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ABSTRACT

The problem of partial null controllability for linear autonomous evolution equations, which

are controlled by a one-dimensional control, is under consideration. The partial null-controllability
conditions for coupled abstract evolution systems have been obtained using the moment
problem approach.
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1 Introduction

Let X,Y, U be separable Hilbert spaces. Consider the evolution equation

&(t) = Az(t) + bu(t), (1.1)
z(0) = zq, (1.2)
y(t) = Px(t),t > 0, (1.3)

where z(t) € X is a current state, 2o € X is an initial state; the operator A generates a strongly
continuous Cy-semigroup S(t) of bounded operators (Hille and Philips, 1977),b € X, P : X —
Y is a linear bounded operator The input function « (¢) is assumed to be locally L2 -integrated.
Following (Ammar-Khodja, Chouly and Duprez, 2017) we assume, that the observation opera-
tor P : X—Y is an orthogonal projection operator,

Denote by z (¢, 0, (-)) the mild solution of equation (1.1) with initial condition (1.2).

Definition 1.1. Equation (1.1)—(1.3) is said to be completely null-controllable on [0, ], if for
each zy € X there is a control u(t),u(-) € La([0,t1],U), such that the corresponding solution
x (t,x0,u (-)) satisfies the condition

x (t1,z0,u () = 0.
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Definition 1.2. Equation (1.1)—(1.3) is said to be partially null-controllable on [0, ¢1], if for each
xo € X there is a solution z (¢, zo,u (-)) satisfies the condition

Pz (ty,z9,u(-)) =0. (1.4)

Further for the sake of brevity we use z (¢) instead of = (¢, zg,u (+)) .

The partial controllability has been well investigated for finite-dimensional systems (see, for
example, (Gabasov and Kirillova, 1971) and references therein). However, as far as we know
there are very few investigations on the partial controllability of infinite-dimensional equations
(see (Bashirov, Mahmudov, Semi and Etikan, 2007), (Ammar-Khodja et al., 2017) and refer-
ence therein).

In recent years, there has been an increasing interest in the study of the controllability of
coupled PDEs. Partial controllability of such systems is one of important applications to control
of these systems. In (Ammar-Khodja et al., 2017) partial controllability conditions have been
obtained for coupled parabolic systems (see also references therein). Controllability conditions
of (Avdonin, Rivero and Teresa, 2007) (see also references therein) may be considered as
partially null controllability conditions for coupled hyperbolic (namely waved) equations, where
only initial condition conditions xy € Y are considered.

The main goal of this paper is to obtain results related to partial controllability issues for linear
evolution equations using the moment method, which is a very powerful tool for investiga-
tion of (complete) controllability for linear evolution systems (see (Avdonin and lvanov, 1995),
(Ammar-Khodja, 2018), (Avdonin et al., 2007) and references therein). The paper aims to pro-
vide insights into controlling such systems and may discuss aspects related to hyperbolic and
parabolic systems. The moment method is a mathematical technique employed to analyze and
establish controllability in these systems.

We assume that A has the properties:

() the operator A has a purely point spectrum o4 which is either finite or has no finite limit
points, and each X\ € o4 has a finite multiplicity;

(1) the family of generalized eigenvectors of the operator A forms a Riesz basic of X.

It is well-known, that  (¢) is defined by the formula *:

z (t) = S(t)zo + '/0 S(t —7)bu(r)dr. (1.5)

2 Coupled evolution systems

Let X =Y x Z, where Y and Z are separable Hilbert spaces?. Consider the linear evolution
system

g(t) = Ayy (t) + Ayzz (t) + byu (1), (2.1)

Z(t) = Azz (t) +bgu(t). (2.2)

[y o
(00, 29

'The integral is understood in the Bochner sense.
2We will not distinguish between spaces X and X x {0},Y and {0} x Y.
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where the operators Ay and Ay generate strongly continuous semigroups Sy (t) and Sz (¢) in
X and Y correspondingly, and Sy z (t) : Z — Y is a bounded strongly continuous operator.

This system is a partial case of system (1.1)—(1.3), where = = 4 weYzeZ A=
z
Ay, A A3

y, Ayz A= v, 0 . by

0 Az AL, A bz
We assume, that eigenvalues of the operators Ay and A, are simple, and the operator

Ay, A - "

A= Yo Y2 satisfies the conditions (1)—(l1).

0 Ay
The linear bounded operator Ay~ will be called a couple operator.

We have
S(t) = Sy (t), Syz(t)
07 SZ (t) 7

where Sy (t) and Sz (t) are strongly continuous semigroups, generated by the operators Ay
and Ay correspondingly, and Sy z (t) : Z — Y is a bounded strongly continuous operator.

Let the eigenvalues \; € 04,7 € N be enumerated in the order of non-decreasing of their
absolute values.

Denote by oy the spectrum of the operator Ay, and by o~ the spectrum of the operator Ay.
Denote also: Iy :={i e N: \; € oy}, Iz :={i e N: \; ¢ oy}.Obviously, oy Uoyz = o4, Iy U
Iz =N.

Denote oy 7 = oy Noy.

3 Thecaseoy, =9

3.1 Eigenvectors and eigenvalues

In the beginning consider the case oy, = @. Obviously, Iy N I; = & also.

3.1.1 Eigenvectors of operator A

Let p; = ( oy ) ,© € N be an eigenvector of the operator A, corresponding to its eigenvalue
LY
i, 1 € N. We have

A%:< ypyi + Ayzez >:/\i<@y >7zeN.

Azpz; Py
Hence,
Ayoyi +Ayzozi = Xy, i €N,
Azpzi = MNtbzii €N

1) Let j € Iy <= \; € oy, and let py; be a corresponding eigenvector of the operator Ay .

Pyj

In this case the vector ¢; = is an eigenvector of the operator A.
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2)Letk e I < M\, € 0z, and let ¢z # 0 be a corresponding eigenvector of the operator

Agz. In this case the vector ¢, = PYE , where the vector ¢y, is a solution of the operator
PZk
equation
Ay oy + Ay 20z = Moy, ozr # 0,k € Iz, (3.1)

is an eigenvector of the operator A.

Remark 3.1. Since ) is a regular value of the operator Ay, the operator equation (3.1) is
always solvable. Its solution is:

ovi = (Ay — Nedy) ™ Ay 2071,k € I (3.2)
3.1.2 Eigenvectors of adjoint operator A*

Let; = < zw ) ,1 € N be the eigenvector of the operator A*, corresponding to its eigenvalue
Zi

i, i € N. We have
A% i N i .
A = YwY — N\ vy G EN.
Ay 0y + Az Yz
Hence,

Ay = by, i €N,
Ay by + Ayzi = Ntbziyi €N

1) Let k€ Iy < )\, € 0z, and let ¥z, be a corresponding eigenvector of the operator A%.

. 0 . .
In this case the vector ¢, = is an eigenvector of the operator A*.
Zk
2) Letj € Iy <= \; € oy, and let ¥y; be a corresponding eigenvector of the operator A3..

Yy

In this case the vector ; = < i’
4]

) , where the vector ¢z, is a solution of the equation

Ay vy + Apibzy = MNjzj, 5 € Iy, (3.3)

is an eigenvector of the operator A*.

Remark 3.2. Since ); is a regular value of the operator A%, the operator equation (3.3) is
always solvable. Its solution is:

vz; = (A7 = Melz) " A3 25,0k € I, (34)
Denote: b; = (b,1;), i € N.
We have
b .
bz;
where
byi = (by,¥vi), bzi = (bz,¥z),i € N. (35)

0
If k € I7,then ¢y = 0,50 b, = .
bz
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The eigenvectors p;, 1,7 € N of operators A and A* are chosen such that following orthogo-
nality conditions hold:

(907717 wn) = 6mn7 m,n € N.

Hence
(QDYj/leZ) = jl7j7l S IY7 (36)
(¢zks Vzm) = Okm, k,m € Iz, (8.7)
(ovm¥y;) = — (zr,¥z5) k€ Iz,j € Iy. (3.8)

note:

De :

oo (7 )senorfon (00 )venf
0 PZk

Uy = qv; = vvs JE Ly p Wy i=q k= 0 kely
bz Vzk

Lemma 3.1. The sequences {yy;,j € Iy} and {¢y;,j € Iy} are Riesz basics of the space Y.
The sequences {pz, k € Iz} and {¢zx, k € 15} are Riesz basics of the space Z.

Proof. This follows from results of (Stoeva, 2018) Theorem 2.1 (see also (Bari, 1951)). &

4 Partial controllability conditions

Below all definitions and notations of strongly minimal sequences belong to (Taldykin, 1977).
Let
{z1,29, ey Tpy ... } (4.1)

be a minimal sequence of elements of a separable Hilbert space H.
The infinite-dimensional matrix

{pij = (xi,25),1,j € N} (4.2)
is called a Gram matrix of family (4.1).
Let
G’Vl = {Lplj = (Ila$])7l7.] = 1727 "'?n} (43)

be n x n cutout of (4.2), and let 0 < A} < A} < ... < A" be eigenvalues of (4.3)3. ltis
well-known, that AT > 0 is not increasing, A} is not decreasing, so there exists lgn AP > 0.
n o0

Definition 4.1. If le A7 > 0, then sequence (4.1) is called strongly minimal sequence®.
n o0

Denote:
bj (t) = b; — e MO (S, (4 — ) by, Pz5) .5 € Iy, t € [0,t].

3Matrix (4.3) is a positive Hermitian matrix for any n € N.

“The definition of strongly minimal sequences is equivalent to the definition of Riesz-Fisher sequences
(Casazza, Christensen, Li and Lindner, 2002), (Young, 1980). In our opinion,the strong minimality concept bet-
ter explains the relationship of such sequences with minimal systems.
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Theorem 4.1. Let the series

3" e RN (S (1) 2%, ) | (4.4)

JELy

converges for any 2% € Z.
Equation (2.1) is partially null controllable on [0,t1] if and only if the family of exponents

{e™%; (1) .4 € Iv,t € 0,1] ] (4.5)
is strongly minimal.

Proof. Since the family of eigenvectors {¢;,: € N} of the operator A is a Riesz basic of X and
the family of eigenvectors {1;,7 € N} of the operator A* is a Riesz basic of X as well , for any
20 € X we have

=3 (@) o= 3 (2% 0y) ( i ) +3 (@ ( o ) : (4.6)

ieN jely kelz vk
2y =Y (2% 9) evi+ Y (2% k) v (4.7)
JE€ly kely

(2%, ¥v;) = (2% ¢;) + (Z (z°, ¥y) @kaij) = (4.8)

kely

kely

= (2%, ¢y;) + (2%, ¥z;) + (Z (2%, ¥ zr) (@Ykﬂ/)Yj)) .

After substituting S (¢;) 2° instead of = in (4.6), we obtain

2 (t1) =S (t)a® =Y (S ()2 i) i =

ieN
=3 (@) e ( e ) + 2 (%) M ( o ) : (4.9)
jely kel PZk

Using b instead of z° and ¢; — 7 instead of ¢; in (4.9) we obtain after integration, that
"ty

S(t1—7)bu(r)dr =
0

/ {Z bjet (=) ( go())fj ) + Z bpe =) ( oYk )] u(r)dr. (4.10)

jely kely Yzk

Substituting (4.9) and (4.10) into (1.5), we obtain

UOLDY ((3607%‘)6““ + </Ot b7 u(r) dT)) < o >+ (4.11)

JEILy
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5 (o w(/o — @)m))(g:)

kely
py () = Y (2% 05) Moy + D (% 0) Moyt (4.12)
JEly kely
/ S bied T oy 4+ > be oy | u(r) dr
Jjely kely

Taking into account, that

(2 vr) = (2%, ¥zk) and (v, ¥yj) + (Pzr.0hz;) =0,V) € Iy, k € I,

we obtain

(wy (t1),vy;) =

_ 6)\jt1 (onwj) + (Z e)\kh (Zl'ozwak) (PYM’(Z)YJ‘) +

kely

t1
n (/0 TR ( Ak(t=) ( bZ7¢Zk)¢Yk7¢Yj>>U(T)dT_

kely

_ e)\jtl (9507%‘) o Z (6)\kt1 (I%,'(/)Zk) (,DZkﬂ\/)Zj) +

kely

t1
+/ (6)\j(t1—7) bj _ Z (ez\k(h—T) (bz,ka) (png,’l/Jyj)> U(T) dT7 ] ely .
0

kely

Since the sequence {yozk, k € 12} is a Riesz basic of the space Z (see Lemma 3.1), we have

Sz(t)z=">_ M (z,0z) pzr,Vt > 0,Vz € Z . (4.13)
kely

Hence
(zy (t1) ,0y;) = e [(on’lﬁj) —e Nt (Sy (tl)l%ﬂl)zj)] + (4.14)
t1
+ (/ 6>\j t1 [e_/\j‘r bj — e_>\jt1 (SZ (tl — 7') bz,’l/JZj):|) u(T) dr, j € ly.
0

Thus, the partial null-controllability we are proving is equivalent to the existence of a solution
u(-) € Ly [0,t1] to the moment problem

— (&) + e (S5 (1) a8, 07) =

t1
= / e T [bj—e*%'(tl*ﬂ (Sz (tl—T)bz,ij)]u(t) dt, (4.15)
J0

Vje Iy, va¥ € X.
By convergence of series (4.4) we obtain

2
Z ’(mo,wj) — e Mt (SZ (tl);v%ﬂzl)zj)’ < 4o00,Va¥ € X.

JEly
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Hence for any vz ¢ X moment problem (4.15) admits a solution « () € Lo [0, ¢1] if and only if
the family (4.5) is strongly minimal.
This proves the theorem. 1

Remark 4.1. The convergence of series (4.4) essentially depends on the structure of operator
Ayyz.

Example. Let X = Ly [0,7] x R, Y = Ly[0,7], Z = R, Ay = A with boundary conditions
y(0)=y(r) =0, Az=weR, 0<w<1, Ayz =a€Y;

Iy =N\{1} =2,3,..., Iz ={1}; M = w,pz1 = Y71 = 1,

N=—(1-1), oy1 =ty = \/%Sin(l — 1)z, 1 e N\{1};

A by +wipg = Ny =

Ax a, %f a(z)sin((l—-1)z)dz
= Yy = ))\/lz?liyl _ (l( quyj-)w _ \/7 0 e e N\{1},

Obviously, Sy (t1) 2% = e*'1z%. Using j =1 — 1,1 = 2,3..., we obtain
ij+1 \/>f0 a(acle;;jmdm e N
Hence, for any I € Iy, we have

2
e~ Nt (SZ (tl)l'% 7¢Zl> = el=Dtevtigoy s =

_ wty 5%t fo a(z) sm]mdm .
\/7moe e o jeN.

Obviously, Z 72 < Fo0. Hence, by Riesz-Fisher Theorem there exists a (z) € Ly [0, 7], such
':1
1

that [ a (z) sin jedr = i JEN

Also, Z e*Zf 1 < +o0. Hence, by Riesz-Fisher Theorem there exists a (x) € Lo [0, 7], such
j=1

that [ a (z) sin jeds = e~ j e N.

If [, a(x)sin jode = %, then

2
Z‘ Nt (S (t) 2, 7)) ‘ _ 2wt1|m0‘ Z Y~ oo
e 20 +w)
If fo () sin jedx = e~27°1 then

o —2j5°t
S |em (82 ()l ia)| = 2 E”Z“\ﬁez“’“! A

jEIy i T (72 + w)?
— 2 2’LUt1 IO 2 . 400
EA ; P r )

4.01 ThecasebcY

In this case problem moment (4.15) is simplified.

Letb, =0,i.e.b=0by €Y.

Controllability of such partial parabolic control systems have important applications to many
fields such as chemistry, physics or biology (see also Example 3 below).

If b € Y, then (2.1)—(2.3) is not completely null-controllable on [0, ¢1], Vt1 > 0, because solutions
of equation (2.2) are independent on control. However it may be partially null controllable.
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In this chase problem moment (4.15) is simplified:

= (2% 4y) + e N (87 (t1) 2%, ¥z5) =
t1
= | bjeNTu(t)dt,j e Iy. (4.16)
0

Corollary 4.2. If the series (4.4) converges for any 2% € Z, then system (2.1)—(2.3) is partially
null controllable on [0,t1] if and only if the family of exponent

{ewtbj,j €Iy, te o, tl]} (4.17)
is strongly minimal.

Corollary 4.3. If the series (4.4) converges for any 2%, € Z, then system (2.1)—(2.3) is partially
null controllable on [0,t1] if and only if equation

y(t) = Ayy (t) + byu(t)
is null (completely) controllable on [0, t].

Proof. Since the series (4.4) converges for any 2%, € Z, and the family ¢;, j € Y forms a
Riesz basic of Y, then for 29, € Y and 2%, € Z there exists 3° € Y, such that

— (2%, 1) + e MM (Sz () 2%, vz5) = — (¥°,45) . J €Y.

The corollary follows from the above formula and (4.16). &

4.0.2 One sufficient condition for strong minimality

The direct method for checking the strong minimality of any sequence (4.1) is the computing
of nll_>IIolo AT > 0 by numeric methods. It may be rather difficult. However if by € Y, then one
can find more simpler strong minimality conditions for sequence (4.5) in some partial cases
(see, for example, results of (Ammar-Khodja, 2018), (Young, 1980), (Young, 1998), (Fattorini
and Russel, 1974) and references therein) .
Consider a strongly decreasing sequence of negative numbers {);,j € Iy}, with finite upper
density (MandelBrojt, 1969).
Let the family

{exp(Ajt),j € Iy,t € [0,t1]} (4.18)

be minimal, and let

{qj (t),j EIy,tG [O,tl]} (419)
be biorthogonal family for (4.18).
Theorem 4.4. Ifb; # 0,%j € Iy, lim; . 25"
there exists a positive constant K. such that

is finite, t; > lim;_o 2'?')’” | and forany e > 0

llg; ()] < Kee ™%, 5 € Iy, (4.20)
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then the family
{bjexp(=Ast),j € Iy, t € [0,t1]} (4.21)

is strongly minimal.

Proof. Obviously, the family
{qj Ge = t*)e/\jtl,j cly,te [07751]}
b
is biorthogonal to the family (4.21).
Let Ié be any finite subsequence of Iy. Following from Caushy-Shwartz inequality, we have

2 2
)\]tl

tft
> a T < Y gl Ol | <

jerl jerl

2 2
SN P ‘2 las ()P 2t | <
jer) jerd ™
2 _
< ZWJ" Z| |K52 e 20t | —
jerl iea bj
1 (b — 1
Sk Ll || £ e | <mz | Sk | | X g
= ser et e
fore <4
The series L eMt is the Dirichlet series with abscissa of the convergence (MandelBroijt,
JELY by
1969)
21n |b;
0. = lim ﬂ
Jj—00 )\j
Hence
2
q -
> B s —— M <MY, VB eR e T (4.22)
jerf bi jer

21\\

forany ¢ > lim; ., ,where M? = K? iery ® LeXit |t follows from (4.22), that the family

‘“(“ DeAita ,j € Iy, t €0, tl]} is a Bessel sequence. Hence (Casazza et.al., 2002), (Young,
1980) family (4.21) is a Riesz-Fisher sequence, i.e. this family is strongly minimal.
This proves the theorem. §

The next theorem follows from previous Theorem 4.4 and results of (MandelBrojt, 1969),
(Leontiev, 1976).

Theorem 4.5. . Let Iy = {j1, jo. .., jns -}, J1 <J2 < oo < jn < ooty Njyy <O, [Nji| > [Nl im €
N. If:
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1. there exists p > 0 such that |\;,| > p, |Aj,, — Aj.| > |m —n|p,

2.3 ery I/\;ﬁ < +o00,
then the family (4.5) is strongly minimal on [0,t1] for any

21n|bj|

t1 >
j—o0j€ly A

Proof. The proof is derived from the fact that conditions specified in the theorem are adequate
to establish the validity of (4.20). &

Corollary 4.6. If conditions of Theorem 4.5 hold and series (4.4) converges for any 2% € Z,
then system (2.1)—(2.3) is partially null controllable on [0, t,] for any

. 21In |bj‘
t1 > lim .
j—o0,j€ly )\j

4.1 Example 1

Consider the system of parabolic equations in the form (1.1):

N ¢
{yt yfy+/f+”“()’ (t,z) € [0,+00) x [0,7], (4.23)

y(0,2) = wyo(x),2(0,2) =2z (x),x € Ly [0, 7],
Y (t7 O) =Y (t7 7T) =0,
z(t,0) = z(t,m) =0,

T
0

(1) omene}
()

Ay =A +1, Az =A

where yo(z)
Let P (
{0

zo(z )ELQ[(LT['},Z)((L')_( ),u(t)ELQ[Oﬂﬁ].

. In this case

1 0
0 0
E) ) GLQO’]T}

SO

with domains (Balakrishnan, 1976, page 214, Example 4.6.6, page 241, Example 4.10.1)
D(Ay) =D (Az) ={f, [ ac.:f",f" € L2[0,7] and f(0) = f(7) =0}.

After computations and enumeration of the eigenvalues \; € 04,7 € N in the order of non-
decreasing of their absolute values, we obtain:

Iy ={1,3,5,..}, I. = {2,4,6,...}

2) the eigenvalues \; and eigenvectors ¢;, j € N of the operator A are:
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2 [ si
Moot = 1=, a1 (2) = 4 = ( o ) j=2m-1cly,meN, (4.24)
5/
Aom = —m?, pom (z) = - ( Zzzz ) ,J=2m € Iz,meN, (4.25)

3) the eigenvalues \; and eigenvectors v; of the operator A* are:

2 ( si
Aom—1 :1—m2,7,/)2m,1 (Z’): ; ( :22z ) ,j:2m—1 GIy, mGN, (426)
2 0
Ao = —m?, hop, (z) = - ( - ) ,j=2me Iz, meN. (4.27)

Substituting (4.26) and (4.27) to the formula b; = (b,;), i € N, we obtain:

m

- . B (71)711,—1 . B
bj—{ fo rsinmzxdr = mj=2m—1¢€ly,meN, (4.28)

0, j=2melz,meN.

Using the characterization of Riesz bases via biorthogonal sequences developed in (Stoeva,
2018) (see Theorem 2.1), one can prove, that

Lemma 4.7. The sequence

{ 2(smmx>7 2<—s%nma:)7meN} (4.29)
™ 0 ™ sin mx

{ 2( S ) 2( E ),meN} (4.30)
™ sin mx ™ sin mx

are a Riesz basic of Ly ([0, 7] ,R?) .

and sequence

Proof. We will prove, that 1) sequence (4.29) is complete, and 2) sequences (4.29) and (4.30)
are Bessel sequences.

Difor o) = () ) where fy (z). f7 (@) € Lo [0, equalities (a1, /) = 0, (oam. f) =
AYY
0 hold for any m € N, i.e.
(sinmz, fy) = 0,
— (sinma, fy) + (sinmaz, fz) = 0,
vYm € N,

then from the completeness of the sequence {sinma, m € N} in Ly [0, 7], it follows, fy = fz =
0.
Hence, sequence (4.29) is complete.

2) Forany f(z) = < fr (@)

, where fy (z), fz (x) € L2 [0, 7], we have
fz (%)
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Z |(@02m—1>f)|2 + Z ‘(502777«’]0)‘2 <

m=1 m=1

< 3 — si 2 — si I I < .
A% (2o )| 22 (e ) <o

Hence, sequence (4.29) is a Bessel sequence.

Iy (@) ) , where fy (2), fz (x) € Ly [0, 7], we have

By the same way, for any f (z) = (f ()
7z (T

> 1 Wamet HF + 3 |Wam, F <
m=1 m=1

<22 (\[Slnmx fy) +3Z (fsmmx fZ)

Hence the sequence (4.30) is a Bessel sequence also.
This proves the lemma. 1

2
< +o00.

Lemma 4.7 shows that equation (4.23) satisfies all the conditions of equation (2.1).

For j = 2m — 1,m € N, we have e~ 2Vt (SZ (t1) xUZ,ij) =

= e tem1t (3750 (2%, Vz(0m)) € 0 z000), Vz(2m-1)) =

= e(m? ( (Z \[ ( ) sin n§d§) P \/% sin nr) \/g sin mx) dr =
— e(m*-1)ta e~ 2 (/O 2 (x )smmxdaf) de = \/ge*tl (/07r 20 (x) sinmd:c) :

SO
© 2
Z ’6_)‘jt1 (Sz (tl)f%7¢2j)’ =
Jj=1,
J=1,35,..
e} T 2
e 2 Z (/ 20 () sin mxdm) dz| < 4oo0.
TF 0
m=1
Also we have

2 _qym—1 _qym—1 .
e*Ajtlbj = e(m 71)t1%7r = weilLemztl,j =2m—1€ ly,méeN.

When the family

is strongly minimal?
The eigenvalues \; = —;? satisfy the conditions of Theorem 4.5 and 0. = lim In (1)

m—00

1
—m

2

. 1 o
A Ty = O-
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In accordance with Theorem 4.5 and Corollary 4.6 system (4.23) is partially null-controllable
on [0,¢] forany ¢; > 0.

However there is no ¢; > 0, such that system (4.23) is completely null-controllable on [0,#] ,
because the second equation of this system doesn’t depend on a control.

5 Thecaseoy, # 9

5.1 Eigenvectors of the operators A and A*

If j € Iy\Iyz and k € Iz\Iyz, we are in conditions of the previous section, so eigenvectors of
the operator A and A* satisfy orthogonality conditions (3.8).
If m € Iyz, then the eigenvalue \,, of the operator

Ay A
A= Y YZ
0 Ay
may have two linear independent eigenvectors.

(z)lYm

The first one is ¢1,, = 0

, where ¢1y,, # 0 is an eigenvector of the operator Ay .

¢)2Ym

The second one is: ¢o,, = ( > , Where ¢2z,, is an eigenvector of the operator Ay,

(bQZm
provided that there exists a solution of the operator equation

Ay doym + Ay zd22m = Amdaym (5.1)

for m € Iy z. In this case the vector ¢y, is a solution of above equation.
Since )\, is an eigenvalue of the operator Ay, the operator equation (5.1) may be not solvable.
In this case the operator A has an unique eigenvector ¢1,,, = ( 1ym )

0
The same considerations can be performed for the operator

oo(5 )
AYZ AZ

i.e. for m € Iy the eigenvalue ),, may have two linear independent eigenvectors.

. . 0 . .
The first one is 9, = , Where ¢z, # 0 is an eigenvector of the operator A%.
27m
The second one is: ¥1,,= ( Zlym ) , Where 1y, is an eigenvector of the operator A3,
1Zm

provided that there exists a solution the operator equation

A))k’ZwlYm + A*qulZm - j\mdlem- (52)

Since \,,, is an eigenvalue of the operator A%, the operator equation (5.2) may be not solvable.
0

In this case the operator A has an unique eigenvector 1, = "
2Zm
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The eigenvectors ¢1.,,, V2, and the generalized eigenvectors ¢o,,, 11, of the operators A and
A* correspondingly are chosen such that the following orthogonality conditions hold:

( (O, 015) =015 (Pu,¥2;) =0,
(d21,915) =0 (P, P25) = ijs

) i €lyy. (5.3)

Hence, (¢, ¥1)) = (davi, 1vy) + (9221, ¥12) = 0, 1, j € Iy <=
(Pavi, 1vy) = — (d2z1,00125) 5 1,7 € Teqy 2 (5.4)

If equations (5.1) does not have a solution, we consider the following alternative equation

(Ay = And) davm = cmbrym — Ay zP2zm. (5.5)

Theorem 5.1. The operator equation

A¢2m — Am®2m = Cm®Pim, (56)

has a solution ¢o,, = < P2vm ) if and only if

27m
cm = (Ay z022m, V1ym) - (5.7)

Proof. Equation (5.6) is equivalent to equation (5.5).
Equation (5.5) has a solution if and only if (Krein, 1971)

(corym — Ay zd2z2m, V1iym) = 0.

We have

(em®P1ym — Ay zP2zm, V1ivym) =

Cm (¢1Ym: wlYm) - (AYZ¢2Zm7 wl}/m) =

cm — (Ay z¢22m: V1ivym) s

i.e. the last condition is equivalent to the condition (5.7).
This proves the theorem. 1

If ¢,, = 0, then ¢q,, is a solution of the equation
A¢2m - )\m(me = 0,

SO ¢, is the second eigenvector of the operator A of the same simple eigenvalue )\, having
the multiplicity 2.

If ¢, # 0, then the ¢4, is a generalized eigenvector of the operator A, corresponding to the
eigenvalue \,,, with a multiplicity of 2.

If equation (5.2) does not have a solution, we consider the following alternative equation

(AE - j\ml) wlzm = Cmw2Zm - A?/Zi/}lme (58)
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Theorem 5.2. The operator equation

A*wl'm - /\m¢'1'rn = C’ran’m-, (59)

d’lYm

has a solution 11, = ) , where ¢27.,, # 0 is an eigenvector of the operatorA ;, corresponding

wlZm
to its eigenvalue \,,, if and only if

Cm = (¢2Zm-, A;/ZwlYm) . (510)

Proof. The operator equation (5.9) is equivalent to operator equation (5.8). Equation (5.8) has
a solution if and only if (Krein, 1971)

(h22m> cmW2zm — AV z01ym) = 0.

We have (¢22m: Cmd)QZm - A?/ZQ/}lYm) = Cm (¢2Zm7 1/)2Zm)_(¢22m’ A;(/ZwlYm) = Cm_(¢2Zm7 A;ZwlYm) s
i.e. the last condition is equivalent to the condition (5.10).
This proves the theorem. 1

Conditions (5.7) and (5.10) are equivalent.
If ¢,,, = 0, then v4,, is a solution of the equation

A*¢1m — AmP1m = 0,

1/)1Ym

so the vector vy,,= ( > is a second eigenvector of the operator A*, corresponding the

1Zm
same simple eigenvalue ), of the multiplicity 2.

If ¢, # 0, then 1, is a generalized eigenvector of the operator A*, corresponding the eigen-
value )\, of the multiplicity 2.

Lemma 5.3. The sequence {c,,, m € Iy} is bounded.

Proof. We have

lem| = [(Ay zd22m, V1ivm)| < Ay z || | P2zm | |1y mll,m € Ty z.

The sequences {¢pazm,m € Iyz} and {1y, m € Iy} are bounded, because in accordance
with Lemma 3.1 the first one is a Riesz basic of Z, and the second one is a Riesz basic of Y.
This proves the Lemma. §

Lemma 3.1 holds true for the case oy # @ as well.

6 Partial controllability conditions

(b> 1/)])7 .] € IY\]YZ7 .
bl': . >b2':(b7w2')7]EIYZ-
! (b,v1j), J€lyz, ! !
bij — e M (Sy (= 1) by, bzi), G € Iv\yz,
bj (7‘) = b1j + szCj (tl — T) —
*6_)‘J<t1_‘r) (SZ (tl — T) bZ,wIZj) _] elyy.
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Theorem 6.1. Let the series

Z e 2Nt |(Sy (t1)$%77/1Zj)|2 (6.1)

Jjely

converges for any 2% € Z.
Equation (2.1)—(2.3) is partially null controllable on [0, 1] if and only if the family of exponent

{e™%; (1), € Iv,t € [0,11]} (6.2)
is strongly minimal.

Proof. Since the family of eigenvectors {¢;,i € N} of the operator A is a Riesz basic of X and
the family of eigenvectors {v;,i € N} of the operator A* is a Riesz basic of X as well , for any

¥ = € X =Y x Z we have

Ot)=St)a" = 3 et (a0 ) wvi
lely\lyz 0

+ Y et [(30071#11) ( b1y ) T (2, ) <Cjt1 ( b1y ) n ( Doy >>
€Dy » 0 0 D271

+ T @) |
kJEIZuyz PYzk

Jr

2 (t1) == PS(t1)z" = > eMi (a0,4) oyt
lely\lyz

+l IZ Mt [(29,91) iy + (20, ¥a) (citidrye + davi)| +
€lyz,

+ > M (a0 ) oy
kelz|lyz

Using (3.6)—(3.8), (5.3)—(5.4), we obtain the following:

|f] S Iy\[yz7 then

(9 (t1) vyy) = > (a0 4) M (oyy, by;) +
lely\Iyz

+ > N (20 y) [emts (Drvis ¥yj) + (Bavi, vy)] +

lely

+ 2 (a0 gu) (drvs dvy) +

lely z,

+ > (2% k) NN (oyp, vy ) =
kelz|lyz

= M (40, 0y) +

+ > (2%, vom) €N (dayr, hyj) +
lely

+ > (2% vzk) M (py, tyy) =
kelz|lyz
= eV (a0, 4y) —

— > (2%, vzr) M (pazn, ¥z) —
k€ly z

- X (2%%z) M (pzn,bz),
kely\ly z
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and since the sequence {y2z1 k € I} is a Riesz basic of Z, we obtain, that
> (2%, vzk) M (pozi,vz) + Y (2%, vzk) e (pzr bz = Sz (t1) 2%, so
kely z kely\Iyz

(zy (t1),%y;) = ¥ (2%, 45) — (Sz (t1) 2%, z;) -

If j € Iyz, then
(PS (t1) 2% ¢ry;) =
= 3 N (20 9u) (drve, ivy) +

lelyy
+ > N (20 0y) (¢its (Drvis Yivy) + (Pavi, Yrvy)) +
lelyy
+ > M (a0 ) (pyre Yryy) =
kelz\Iy z
=Nt [(2%,415) + ¢jta (2%, )] + le; M (29 4hyy) (dovi, Yryj)
YZ
+ 3 M (a0 ) (v, iyy) = e [(20,915) + ety (20, v)] —
kelz\Iy z
— 3 M (2%, voz) (Pazi, Urzy) — Y e (2%, 9zn) (0zks Yiz))
lely » kelz\Iyz

and again, since the sequence {2z k € I} is a Riesz basic of Z, we obtain, that

(@y (t1) ,vyy) = N [(2°,01) + (2°,409)) ejt1] — (Sz (1) 2%, v1z;) -

Using b, t; — 7 instead of 20, ¢, in above computations, we obtain :
if j € Iy\Iyz, then

(PS(t1 — 1) b,4;) = =Dy — (S (k) bz, ¥z;) s

if j € Iy z, then

(PS(t1 —7) b4 ) =

= [b1j + byjej (b — 7)] M=) — (S (0 — 7) bz, Y1z5) -

After integration in [0, ¢;] we obtain:

if j € Iy\Iyz, then

(wy (tr),v5) = €N (2%, 905) — (Sz (t1) 2%, vz;) +

+ fotl [blje)\j(tliﬂ —(Sz (ty = 7) bz, ¥z;)| u(r)dr;

if j € Iyz, then

(@y(t1), ) = [(2°,415) + (2°,925) ejta] M — (S7 (1) 2%, vbaz;) +

+ Jot ([baj + bajej (b = 7)] X7 — (Sy (ty — 7) bz, az;)) u(7) dr.

Hence, equation (2.1)—(2.3) is partial controllable on [0, #,] if and only if the moment problem

— (2%, 45) + e (Sz (t) 2%, vz5) = (6.3)

t1
= / [bue*’\ﬂ —e MM (Sy(t —7) bzﬂbz;‘)} w(r)dr,j € Iy\lyz,

to

— (2% 1)) — (20, 4h9j) cjt1 + €M (Sz (1) 2%, Yozy) =
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ty
= /0 [blj + ijCj (tl — 7')] e My (T) dr— (6.4)

t1
—/ (ii/\jt1 (Sz(tl—T)bzﬂ)blzj)u(T)dT,jEIyz.
0

has a solution u(-) € L2[0,#1].

Since the series (6.1) converges for any 2 € Z, the sequence

{(2 ;) — e7M% (Sz (t1) 2%, ¥z5) , 5 € Iy\Iyz} € 12,

and, in accordance with Lemma 5.3, the sequence {c; j € Iy} is bounded, so

{(2% 015) 4+ (29, 995) cjt1 — e N (Sz (1) 2%, Yozm) . j € Iyz} € 1* as well.

Hence (Boaz, 1941), (Young, 1998) above problem moment has a solution if and only if family
of exponential (6.2) is strongly minimal.

This proves the theorem. &

fbey,ie b= ( bg > , then moment problem (6.3)—(6.4) may be simplified:

(2%, ;) — e (Sz (t1) 2%, ¥z;) = (6.5)
t1
— [Thyerutdn € Iy
0
(2%, 15) + (2% 2)) cjts — e (Sz (1) 2%, 9125) = (6.6)
t1
:/ bljef’\JTu(T) dT,j Elyz,
0
or
t1
d; :/ b1j67>\j7—u(7’) dr, (6.7)
0

where

= { (20,91j) — e MM (Sz () 2%, 9z5) , € Iy\Iyz

T (20, 915) + (2, 425) cjt1 — e (Sz (t1) 2%, h1z5) , J € Iyz.
Since series (6.1) converges for any 2%, € Z, we have {d; € Iy} € I%.
Hence the following corollaries are valid.

Corollary 6.2. If series (6.1) converges for any 2%, € Z, then system (2.1)—(2.3)) is partially
null controllable on [0,t1] if and only if the family of exponent

{e—%tbu,j eIy ,telo, tl]} (6.8)
is strongly minimal.

Corollary 6.3. If the series (6.1) converges for any =%, € Z, then system (2.1)—(2.3) is partially
null controllable on [0,t,] if and only if equation

y(t) = Ayy (t) + byu (1)
is null (completely) controllable on [0, t].

Theorems 4.4—4.5 and Corollaries 4.2—4.6 hold true for oy 7 # @ as well.
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6.1 Example 2

The author of (Ammar-Khodja, 2018, page 4, system (12)) has proved the partial controllability
conditions for the two-dimensional system

(t,z) e Qr =[0,T] x Q, (6.9)

yp = Ay + oz + 1,
= Az

y(0,2) =yo (x),2(0,2) =20 (x),z € Q,
y(t,z)==z(t,x)=0,1t€[0,T],z € 0Q,
where Q is a bounded domain in R with a C2-boundary 9Q, w is a non-empty open subset of
Qand T >0,
Yo (+),20 () € L2(Q),u () € L2 (Qr) , a () € Loo (Qr, L(R)).
As it is noted in (Ammar-Khodja, 2018), controllability of such partial parabolic control systems
are investigated in many fields such as chemistry, physics or biology.
However, even if u(t,z) € R for all ¢t € [0,7] and = € @, the control u(-,-) € La(Q7) cannot
be considered as a single control force®. The given paper focuses on achieving controllability
using a single control force, so we will define w(t, z) in the form -) € L1(Q) is predetermined
and u(t),u(-) € L2([0,T],R) represents a single control force.
The system being studied in this section is

{y{—Ay—&—az—l—xu, (6.10)
z = Nz,
(t,x) € Qr =10,T] x [0,7], « GR\{O},3(~) € Ly ([0,7] ,R),u(-) € La[0,T],
y(0,2) =y (2),2(0,2) = 2z (z),z € [0, 7], (6.11)
y(t,0) =z (t,0) =0, t € [0,T7, (6.12)

0(),20 () € L2 ([0, 7).

One can write system (6.10)—(6.12) in for 1)—(2.3), where

) < "”5

Here

o e S (e

Ay =Az=A
with domains (Balakrishnan, 1976, page 214, Example 4.6.6, page 241, Example 4.10.1)
D(Ay) =D (Az) ={f, [ ac.:f',f" € La[0,7] and f(0) = f(7) =0},
by = b,by = 0.
Let \; and ¢;,7 € N be eigenvalues and eigenvectors of the operator A with boundary con-
ditions (6.11). Obviously, eigenvalues A, = —n%,n = 1,2,..., of A are eigenvalues of A, and

to every eigenvalues \,, correspond the eigenvectors ¢, = \/Z < Smom ) ,n=1,2,... of the

5it is infinite-dimensional control
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operator A, and the eigenvectors v, = %

) of the operator A*. In this example
S N

both operator equations (5.5) and (5.8) are reduced to the equation

) ¢5, o, ¢§,
Y+ oy —sinnx —n Y + cpy/ —sInx,
™ ™

y(0) y(m)=0.

where according to (5.7) we obtain

™
2
cn:a/ fsin2nwdw:a7é0,n6N.
0 ™

Hence equations y” + a\/gsin nz = —n?y + cn\/gsin nz, n € N, are equivalent to equations
y'=-n*y,neNy(0)=(r) =0, (6.13)

so the vector
bavn ()
h2n = \/gn ,x € [0, 7]
P S1n nx

is a generalized eigenvector of A, and the vector

2 g
1y = \/;slnnx ,z € [0, 7]
wlZn (l)
is a generalized eigenvector of the operator A*, where ¢ay,, () and 11z, (x) are solutions of
equation (6.13). For any n € N equation (6.13) has the infinite number of solutions. Let’s
choose the solutions ¢oy,, = —4/ 2 sinnx and ¢y 7, (x) = /2

s s

sin nx, so the vector

f\/gsinmc
¢2n = 3 . , T € [07 ’ﬂ
\/;smna:

is a generalized eigenvector of the operator A, and the vector

\/gsin n
wln = . , L € [0771—}
\/gsm n

is a generalized eigenvector of the operator A*, corresponding to the eigenvalue A, = —n? n €
N.
One can prove ( see (Ammar-Khodja et al., 2017) and Example 1), that the sequences

{¢1n7 ¢)27’La n e N} ) (614)
and
{wlm anv n e N} ) (61 5)

are Riesz basic in X = L, ([0,7],R?). Hence system (6.10)—(6.12) satisfies to conditions of
system (2.1)—(2.3)%, so all theorems an corollaries proven in previous sections, are applicable
to Example 2.

See the bottom of Pages 2 and 3.
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T n—1

_ 2 . _ (=1
Denote b, = \/;/0 xsinnxdr = N eN.
From (6.5)—(6.6) it follows, that”

t
(:Uov ¢1n) + (:Uov ¢2n) aty — 6n2t1 (SZ (tl) I%, d)lZn) = / 1 bnenz‘ru (T) dTv ne Nv (616)
0

where 17, = \/gsin nx,n € N.

Now we will check the convergence of series (6.1).

We have

Sz(t)al =30, mOZme_m%l \/gsin madr,0 < x <, where

2, = Jo 2% (0) \/gsin modo,
4 2 2
(Sz (t) 2% h1zn) = > o0, e‘m2t1$%m/ <\/7sin mx\/jsin na") dr = x%nefn%l,
0 ™ ™

>, et |(Sz (tl)aj%,z/)zn)‘2 =3, e2n*t1g=2n*t |2%,, - Hx%HQ < +00.Vt > 0.

Hence from Corollary 6.2 it follows, that system (6.10)—(6.12) is partially null controllable on
[0,t1] if and only if the family

{e"ztbn,n eN,telo, tl]} (6.17)

is strongly minimal.

Again, the eigenvalues \, = —n?,n ¢ N satisfy the sufficient conditions for strong minimality

of family (6.17), obtained in Theorem 4.5 with p = 1, and o, = lim,, 23;'?‘ = 0, so the family

{e"’tb,, = e”zt$mn € N, t € [0,t1]} is strongly minimal (see Example 1).

L

In accordance with Theorem 4.5 and Corollary 4.6 system (6.10)—(6.12) is partially null con-
trollable on [0, ¢;] for any ¢; > 0.

7 Conclusion

The partial exact null-controllability conditions for abstract coupled control equations (1.1)—(1.3)
governed by a single distributed control u(t) have been obtained using the moment problem
approach. These conditions strengthen the partial controllability conditions for one of coupled
parabolic systems obtained in Ammar Khodja et al. (2016). This is because, as demonstrated
in Example 2, even when u(t,z) € R for all ¢t € [0,7] and = € Q, the control u(-,-) € L(Q)
cannot be treated as a single control force in the conventional sense8.

The controllability results to date have focused on control problems for coupled PDEs, mostly of
the same structure. The majority of results have been obtained for coupled parabolic equations,
and a few have been done for the controllability of coupled wave equations. The abstract
approach developed here allows us to investigate various controllability problems, including
partial controllability, for coupled systems containing equations of different structures.

All examples are simple; they have been chosen only for illustrative purposes.

There is no financial support for this paper that could have influenced its outcome.

"Here Iy = Iz, so Iy \Iyz is an empty set.
8it is infinite-dimensional control
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