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ABSTRACT

In this article, we study the Thakur et al. (Thakur, Thakur and Postolache, 2014) iterative
process for finding the best proximity pair for noncyclic relatively nonexpansive mappings.
Using this iterative process, we establish the convergence results in uniformly convex Ba-
nach spaces. We support our main result by a numerical example in which, we approximate
the best proximity pair using MATLAB program.
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1 Introduction

Let A and B be two nonempty and disjoint subsets of a normed linear space (X;|.|). A
mapping 7 : AUB — AU B is called cyclic provided that 7(A) C B and 7(B) € A. Then
|z — Tzl > dist(A,B) = inf{d(z,y) : (z,y) € A x B} forany x € AU B. In this case, it is
natural to ask how can we find a solution for a minimization problem

nin d(z, Tzx). (1.1)
A point p € AU B is said to be a best proximity point for the cyclic mapping 7 : AUB — AUB

if p is a solution for the minimization problem (1.1). Equivalently, p € AU B is called a best
proximity point for 7, whenever

d(p, Tp) = dist(A, B) = inf{d(z,y) : (z,y) € A x B}.

Inspired of cyclic mappings, we say that the mapping 7 : AUB — AU B is noncyclic whenever
T(A) C A, T(B) C B. For noncyclic case, we can consider the following minimization problem :

mind(z, Tz), mind(y, Ty), <x,ﬁéﬂued(x’y)‘ (1.2)
We say that a pair (z*, y*) € A x B is a best proximity pair for the noncyclic mapping 7 if it is a
solution of (1.2), or equivalently, 2* = Tz*, y* = Ty* and d(z*,y*) = dist(A, B).

Now, we recall that the mapping 7 : AU B — AU B is relatively nonexpansive if d(Tz, Ty) <
d(xz,y) for any (z,y) € A x B. These mappings are interesting because they do not need to be
nonexpansive or even continuous.
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On the other hand, various iterative methods have been introduced and studied for approx-
imating fixed point for nonexpansive mappings. In 2014, Thakur et al. (Thakur et al., 2014)
introduced a following three step iteration scheme for approximation of fixed points for the non-
expansive mappings. Let C be a nonempty closed convex subset of a norm space X. Let T
be a nonexpansive self mapping on C, where the sequence {x,,} is generated from arbitrary
xo € C by

Tpn+l = (1 — CYn)Tl'n + anTy’lu
Yn = (]- - Bn)zn + BT 2n, (1.3)
Zn = (1 - ’Yn)xn + T xp,

where {a,},{5,}, and {v,} are real sequence in (0,1). They proved convergence results for
nonexpansive mappings using the iteration (1.3). They also proved that the iteration (1.3) con-
verges faster than Picard, Mann (Mann, 1953), Ishikawa (Ishikawa, 1974), Noor (Noor, 2000),
S-iteration (Agarwal, O Regan and Sahu, 2007), Abbas et al. (Abbas and Nazir, 2014) iteration
process.

Afterwards, In 2005, Eldred et al. (Eldred, Kirk and Veeramani, 2005) introduced the notion
of proximal normal structure and used to study mappings that are relatively nonexpansive
mapping. They also approximate the fixed point using Krasnoselskii’s type iteration method.
In 2017, Eldred and Praveen (Eldred and Praveen, 2017) generalized the results of Eldred et
al. (Eldred et al., 2005) by using the Mann iteration method for noncyclic relatively nonexpan-
sive mappings to find the best proximity point. Let X be a Banach space then the sequence
{z,} is generated from arbitrary ¢ € X by

{In+1 = (1 —an)zn + anTyn, ¥V n € Ny, (1.4)
where Ny = {0,1,2,...} and «,, € [0, 1].

In 2020, Abdeljawad et al. (Abdeljawad, Ullah, Ahmad, De La Sen and Ulhaq, 2020) used the
S-iteration process to approximate the best proximity point of noncyclic relatively nonexpansive
mappings. Let X be a Banach space then the sequence {z,} is generated from arbitrary
xo € X by

{yn = (1= Bu)an + ST, (1.5

Tn+l = (1 - Oén)Tmn + anTyrnv n e N07
where ay,, 8, € [0,1].

In same year, Gabeleh et al. (Gabeleh, Ezhil Manna, Eldred and Olela Otafudu, 2020) studied
the strong and weak convergence of best proximity points using the Ishikawa iteration scheme
for noncyclic relatively nonexpansive mappings in uniformly convex Banach spaces. Let X be
a Banach space then the sequence {x,,} is generated from arbitrary zo € X by

{yn = (1 - Bn)xn + BnTxm (1 6)

TIn+1 = (1 — Oén,)wn + anTynav n e NU’
where a.,, 3, € [07 1}'

In 2021, Shanijit et al. (Shanijit, Rohen, Chandok and Bina Devi, 2021) proved a sufficient con-
dition that every nonempty closed convex bounded pair (C,D) in a reflexive Banach space
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satisfying Opial’'s condition has proximal normal structure. They also proved some conver-
gence results of the best proximity point for noncyclic relatively nonexpansive mappings using
Ishikawa’s and Halpern’s iteration processes. Let C be a nonempty closed convex subset of a
Banach space X for any fixed z( € C, the sequence {z,} in C then Halpern’s iteration defined
by

{:Jcn+1 = (1 —an)u+ T yn, ¥V n e Ny, (1.7)
where «,, € [0, 1], u € C referred to as anchor, and z( € C an initial guess taken arbitrarily.

Motivated by the aforementioned developments, In this paper, we use the Thakur et al. (Thakur
et al., 2014) iteration process to approximate best proximity pair for noncyclic relatively non-
expansive mappings. We establish strong convergence result in the setting of Banach space.
We support our proof by a numerical example in which we approximate the best proximity pair.
Also we use MATLAB coding to show that the convergence behaviour of best proximity pair.

2 Preliminaries

In this section, we recall some basic definitions and concepts which will be used in our conclu-
sions. In the sequel, we shall say that a pair (C, D) of subsets of a Banach space X satisfies a
property if both C and D satisfy that property. For example, (C, D) is convex if and only if both
C and D are convex. (C,D) C (A,B) < C C Aand D C B. We shall also adopt the notation

dist(C,D) = inf{||z—y|:z€C,ye D}

d(z,D) = inf{|lz —yll:y € D};
Co = {zeC:|z—1y| =dC,D)forsomey €D}
Dy = {yeD:|z —y| =d(C, D)forsomez ecC}.

For a nonempty subset C of X' a metric projection operator P¢ : X — 2€ is defined as
Pe(z) ={y €C: ||z —y| = dist({z},C)}, Vz € X.

Where 2¢ denote the set of all nonempty subsets of C. It is well known that if C is a nonempty,
closed and convex subset of a reflexive and strictly convex Banach space X'. Then the metric
projection P¢ is single valued from & to C. Moreover, if Proximal pair may be empty but, in
particular if (C, D) is nonempty, bounded, closed and convex pair in a reflexive Banach space
X then (Cy, Dy) is also nonempty, closed and convex.

Definition 2.1. (Eldred et al., 2005) A pair (C, D) of subsets of a normed linear space is said
to be a proximal pair if for every (z,y) € C x D, there exists (z',y') € C x D such that

le = oIl = lle’ — y|l = dist(c, D).

Definition 2.2. (Suzuki, Kikkawa and Vetro, 2009) Let C and D be a nonempty pair of subset
of metric space (X, d). The pair (C, D) is said to satisfy the property UC if the following holds:

« If {x,} and {z],} are sequence in C and {y, } is sequence in D such that lim,, o d(,, yn) =
dist(C,D) and lim,, .~ d(x,,,y,) = dist(C, D), then
lim,, o0 d(z, z,,) = 0 holds.

Remark 1. (Di Bari, Suzuki and Vetro, 2008) Let (C, D) is nonempty, closed pair of subset of
uniformly convex Banach space such that C is convex. Then (C, D) has the property UC.
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Definition 2.3. (Raj, 2011) A pair (C,D) be a pair of nonempty subsets in a Banach space
(X, d) with Cy # 0. The pair (C,D) is said to have the P-property if and only if

d(z1,y1) = dist(C, D) _
d(:L‘27y2) _ dist(C, D) = d(Il, x2) = d(y17y2)'

Remark 2. (Abkar and Gabeleh, 2012) Let C and D be two nonempty, bounded, closed and
convex subsets of a uniformly convex Banach space X. Then (C, D) has the P-property.

Proposition 2.1. (Chidume, 2009) Let X be a uniformly convex Banach space o € (0,1) and
e > 0. Then for eachd > 0 and x,y € X be such that ||z| < d, ||ly|| < d, ||z — y|| > ¢, then
there exists some 6 = §(5) > 0 such that ||ax + (1 — a)y|| < [1 —26(5) min{a, 1 — a}]d.

Suppose (C, D) be a nonempty, weakly compact convex pair of subsets in a Banach space .
Consider the map P : CUD — C U D defined as

) Pe(x) ifxeD,
Pl@) = {Pp(x) ifzec. 21)

If X is strictly convex Banach space, then the map P is a single valued map and satisfies
P(C) €D, P(D) C C.

Proposition 2.2. (Raj and Vieeramani, 2009) Let C, D be a nonempty weakly compact convex
subset of a strictly convex Banach space X. LetT : CUD — CUD be a relatively nonexpansive
map and P : CUD — CUD be a map defined as (2.1). Then T(P(x)) = P(Tx), for all
x € CyUDy.

Lemma 2.3. (Schu, 1991) Let0 < a < t, < b < 1 for everyn > 1 assume that {u,} and {v,}
are sequence in uniformly convex Banach space X such that ||u,| < 1, ||v,]| < 1. Define {b,}
inX by b, = (1 — ty)uy, + tyoy, iflim, o ||bn]] = 1, then lim,_,« ||uy, — v, || = 0.

Lemma 2.4. (Thakur et al., 2014) Let C be a closed convex subset of a uniformly convex
Banach space X. LetT be a nonexpansive self mapping onC, {x,,} defined by equation (3.1),
where {ay, },{Bn} and {v,} arein[e,1 — ¢ for alln € N and for some ¢ € (0,1) and F(T) # 0.
Then limy, o0 ||, — Tas| = 0.

The following lemma gives guarantees of the nonemptiness of Cy and Dy.

Lemma 2.5. (Kirk, Reich and Veeramani, 2003) Let X’ be a reflexive Banach space, let C be a
nonempty bounded closed convex subset of X, and let D be a nonempty closed convex subset
of X. Then Cy and Dy are nonempty and satisfy

Pp(Cy) € Dy and Pe(Dy) C Co.

Theorem 2.6. (Eldred et al., 2005) Let (C, D) be a nonempty, weakly compact convex pair in
strictly convex Banach space, and suppose (C,D) has proximal normal structure. Suppose
T :CUD — CUPD satisfies,

e T(C)CCandT(D)CD,
e [ Tu—Tv| < |lu—w]| forallu e C,v € D.

Then, there exists uy € C and vy € D such that Tuy = ug, Tvg = vy and ||ug — vo|| = dist(C, D).
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3 Convergence results

In this section we prove some convergence results for noncyclic relatively nonexpansive map-
pings using Thakur et al. (Thakur et al., 2014) iteration.

Let (C,D) be a nonempty closed and convex pair in strictly convex Banach space X. For
x1 € Co, put x; := P(21) € Dy. Define the sequence pair {(z,,z,,)} as follows:

Tn+l = (1 - O‘n)TIn + a0, T yn, x;L-H = (1 - an)TI/n + OénTy;m
Un = (1 - /Bn)zn + 50T zn, y;L = (1 - 571)37/1 + BnTz;u (3.1)
Zn =1 =mm)zn + WmT2n, Z;L =(1- '7n)x;L + ’ynT;v,'m

where «,, 8, and v, € (0,1).

Lemma 3.1. Let (C, D) be a nonempty, closed, bounded and convex pair in a uniformly convex
Banach space X. LetT : CUD — CUD be a noncyclic relatively nonexpansive mapping.
suppose {x,} and {z,} are given by equation (3.1). Then lim, ... ||z, — p| exists for all
p € Fiz(T) N Dy and lim,, .« ||z, — g exists for all ¢ € Fiz(T) N Cy, where Fixz(T) denotes
the set of all fixed points of the mapping T .

Proof. From Lemma 2.5, (Cy, Dy) is nonempty. Let (Cy, Do) is closed and convex. For any
q € Fiz(T) N Cy, we have

|Zpsr —all = (1= an)Ta, +anTy, —q

< (1= an)| T2, — gl + anl Ty, —dl

< (1= an)la, — all + anlly, —dl

= (1—an)|z), — gl + anl(1 = Ba)z + BTz — d

< (1= an)l|lz, — qll + (1 = Ba)llz, — all + anBul T2, — gl

< (1= an)llzy, — gl + on(l = Bu)llzn — all + anBallz, — dll
(1 an)llzy, — all + anliz, — gl

= (1—an)lz, — gl + onll(1 = y)z, + T, — d

< (1= an)la, — qll + on(l =)z, — gll + eny|[ Tz, — g

< (1= an)llz, — qll + (1 — )|z, — gll + enyllz, — gl
(

1 —ap)llz, — qll + oz, — gl
= lzn —dll.
This implies that {||z, — ¢||} is nonincreasing and hence lim,, ... ||z, — ¢|| exists for all ¢ €

Fiz(T) N Cy. Similarly we can also show that lim,,_,~ ||z, — p|| exists for all p € Fiz(T) N Dy
and hence the lemma. O

Theorem 3.2. Let (C, D) be a nonempty, closed bounded and convex pair in uniformly convex
Banach space X and letT : C UD — C U D be a noncyclic relatively nonexpansive mappings.
select z, € Cy and z'; € Dy be a unique proximal point of z1. Let {x,,} and {x,} are given by
equation (3.1), where a,, 5, and ~y,, are in [e,1 — €] for alln € N and for some e € (0,1). Then

limy, o0 |0 — T2 = 0 @nd lim,, o ||z, — Ta',|| = 0,

further the sequence pair {(x,,x,)} converges to a Best proximity pair of T if T(C) and
T (D)lies in a compact subset.

Proof. If dist(C,D) = 0 then Cy = Dy = C N D then by Lemma 2.4 it follows. Now, we can
establish the theorem from the fact that 7 : CUD — CUD is noncyclic relatively nonexpansive,
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let dist(C, D) > 0. by Theorem 2.6, there exists p € Dy such that 7p = p. Now,

Hxn-ﬁ-l *IJH == H(lfan)Txn+anTyn *PH
< A =an)Tzn = pll + @l Tyn — pll
< (1 =an)lzn = pll + anllyn — oll-
Therefore,
||35n+1 - pH < (1 - O"ﬂ)”$n - p” + anHyn - pH (3.2)
Again
||yn - p” = ||(1 - ﬁn)zn + ﬁnTZn - PH
< (1= Bu)llzn = pll + Bull Tzn — pll
< (1= Bu)llzn = pll + Bullzn — pll
llzn — pl|
= [[(1 =vn)zn + 9 Txn — pll
< A =w)llzn —pll + | T2n — pll
< (L =w)llwn = pll + |z — ol
= |lzn —pll-
lyn = pll < llzn = pll < llzn — pll (3.3)
Again from (3.2),
Hxn+1 *P” (lfan)H-rn 7p” +Oén||yn *P”

<
< (1 —an)llzn = pll + anllzn — pll
= |lzn—pll

Therefore,

[2n1 = pll < llon = pll. (3.4)
Hence, the sequence {|z, — p||} is nonincreasing, so one can select a d > 0 such that
limy, 00 |20 — p|| = d.

We claim that lim,, oo ||2n, — T2, || = 0. Suppose for contradiction ||z, — Tz, || # 0. Then
there is a subsequence {z,,} of {z,} and ¢ > 0 such that ||z, — Tz,,|| > € > 0 for every
k. However the modulus of convexity ¢ of X" is a continuous and increasing function and we
choose ¢ > 0 as small that (1 — cd(51z))(d + &) < d, where ¢ > 0.

Now, we choose k, such that ||z, — p|| < d+ ¢ and ||Tz,, — p|| < d+ £ We have
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Hp — Tnyyg H = Hp - ((1 - a’nk)Txnk + a”kTy”Lk)H

lp = (1 = an ) Tn, — an, T((1 = By) 2ny + B T 2n )l

1A = an)p + omep = (1= oy ) Tny, — an, T((1 = Bry) 2ny, + By, Tzn )l
(1 - a’”k)'lp - T'T”LkH + aTLkHP - T((l - 6”k)z7lk + ﬁnsznk)H

= (A=an)ITp—=Tanll + an ) Tp =T = Bi)2n, — Bn Tzn,) |l

< (A =an)llp = znll + anllp = (1 = Buy) 2y + B Tz )l

= (1—an)(d+8) +anll(1 = Bu)p + Bupp — (L= Buy)zny, — B Tony |
< (T=an )(d+&) + an [[(1 = Bny)(p = 2n) + By (p — Tzn, )l

< A —an)(d+8) +an, (L= Bu)lle = znll + Buylle = Tzn,)lI)

< (1 - ank)(d + §) + ap, ((1 - ﬁnk)Hp - Zﬂk” + 6nka - Z"k”)

= (I=an)(d+&) + an (1= Bu )1 = an,)(p — @ny) + any (p = T, ) ||
+ Bull(X = an)(p = zny) + any (p — Tn, )

(1 - ank)(d+§) + Qny (1 - 67% + ﬁ"k) H(l - ank)(p - ‘rnk) + a”k(p - Txnk)”
= (I—an)(d+&)+an (1 —an)(p—zn,) + on, (p = Tan,)|l

By proposition 2.1,

€

d+¢§
) min{on,, 1 — an, })(d+ &)

o= aminll = (1= an )@+ +an, (12 (g ) mindan 1= an D+ 9

€

_ (-2 <dL+§> min{an, i, iy (1 — an)})(d + ),

Since there exists h > 0 such that 2 min{a,,, ap, , an, (1 — ap,)} > A,

lo=anll = (1-20 (g ) minfamanan (1 - an)} ) @+6)

(1—h§ (ﬁé)) (d+9).

Suppose choosing very small £ > 0 we have (1 —hd(7z))(d + &) < d, which is a contradiction.

This implies that lim,, s« ||z, — T2y || = 0. Similarly, we can prove that lim,, . ||z, — T, || = 0.

IN

Now, suppose that 7(C) lies in a compact subset, then {7z, } has a convergent subsequence
{Tzn, } converging to some point v € Cy. Thatis {Tz,, } — . Since lim,, oo [| T xpn, —zn, || =0
then z,, — u.

From proposition 2.2, 7 (Pu) = P(Tu) we have

[T2n, = P(Tw = [|Txn, = T(PW)| < [l2n, = Pull = dist(C, D).

Which concludes that lim,, o || 7 zp, —P(Tu)| = dist(C, D). Let Tu € Cy such that lim,, o || Tu—
P(Tu)|| = dist(C, D).

From the definition of UC property lim,, oo | 7Ty, — Tul| = 0, thatis Txz,, — Tu. Thus Tu =u
and so 7 (Pu) = Pu. Therefore, by Lemma 3.1, lim,,_,« ||z, — Pul| exists.

Also, limy, o0 ||z, — Pul| = limyeo ||n, — Pull = |lu — Pul|| = dist(C,D). Which implies
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x, — u € Fiz(T)NCy. Beside, by the assumption ||z, — z | = dist(C, D). We have

2o — 25| = (1 —a)Tz1+ 1Ty — (1 —ay)Tz) —ar Ty,
= (1—a1)|Tar = Toyll + oal| Tyn — Twi |
< (1-a)ler — 24 + aallys — il
= (1—ay)llar —ay|| + a1 = Bi)zr + BiT 21 — (1 — Bi)zy + BTz ||
< (U =a)ler =yl + a1 (1= B)llz = 21l + a1l Ta - T24]))

! !
—ap)|lzr — || + a1z — 2|l

(

(1-a)

(1-a)

(1-a)

(1= a)ller =yl + a1 (1= B)llz = 21| + asulzs = =1 1))

(1-a)

(1= an)ller = @yl + a1 (I = y)ar + T = (1= y)as = 1 Ta)
(1-ay)

1= ap)ler =2y +an (=) o1 = 21|+ arm | Ta - Tay )

(1 - a)|lz1 — 2 || + aul|lzy — ]|
’
llzr — a4 ||

dist(C, D),

continuing this process by induction we obtain ||z, — x;H = dist(C, D) foreach n € N. Now, sup-
pose that 7(D) lies in a compact subset then {7z,} has a convergent subsequence {Txnk}
converging to some point v € Dy. That is Txnk — 0.

Since limy, o0 || T2, — 2y, || = 0 then z,, — v.

By a similar argument, we conclude that,

z, — v € Fiz(T) N Dy. On the other hand, |lu — v| = lim, 00 |2, — || = dist(C, D) which
conclude that (u,v) is best proximity pair of mapping 7. O

Example 1. Let us consider (X = R2 ||.||2).
LetC = {(z,y): 2<2<-1,0<y <1}
andD = {(z',y):1<2' <2,0<y <1}.
Define

r—4 vy .
5 73)7 if (J:7y)€C7

T(z,y) = (3.5)

ll+4 y/ . ro
—_—, = f(z D.
5 75>7 I('Zay)e

e Case 1: when (z,y) € Cand (z',y) € D. Then,

ro _ r—4 vy z +4 y/
1T -7 = 1(5552) ( . ,5>||
I e
5 5

A
=
8
|
8
=
Lo}
+
-
<
|
NS
s
[V}
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xr—x >z—1z —8
N\ 2 / 2
r—x - r—x —8
5 5

Since,x/7m22and "o z—a ? r—2 —8 ?
(.’E*.’E) > 5 > T

Therefore, || T (x,y) — T(z,y )| = V(& —2)2 + (y — )2 = ||(z,y) — (z',4)|. Hence T
is relatively nonexpansive mapping.

e Case 2: When (z',y') € C and (z,y) € D. Then,

||T($/a y,) - T(IE, y)”

1
VN
&%\
S
S
(SIS
~_
|
7 N
&
o+
S
(SRS
~—

r—x—8 y—vy I

Il
gt

5 5
7 8 2 / 2
- r —X— y—y
< \/(x'—m)“(y—y/)?
o >z —z—38

Since,xfmIEQand , ) o ? @ —z—8 ’
(z —x) > 3 > I

Then ||T(z, ) — T(z,9)|| < |l(z",y") — (z,y)|. Hence, T is a relatively nonexpansive
mapping.
e Case 3: When (z,y) € C and (2',y') € C. Then,

17T (2, 9) = T (')l

TE=R YAy
5 7’5 5 5

T
5 7 5

()62

< Ja-a)2 -y

Then | T (z,y) — T(z',y)| < |(z,y) — (z',5)||. So the mapping is nonexpansive, hence
by the theorem, it gives the fixed point.
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e Case 4: When (z,y) e Dand (z',y') € D. Then,

1Ty - T@ ) = | (‘”—
s vy
5 7 5
J— ‘T_
a 5
< Ja—a)2+ -y
Then [T (z,y) — T(«' )| < ll(z.) — (&',y

by the theorem, it gives the fixed point.

Now set «,, =

Table 1 and Table 2 These shows that for (
u = (—1,0) and for (z’

1
7571:

arY’/’L =

1
T+n

the best proximity pair (u,v) such that Tu = uw and Tv = v.

")|l. So the mapping is honexpansive, hence

, using MATLAB coding, we give the following

y) € C, iteration (3.1) converges to a point
.y') € D iteration (3.1) converges to a point v = (1, 0). Therefore, we get

Table 1: This table shows that the values for (x,y) €
1] (-1.1000000000 , 0.1000000000 ) | ( -1.5000000000, 0.5000000000 ) (19000000000 0.9000000000 )
2 | (-1.0158666667, 0.0158666667 ) | (-1.0793333333 , 0.0793333333 ) | (-1.1428000000 , 0.1428000000 )
3 | (-1.0028263822, 0.0028263822) | (-1.0141319111, 0.0141319111) | (-1.0254374400 , 0.0254374400 )
4 | (-1.0005268376 , 0.0005268376 ) | (-1.0026341882 , 0.0026341882 ) | (-1.0047415388 , 0.0047415388 )
5 | (-1.0001004704, 0.0001004704 ) | (-1.0005023522 , 0.0005023522 ) | (-1.0009042340 , 0.0009042340 )
6 | (-1.0000194147, 0.0000194147 ) | (-1.0000970736 , 0.0000970736 ) | (-1.0001747325, 0.0001747325)
7 | (-1.0000037831, 0.0000037831) | (-1.0000189155 , 0.0000189155 ) | (-1.0000340479, 0.0000340479 )
8 | (-1.0000007413, 0.0000007413) | (-1.0000037066 , 0.0000037066 ) | (-1.0000066719, 0.0000066719 )
9 | (-1.0000001458 , 0.0000001458 ) | ( -1.0000007292 , 0.0000007292 ) | (-1.0000013126, 0.0000013126 )
10 | (-1.0000000288 , 0.0000000288 ) | ( -1.0000001439, 0.0000001439 ) | (-1.0000002590 , 0.0000002590 )
11 | (-1.0000000057 , 0.0000000057 ) | (-1.0000000285 , 0.0000000285 ) | ( -1.0000000512 , 0.0000000512 )
12 | (-1.0000000011, 0.0000000011 ) | (-1.0000000056 , 0.0000000056 ) | ( -1.0000000101 , 0.0000000101 )
13 | (-1.0000000002 , 0.0000000002 ) | (-1.0000000011 , 0.0000000011 ) | (-1.0000000020 , 0.0000000020 )
14 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000002 , 0.0000000002 ) | ( -1.0000000004 , 0.0000000004 )
15 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | ( -1.0000000001 , 0.0000000001 )
16 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | ( -1.0000000000 , 0.0000000000 )
17 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | ( -1.0000000000 , 0.0000000000 )
18 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | ( -1.0000000000 , 0.0000000000 )
19 | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | ( -1.0000000000 , 0.0000000000 )
20 | (-1.0000000000, 0.0000000000 ) | (-1.0000000000 , 0.0000000000 ) | (-1.0000000000 , 0.0000000000 )
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Table 2: This table shows that the values for (z,y) € D
1 [ (1.1000000000 , 0.1000000000 ) | ( 1.5000000000 , 0.5000000000 ) | ( 1.9000000000 , 0.9000000000 )
2 | (1.0158666667 , 0.0158666667 ) | ( 1.0793333333, 0.0793333333 ) | (1.1428000000 , 0.1428000000 )
3 | (1.0028263822, 0.0028263822 ) | (1.0141319111,0.0141319111) | (1.0254374400 , 0.0254374400 )
4 | (1.0005268376 , 0.0005268376 ) | ( 1.0026341882 , 0.0026341882) | ( 1.0047415388 , 0.0047415388 )
5 | (1.0001004704 , 0.0001004704 ) | ( 1.0005023522 , 0.0005023522 ) | ( 1.0009042340 , 0.0009042340 )
6 | (1.0000194147,0.0000194147 ) | (1.0000970736 , 0.0000970736 ) | ( 1.0001747325, 0.0001747325 )
7 | (1.0000037831, 0.0000037831) | (1.0000189155 , 0.0000189155 ) | ( 1.0000340479 , 0.0000340479 )
8 | (1.0000007413, 0.0000007413) | ( 1.0000037066 , 0.0000037066 ) | ( 1.0000066719 , 0.0000066719 )
9 | (1.0000001458 , 0.0000001458 ) | ( 1.0000007292 , 0.0000007292 ) | ( 1.0000013126 , 0.0000013126 )
10 | (1.0000000288 , 0.0000000288 ) | ( 1.0000001439 , 0.0000001439 ) | ( 1.0000002590 , 0.0000002590 )
11 | (1.0000000057 , 0.0000000057 ) | ( 1.0000000285 , 0.0000000285 ) | ( 1.0000000512 , 0.0000000512 )
12 | (1.0000000011 , 0.0000000011 ) | ( 1.0000000056 , 0.0000000056 ) | ( 1.0000000101, 0.0000000107 )
13 | (1.0000000002 , 0.0000000002 ) | ( 1.0000000011 , 0.0000000011 ) | ( 1.0000000020 , 0.0000000020 )
14 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000002 , 0.0000000002 ) | ( 1.0000000004 , 0.0000000004 )
15 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000001 , 0.0000000001 )
16 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 )
17 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 )
18 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 )
19 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 )
20 | (1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 ) | ( 1.0000000000 , 0.0000000000 )
Table 3: This table shows that the influence of initial points
(-1.1,01) eC [ (-1.5,05) € C | (-1.9,0.9) € C
S.no. Parameters or or or
(1.1,0.1) € D | (1.5,0.5) €D | (1.9,0.9) € D
On = 517,50 = 5470 T = T 14 15 16
2 [ an=507.Pn = gt In = 7t 14 15 15
3 an=1Bp=1y=1 11 12 13
Graph Corresponding to Table 3.4
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Graph corresponding to Table 3.1
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Figure 1: The graph represent the value of (z,y) € C
Graph corresponding to Table 3.2
20 ~ —twhen x =1.1y =01
18 - e WhEN x|=1.5 y‘='ﬁl.5
16 —q—whenx|=1.9y‘=ﬂ.9
14 -
£ 12
-§ 10
=]
2 84
6
4
2 -

Figure 2: The graph represent the value of (z,y) € D
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Table 4: If 3 = (x,y) then values of the ||3|| corresponding to different initial values.

step when (z,y) = (—-1.1,0.1) when (x,y) = (-1.5,0.5) when (z,y) = (-1.9,0.9)
or or or
when (z,y) = (1.1,0.1) when (z,y) = (1.5,0.5)  when (z,y) = (1.9,0.9)

BZzisaranisooNoaron

1.1045361017
1.0159905687
1.0028303652
1.0005685374
1.0001004521
1.0000194149
1.0000037831
1.0000007413
1.0000001458
1.0000000288
1.0000000057
1.0000000011
1.0000000002
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000

1.5811388301
1.0822449917
1.0142303703
1.0026376486
1.0005024783
1.0000970783
1.0000189157
1.0000037066
1.0000007292
1.0000001439
1.0000000285
1.0000000056
1.0000000011
1.0000000002
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000

2.1023796042
1.1516873187
1.0257528975
1.0047303507
1.0009046425
1.0001747478
1.0000340485
1.0000066719
1.0000013126
1.0000002590
1.0000000512
1.0000000101
1.0000000020
1.0000000004
1.0000000001
1.0000000000
1.0000000000
1.0000000000
1.0000000000
1.0000000000

Table 5: Values of the ||3|| corresponding to different iteration process, where o = -

2,7 = 2 and initial value of 3 is (—1.8,0.8) and (1.8,0.8) for C and D respectively.

Step Mann Ishikawa S-iteration Thakur et al.
1 1.9697715604 1.96977156 1.9697715604 1.9697715604
2 1.1709824935 1.163965635 1.1001963461 1.0727125990
3 1.1001963461 1.097413442 1.0174267525 1.0119912831
4  1.0727125990 1.071159764 1.0033078350 1.0022194762
5 1.0578203462 1.056806651 1.0006441752 1.0004257592
6  1.0483767668 1.047652524 1.0001267409 1.0000829396
7  1.0418080809 1.04125938 1.0000250653 1.0000162884
8 1.0369512285 1.036518035 1.0000049721 1.0000032143
9  1.0332006984 1.032848094 1.0000009882 1.0000006363
10  1.0302088772 1.029915034 1.0000001967 1.0000001262
11 1.0277613410 1.027511843 1.0000000392 1.0000000251
12 1.0257183236 1.025503231 1.0000000078 1.0000000050
13 1.0239846504 1.023796863 1.0000000016 1.0000000010
14 1.0224931658 1.022327463 1.0000000003 1.0000000002
15 1.0211950672 1.021047516 1.0000000001 1.0000000000
16 1.0200539959 1.019921571 1.0000000000 1.0000000000
17 1.0190422830 1.018922615 1.0000000000 1.0000000000
18 1.0181384817 1.018029687 1.0000000000 1.0000000000
19 1.0173256991 1.017226257 1.0000000000 1.0000000000

20 1.0165904399 1.016499111 1.0000000000 1.0000000000
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Graph Corresponding to Table 3.6
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4 Conclusions

In this paper, we extend the applicability of Thakur et al. iterative process (3.1) for best proximity
pair for noncyclic relatively nonexpansive mappings in the setting of uniformly convex Banach
spaces. We established strong convergence using this iterative process under appropriate
conditions. To validate our theoretical findings, we provided a numerical example that illustrates
the convergence properties of iterative process. Furthermore, we show that the Thakur et al.
iteration process (3.1) is faster than the Mann, Ishikawa and S-iteration processes for noncyclic
relatively nonexpansive mappings.
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