, and a;, b; are the Fourier

coefficients.

The size of the given sample is N, = 64. It is required to provide a forecast for the 65-th observation. It
is assumed that the value at the 65-th point lies in the interval [4,10].
A supplementary statistical sample of size N =11 is constructed (Table 7).

Each row of this sample represents a candidate value of S.(65). Here, S; is the regularity criterion
defined as

_ Ya[Ciolx,wy) — Cri)?
I, CH

where C;; denotes the observed (tabulated) cost of one liter of AI-92 gasoline.

St < min

The elements of the supplementary statistical sample x;are randomly distributed over the interval [4,10].

Table 7: Supplementary Statistical Sample

N; | ar(d) St(@)

1 4 3.175:10°
2 45 |[3.092:10°
3 5 3.304-10°
4 5.5 |3.389-10°
5 6.5 |3.502:10°
6 7 2.851-10°
7 7.5 | 4501-10°
8 8 3.563-10%
9 85 |7.231:10°
10 9 5.809-10°
11 9.5 | 7.198:10°
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Here, ar(i),i = 1,11, denotes the candidate values of the cost of one liter at the 65-th time point, while
S.(i) represents the cost (or total value) of the entire system under the assumption that the candidate
value ar (i) is taken.

The variational polynomial obtained from the statistical data in Table 7 has the form:

6.28 - x 28 x
St =4.328-1075+1.451-10"° Cos( ) +1.251-107° * sin( ) +2.191
8.675 8.67
- 6.28 - ®)
-10-6*cos(' x)+8232-10-6*sin(' x)
4396 ’ 4396

From the minimization condition of polynomial (8), we obtain

x°Pt = aroPt = 6.656
This value yields an error of approximately 1.5% when compared with the exact experimental value.
Conclusion

1. A new approach to constructing a variational basis has been examined.
This approach is grounded in the statistical synthesis of a polynomial whose extremum depends on the
parameter being forecast. The framework of dynamic statistical samples has a significantly broader
range of applications than merely constructing optimal basis functions.

2. The capability of statistical synthesis to construct inverse dependencies using remarkably
simple algorithms is demonstrated. This feature is particularly important, as it leads to fundamentally

new models of optimization and forecasting.
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