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ABSTRACT

The present study is an attempt to understand the role of temperature of an urban area in shaping
the dispersion of air pollutants. We know that there are certain gases in the form of air pollutants
which are highly reactive and temperature dependent and converted into the secondary pollutants.
In the present model, we considered that the inter-conversion process takes place during the urban
heat island effect while taking the rate of reaction as temperature dependent in the form of Arrhenius
equation. Urban heat island intensity is taken into an account while considering the temperature.
The overall structure is divided into two intervals where the first interval reflects the inter-conversion
process while the second interval is the non-existence of inter-conversion process. The two-
dimensional advective diffusion equations along with the appropriate boundary conditions are used
to define the phenomenon. It was observed that not only the temperature but also the urban length
plays a vital role in shaping the distribution of pollutants in both intervals.

Keywords: urban heat island intensity, primary and secondary pollutant, chemical reaction,
temperature.
Mathematics Subject Classification: 97M10

1. INTRODUCTION

The problem of air pollution in an urban area is one of the global concerns over a few decades. Various
studies have been made by scientists and researchers to understand the effect of the air pollutants on
the environment. Focus was also made on the various measures to control this problem. In past,
mathematicians focussed their attention through mathematical modelling on air pollution. In this regard
Gaussian plume model is still widely used (Hanna et.al. 1982, Seinfeld 1986). The impact of air pollution
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usually observed in an urban area. Various factors are responsible for the dispersion of pollutants like
wind speed, diffusivity, temperature, humidity. In recent time, various study has been made on
understanding how temperature influence the dispersion of pollutants (Zhao et. al. 1993, Elbayouml et.
al. 2014, Cichowicz et. al. 2017, Joseph et. al. 2023). In fact, the temperature of urban area is usually
higher than the rural area. Urban area which are densely populated having huge buildings, industries
retain the heat energy for longer period, whereas the adjacent areas loose heat energy more rapidly
(Rao 2014). The difference in temperature between urban and rural area creates the urban heat island
effect in the urban area. In recent times, a significant recognition has been made in regarding with the
distribution of air pollution under urban heat island effect (Chander 1968, Griffith 1970, Dilly and Yen
1971, Agarwal and Tandon 2010, Joseph and Yadav 2021). Several meteorological parameters
affecting the UHI include solar fluxes, topography, wind speed, energy fluxes, (Landsberg 1981).

Summer (1964 ) expressed UHII (urban heat island intensity), as the temperature difference with respect

1/2
2ZHa¥X
= "S ) where T, T, represent the urban and
pHm

to the “surrounding” area in the form AT =T, — T, = (

rural temperature, H, is the surface heat flux, y represent the potential temperature gradient in the
approach flow in the vertical direction, p is the air density, C, is the specific heat and U, is the layer-
averaged wind speed. Lee et.al. (2012) describe the scaling of the urban heat island effect using the
fundamental energy balance equation (Lee and Ho, 2010). The UHI intensity affect the boundary layer
structure and makes the condition favourable for the transformation of the reactive pollutants (Swamy
et. al. 2020).

During last few decades, several studies have been made on understanding and predicting the
distribution of chemically reactive and non-reactive air pollutants in the atmosphere. Heines & Peters
(1973) carried out an investigation regarding the chemical reaction on the air pollutant. The inter-
conversion of primary to secondary pollutant due to the chemical reaction from the time-dependent
point source has been studied by Shukla and Chauhan (1988). Naresh and Nath (1991) in his paper
assumed the rate of chemical reaction to vary in accordance with height. and studied its impact on the
dispersion of pollutant emitted from an area source. Shekhu and Sulochana (2010), proposed an
unsteady state model for chemically reactive pollutants emitted from a line source. Joseph and Agarwal
(2020) studied the interconversion of primary to secondary pollutant under mesoscale wind where the
rate of reaction is assumed to vary with height.

It was observed that the gases emitted from the industrial area, power plants, vehicles are highly
reactive during high temperature e.g. sulphur dioxide, oxide of nitrogen etc. Sulochana and Shekhu
(2010) showed that the rise of temperature enhances the formation of secondary pollutant. Under such
situation the formation of secondary pollutant due to temperature dependent rate of reaction produce a
direct impact on the air quality.

We therefore, proposed a mathematical model by considering the emission of reactive pollutant from a
point source in presence of urban heat island effect. We assumed that due to UHIl when the
temperature of urban area is high and persist to a desirable temperature favourable for inter-conversion
then the process take place which exist for a certain interval of time i.e. t = t;. Finally, for t > ¢, i.e.
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when the temperature is less than the required temperature for the chemical reaction, then the
interconversion process stops. The whole problem is presented in two intervals by considering
advective-diffusion equations with appropriate initial and boundary conditions. Analytical approach is
adopted to obtain the required solution using the concept of Laplace Transform and Green’s Function.

2, MATHEMATICAL FORMULATION

The urban heat island intensity is the temperature difference between urban temperature (T,,) and the
rural temperature (T,.)i.e. (T, —T,.) = AT . Considering, the paper (Lee et.al. 2012), the temporal
evolution of the UHI intensity is given by

AT =T, =T, = (T, - T,)oexp (—kt) (2.1)

where (T, — T,), is the initial temperature difference, L is the urban length scale and u is the wind
speed. k is considered as a constant which is taken to be 0.45 corresponding to the average wind speed
as 3.3 m/sec (Lee et.al. 2012).

We know that there are certain pollutants which are highly reactive during high temperature. For
example, sulphur dioxide, oxides of nitrogen, ozone etc. We know that the rate of reaction is

temperature dependent and given by Arrhenius equation as
_Ea
a = Ae FTu (2.2)
where « is the rate of reaction, A is Arrhenius constant, E, is activation energy for the reaction, R is
universal gas constant, T is the temperature in absolute scale. Thus, we considered a case of
interconversion of the primary pollutant emitted from a point source into secondary pollutant when the
temperature of urban area exists to be high and UHI!I is high.

When the temperature of urban area drops and becomes less then we assumed that the reaction stops.

We therefore considered the two phases where in the Ist phase, we assumed the inter-conversion of
primary pollutant to secondary pollutant takes place due to significant urban temperature which persist
for the time interval 0 < t < ¢,. In the second phase, when t = t;, we assumed the temperature drops
and hence there is no inter-conversion of pollutants takes place.

Istinterval: 0 <t <t

We assumed that the mean concentration of primary pollutant is constant along crosswind distance,
and hence the governing advective-diffusion equation is considered as two-dimensional advective
diffusion equation.

acy acy a acy
Dbyt S(Kz ai) —a(t)C, (2.3)

where C, is the concentration of primary pollutant at any point (x, z), u represent the wind speed along

downwind distance and is considered as constant, K,(z) represent the diffusivity of the pollutant along
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the vertical direction, a(t) represent the rate of conversion/reaction from primary pollutant to secondary
pollutant which is temperature sensitive and time dependent and is represented by (2.2).

From equation (2.1) one can represent the urban temperature as
T, = Jexp (—k*t) + T, where (T, —T,)o = 1 (2.4)
Considering the value of k=t to be small, we approximate exp (—k%t) with the linear term (1 = k%t)
Hence,
u
T,=4(1-kit)+T, (2.5)
Hence, equation (2.2) becomes
Ea u -1
a = Aexp (—?(A (1 - kft) + T,.) )
Eq 4 u =1
Further, @ = Aexp (_R_n-(f(l - k;t) + 1) )

Using, the Binomial expansion we get

a =Aexp(—:—;(1 —Tir(l —k%t)))

E A Ak _Ea Eag —(E—“-}-k—ur)
a = Aexp —ﬁ(l—r—+ﬁu.‘:) = Ae RTr gRTf ¢ \RT¢ L (2.6)
r r T
Ea L‘:‘ Eqd ku

Assuming, @ = we™™) where w = 4 e Fir, eRTF, 7 = RLn-’-‘T 2.7
Hence, equation (2.3) becomes

(51 &_i( "ﬁ)_ ~(tt)

el K, ~ we C, (2.8)

It was assumed that initially there was no contamination and have zero concentration of primary
pollutant. Thus,

C(x,zt)=0,t=0x=20z=0 (2.9)
It was assumed that the primary pollutant is emitted at a constant rate from a point source located at
x = 0, and height h; from the ground level. Thus,

€,(0,2,t) =28(z — hy) atx = 0,6 > 0 (2.10)
The primary pollutant emitted from the source are assumed to be perfectly reflected when contacted

with the ground, which can be mathematically expressed as

ac, _ _
K%=0  atz=0 211)

It is assumed that the primary pollutant could not penetrate through the top of the inversion/mixed layer
and therefore the mathematical expression becomes
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ac,
Z 9z

=0 atz=H (2.12)

Corresponding to the secondary pollutant, the advection-diffusion equation regarding the concentration

of secondary pollutant is represented as

%, 42 _2(y 2G ~(at)
w22 = 2 (K, 22) + we (O, (2.13)

%1 gz
where C, represent the concentration of secondary pollutant, K, represent the diffusivity coefficient of
secondary pollutant.

It was assumed that initially there was no existence of primary pollutant and therefore, no conversion

took place. Thus,
C(x,z,t)=0,t=0x=20z=20 (2.14)

Further, the secondary pollutant are assumed to be perfectly reflected when contacted with the ground,
which can be mathematically expressed as

K, Z2=0 atz=0 (2.15)

dz

It is assumed that the secondary pollutant could not penetrate through the top of the inversion/mixed
layer and therefore the mathematical expression becomes

K,%2=0 atz=H (2.16)

lind Interval: ¢t = t,
In second phase, we assumed that due to the drop in temperature after certain time the conversion

stops. In this situation, the advection-diffusion equations corresponding to primary and secondary

pollutant becomes

ac, acy a acy
3—;+ua—;=£(xza—;) (2.17)
acs acy, @ ach
a—:+ua—;—a(Kz‘ a—) (2.18)

At t = t,, it was assumed that the concentration of primary and secondary pollutant in both the intervals

are same
Ci(x,z,t)=Cl(x,z,t) att = t, (2.19)
Ci(x,z,t) =Ci(x,z,t)att = ¢, (2.20)

In second interval, the primary and secondary pollutant are assumed to be perfectly reflected when
contacted with the ground, which can be mathematically expressed as

G _ —

K, = =0 atz=0 (2.21)
acs

K, a—; =0 atz=0 (2.22)
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Also, in second interval, the primary and secondary pollutant could not penetrate through the top of the
inversion/mixed layer and therefore the mathematical expression becomes

ac,

K,22=0 atz=H (2.23)

ac,
21 9z

=0 atz=H (2.24)

3. METHOD OF SOLUTION
Istinterval: 0 =t < ¢,

In this paper we consider that the coefficient of diffusivity is time dependent and temperature dependent
and therefore, for simplicity we consider it as K, = Koe~™, K, = K,e~(™where K, and K, are the

diffusivity coefficient of primary and secondary pollutants at a reference point.

To solve the above equations (2.8), (2.13) we use the transformation

X=[Z=xe™ (3.1)
T= [l e (3.2)

Using the above transformations, equation (2.8) and (2.13) becomes

ac, ac, _ 3 (,, 9C1Y _
Zpu=2 (K[, r)3) wC, (3.3)
ac, ac, _ 3 [, 9

Zrulz=2 (K, . ) Fal; (3.4)

The corresponding initial and boundary conditions (2.9) — (2.12) and (2.14) — (2.16) are transformed

accordingly which are as follows:

C(X,zT)=0,T=0,X>0,z>0 (3.5)
C,(X,2T)=0,T=0X20,z>0 (3.6)
€,(0,2T) =26z~ ho) atX =0,T >0 (3.7)
Li=0atz=0 (3.8)
%:o atz=H (3.9)
acs

22=0 atz=0 (3.10)
Le—patz=H (3.11)

dz

We use the concept of matrix form as Astarita et.al. (1979), Alam and Seinfeld (1981) to get uncoupled

equations as (dropping bar for convenience)

ar ax E dz

Srut=o(Ko5o) - wCy (3.12)
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aB | B _ d(, 9B
ZruZ=2(k%) (3.13)
where B=C, + C; (3.14)
The corresponding initial and boundary conditions for B(X, z, T) are as follows:
B(X,zT)=0atT=0X=20z=0 (3.15)
B(X,zT) = 28(z - hy)atX =0 (3.16)
Kis2=0,2=0 (3.17)
K13_2=0, z=H (3.18)

Using Laplace Transform and method of separation of variable, the solution corresponding to the
equation (3.12) along with the conditions (3.5), (3.7) — (3.9) is represented as

cos-ERp 2
[ Jr—_— P . b'¢
C(X2T) =255, e ties e v e cos Rz 6(T-5) (3.19)

where, §(.) is Dirac-delta function.
Here, p, are the eigenvalues and is represented as p, = Kyn=1,2,3,.
The solution corresponding to the (3.13) along with the conditions (3.15) — (3.18) is represented as

A
cosh, A2

JE1 Ly A X
B(X,2,T) =235, T msz%me u .l:osv,K_‘z.:S(T %) (3.20)

Here, A,, are the eigenvalues and is represented as 4,, = - VKnm=123,.

lind Interval: ¢t = ¢,

For obtaining the concentration in the second phase (t=t;), we again consider the same
transformation given by equations (3.1) and (3.2). Also, we use the Green's function methodology and
the concept of Laplace Transform to solve the equations (2.17) and (2.18) with their appropriate

conditions.

Thus, the concentration of primary pollutant is represented as
Ly Pn

o w cos( ) cos( S)
K, K

-0,y —— el

k=1n=1 j’nH cos? (j[—%z) dz. quH cos? (j’;{'_z
0 0

({3 (3o o () (T )) = i)

(3.21)

. X
.exp(—p2Tl,<,, )-exp (—w ;) .
)dz

The concentration of secondary pollutant is represented as
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@ oo H
‘:{m
QZZA"”‘ exp( #i (== Tle=e, ) !ms(\/_ )cos(j—%z)dz.

m=1k=1

exp(—&f,,?’]tﬂl].cos (:}%z) ) (T - ()—: - Tltﬂl)) -
Q =1 Zic=1 B Exp (—#ﬁ G = T|r=r1)) . ,}H cos (%Zo) cos (;_;:—‘zﬂ) dz.
exp (—w ) cos (:,’—_ ) exp(—paTle=, )-8 ( G = Tlt:rl)) (3.22)

cus( Am hs).cas( Lai )
v \Hl

where A, = — = ok p and
o msz(‘f—,;_‘l-zg dzy. In cos (‘—I,KL;:O) dzg
cos| hs) cos( pﬂ_ )
Bn k= ]

I r:ocz( B )dzo.fn cosz(%zu) dz,
B |

VKo v

4. RESULTS AND DISCUSSION

The analytical solution so obtained as equations (3.19) — (3.20) in the first interval and equations (3.21)
- (3.22) in the second interval are analysed graphically to understand the impact of primary and
secondary pollutant in an urban area due to temperature variation. In this regard, we considered the
following suitable data: A = 10 mol='Ls™ ', E, = 40KJmol™',R = 8.3145 J/mol, A =5 K, T, = 308.15 K,

Ko =5 K; =52,

sec

In accordance with the wind speed of 3.3 m/sec, the suitable value of k is considered as 0.45 (Lee et.al.
2012). The urban length scale is considered as L = 40 km. The height of the chimney is taken as 100m.

The inversion height is assumed to be 1 km i.e. H =1000m. The emission of the pollutant from the
chimney is taken as 11.1% (Shukla et. al. 1988). We assumed that the inter-conversion process takes

places for 1 hour, i.e. t, = 3600sec. Whereas, in the second interval i.e. t > 3600sec, there is no inter-
conversion process and interval last up to t = 6000sec.

The graphical analysis from the figure 1 — 2 reveals that the ground level concentration (GLC) of primary
and secondary pollutant in the Ist interval is much higher than the concentration level at z = 200m.
Further, the concentration level of primary pollutant decreases with the increase in time and downwind
distance , as shown in figure -1 but persist to considerable magnitude, whereas the concentration of
secondary pollutant increases with the increase in time and downwind distance as shown in the figure

-2. Further, the GLC of secondary pollutants is much higher than the concentration at z = 200m.
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Concentration of Primary Pollutant in the Ist Interval
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Figure: 1
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Figure -2

The graphs regarding the concentration level for both types of pollutants in second interval are shown
in the figures 3 - 4. In figure 3, it was observed that the concentration of primary pollutant increases
suddenly from t = 3600sec to t = 4200sec and then decreases with the increase in time and downwind
distances for z = 0 m and z = 200 m. On other side in figure 4 the concentration of secondary pollutant
for z = 0m and z = 200 m increases sharply from t = 3600sec to t = 4200sec and then remain almost
same for different downwind distance and time interval for z =0, z = 200 m. The overall behaviour of the
pollutant in both the intervals as shown in the figure 5 -6 conclude that the impact of primary and
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secondary pollutant is more significant in second interval due to the persistence of the concentration of
pollutants even after the non-existence of chemical reaction. Hence, the primary and secondary
pollutant makes a huge footprint on the environment in second interval as compared in first interval.

Concentration of Primary Pollutant in lind Interval
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Figure -3

Concentration of Secondary Pollutant in lind Interval

t =6000 sec

0.0012
t=4200sec t=4800sec  t=5400sec

0.001
0.0008
0.0006
0.0004
0.0002

0

X = 26. 836 km 28.851 km 30.855 km 32.847 km

Concentration of secondary pollutant

mz=0m ®Wz=200m L=a0km

Figure-4



International Journal of Applied Mathematics and Statistics

Concentration of Primary Pollutant

€
g
=
So.08
&
E 0.06
2 004
=] ——
c o —
S 002
&
€ 0 £
g ¢ 222003
o = 600sec %zggsec Y5005, 4 ASENNT
(=] sec 2400sec 5 3000, 6 o
sec 35005.5.:? g 2=0 E
4200cec 48005gec 10 o
5400sec >
m0-0.02 0.02-0.04 0.04-0.06 0.06-0.08
Figure- 5
Concentration of Secondary Pollutant
=
[+
5
S 0.0012
>
5 0.001
o
€ 0.0008
o
& 0.0006
(o]
c 0.0004
S 0.0002
o
£ 0 =
S ! 2 T
t=
S saaf,ﬂﬂi“ 1200sec 180056, 6 z
2400sec 30005 7 2=0 =
€€ 3600sec , 9 b
200sec 4800sec 10 g
5400see
= 0-0.0002 m0.0002-0.0004 m 0.0004-0.0006 = 0.0006-0.0008 m 0.0008-0.001 ™ 0.001-0.0012
Figure- 6

While considering the expansion of an urban area, the graphical representation regarding distribution
of the primary and secondary pollutant in both the intervals are plotted while considering L = 40 km and
L = 50 km as shown in the figure 7 - 10. In first phase, the concentration of primary pollutant decreases
very marginally with the expansion of urban area as shown in the figure 7. In same way, the
concentration of secondary pollutant decreases with the increase in urban length as shown in the figure
8. The same trend was observed in second interval where the concentration of primary pollutant and
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secondary pollutant decreases very slightly with the increase in the urban length. Also, it was noticed
that the concentration level of both types of pollutants persist to a significant level at a far downwind
distance and higher time interval as shown in the figure 9-10. The overall conclusion drawn from figure
7 -10 is that the concentration level of the pollutants decreases with the expansion of the urban length.

Ground Level Concentration of Primary Pollutant in Ist Interval
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Figure-7
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Figure-8
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The temperature variation plays an important role in the distribution of pollutants. To understand such
phenomenon, we consider two different rural temperature as T, = 308.15 K & 313.15 K. The overall
behaviour of the pollutants in both intervals are plotted in figure 11 -14. It was observed that in the first
interval while the rural temperature increases (4 remains same) the ground-level concentration (GLC)
of primary pollutant decreases slightly. It was found that the difference of ground-level concentration
(GLC) for T, = 308.15 K & 313.15 K respectively increased with the increase in time and downwind
distance. Further, the ground-level concentration (GLC) of secondary pollutant in the first interval
increases with the increase in rural temperature. Also, the difference of ground-level concentration
(GLC) of secondary pollutant for T, = 313.15 K & 308.15 K respectively increases with the increase in
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time and downwind distance. This shows that with the increase in temperature the impact of secondary
pollutant during chemical reaction becomes more significant in the surrounding. While in absence of
inter-conversion i.e. in second interval, the ground-level concentration of primary pollutant still
decreases marginally with the rise in temperature of rural area as shown in the figure — 13 and show
the same ftrend of increasing in the difference of concentration at rural temperature T, =
308.15 K & 313.15 K respectively. On other hand the concentration of secondary pollutant in absence
of inter-conversion still increases (marginally) with the increase in rural temperature as shown in figure
-14. However, the concentration level of secondary pollutant persists to a significant level at greater

downwind distance and time.
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5. CONCLUSION

The study explores how the temperature plays an influential role in the inter-conversion process from
primary to secondary pollutant under urban heat island intensity. In the present study we considered
the rate of chemical reaction to be temperature dependent and follows the Arrhenius equation. With this
consideration, the present study assumed two intervals in which the first interval is taken to be phase
of chemical reaction i.e. the process of inter-conversion while the second interval is non-existence of
chemical reaction i.e. when the inter-conversion process stops. The temperature so considered in the
Arrhenius equation follows urban island heat intensity formula. The overall process is studied by
defining the two-dimensional advective diffusion partial differential equations along with the appropriate
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boundary conditions. Analytical solutions are obtained by using the concept of Laplace Equation,
separation of variables and Green’s Function. The suitable parameters were considered to understand
the overall situation. The following findings are stated below:

(i) In first interval, the concentration of primary pollutant decreases with the increase in time and
downwind distance whereas the concentration of secondary pollutant increases with the increase in
time and downwind distance.

(ii) In second interval, the concentration of primary pollutant increases suddenly from t = 3600sec
to t = 4200sec and then decreases slowly. On other hand, the concentration of secondary pollutant

increases from = 3600sec to t = 4200sec and then remain almost constant.

(iii) On the expansion of urban area, the ground-level concentration (GLC) of primary and
secondary pollutants decreases in both the intervals but persist to a significant level at far downwind

distance.

(iv) Due to the increase in temperature, the GLC of primary pollutant decreased (marginally) in the
first interval whereas the GLC of secondary pollutant increased in the first interval. Thus, increase in
the temperature helps in lifting the concentration level of secondary pollutant in the first interval.

(v) With the increase in the rural temperature the impact of secondary pollutant during the chemical
reaction becomes more significant in the surrounding.

(vi) The GLC of primary pollutant in second interval decreased with the increase in temperature
whereas GLC of secondary pollutant in second interval increased (marginally) with the increase in
temperature and persist to a greater downwind distance and time.

(vii) It was observed that the GLC of secondary pollutant in second interval (in absence of chemical

reaction) persist to a significant level for a greater downwind distance and longer time duration.

(viii)  The impact of primary and secondary pollutants are more significant in second interval due to
the persistence of the concentration of pollutants even after the non-existence of chemical reaction.
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