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ABSTRACT

We study stability and stabilization issue for a time delays continuously distributed on a
specified duration of time system of integro-differential equations, under introduced certain
conditions. Characteristics of global stability of these systems subject to with hybrid impulse
conditions in the continuous-time case investigated.
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1 Introduction

Impulsive and delay neural networks model has applications in various electronic or biologi-
cal networks systems and these systems are encountering instantaneous and abrupt changes
frequently within period of time. During past few decades, dynamic networks extensively stud-
ied in various field of science and engineering, because of its broad applications. Generally
speaking impulses can be categorized into two groups depending on effects of the system. If
the impulses potentially destroy the stability of dynamical systems; called destabilizing, and
if the impulses stabilize dynamical systems; called impulsive controllers, stabilizing dynamical
systems. Stabilizing and destabilizing impulses have been studied by many researchers (Li,
Shen and Feng, 2008),(Li, Li and Liu, 2009),(Li, Caraballo, Rakkiyappan and Han, 2015),(Li,
Yang and Huang, 2019),(Zou, Li, Wang, Lou and Lu, 2020) and references there in. The
hybrid effect of impulses for the system stabilizing and destabilizing occurs simultaneously.
In various dynamical systems existence of impulses and delays investigated by many re-
searchers (Akca, Alassar, Covachev, Covacheva and Al-Zahrani, 2004),(Ak¢a, Covachev and
Covacheva, 2004),(Gopalsamy, 2004),(Li, O'Regan and Akca, 2015),(Mohamad, Gopalsamy
and Akca, 2008). There are three classes of impulsive hybrid systems namely; impulsive dif-
ferential systems, sample data control systems and impulsive switched systems.
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The paper is organized as follows. In Section 2, we will provide some notations and definitions
useful all along the paper. In Section 3, model description, using average impulsive strength to
describe the hybrid impulses and some new sufficient conditions on uniform stability of system
of integro-differential equations are derived. The standard notations are used such as R and
R™ denote the set of nonnegative real numbers and the n-dimensional Euclidean space. N
denotes the set of positive integers. For = € R", |z| denotes the Euclidean norm of x.
Definition 1. (Average Impulsive Interval) (Lu, Ho and Cao, 2010),(Rakkiyappan, Gayathri,
Velmurugan and Cao, 2019),(Zou et al., 2020)

T, is called the average impulsive interval of the impulsive sequence ¢ = {t1,t, ...} if

T—t T—t
_NOSNC(Tvt)S

a a

+ Ng, forallT>t>0

where Ny is a positive integer and T, is a positive number. N¢(7,t) denotes the impulsive
times of the impulsive sequence ( in the time interval (¢,7") and the average impulsive interval
of the impulsive sequence ¢ = {t;.to, ..., } defined the number (0, ¢) of moments of impulsive
effect between 0 and ¢ satisfies

N((T,t) = lim i(0.7)

t——+o0 t =P <0

Definition 2. (Average Impulsive Strength) (Zou et al., 2020)
C(T,t) = {tl,tH,l,...,tl+NC(T70)_1}for a” TZt 2 0|f (11)

where « is called the average impulsive strength of the sequence.

lon .0y + v 011 | + -+ e (7,0) -1
(67

— Ny < N(Ty1) (1.2)

_ lan, oyl + lan oyl + -+ lan (z,0)-1]

+ N (1.3)

«
where N, is a positive integer and « is a positive number. Using these inequality we can easily
obtain

Ny

Mo lan, o) + lan toy+1] + -+ lan -1l
Ne(Tt)

~N(T, t)) = Ne(T ) B

a(l a(l+ ) (1.4)

Henceforth we assumed that each activation function f;(.),i = 1,2,...,m satisfies following
conditions:
(H1) fi : R =R is Lipschitzian with Lipschitz constant, L; > 0,

|fi(z) = fi(y)] < Lilx —y|, forall z,y € R.

(H2) | fi(x)| < M;,x € R, for some constant M; > 0.

2 Model Description

In the last two decays there has been great interest and introduced results in the neural net-
works, such as Hopfield, Cellular, Cohen-Grossberg, bidirectional associative and interesting
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applications in many areas such as , optimization, signal and image processing, pattern recog-
nitions, associative memory, neutral networks, cryptography, solving nonlinear algebraic equa-
tions, and so on. Consider impulsive hybrid Hopfield-type model (Akca, Alassar, Covacheyv,
Covacheva and Al-Zahrani, 2004; Kaslik and Sivasundaram, 2011; Gopalsamy, 2004).

{‘Zt = —aii(t) + Y00 bij fi(xi () + i, >0, tF#ty, 21)

Axilty) = Ii(xi(ty), i€ {1,2,im}, k=12,

where Ax(ty) = z(t +0) — z(tx — 0) are impulses at the moments t;, and ¢; < to, ... strictly
increasing sequence. Assume that conditions H1, H2 are satisfied. Suppose further that:

|) a; >0, bijER, ¢ €R, i7j€{1,...,m},

ii) the following inequalities hold:

m

ai—Li» |bji| >0, ie{l,....m},
j=1

ili) the impulsive operators I,(x;(t)) satisfy

IZ(IZ(tk)) :—fyik(xi(tk)—x;-*), 0<’Yz’k <27 = {1,...,m}, k€Z+.

Then the equilibrium x* = (z7,23,...,2%,)T of (5) is unique. Most of the physical problems
future state of the problems depends on not only the present state, but also on its past history.
Therefore delay form of the physical problem ensures a realistic better modeling, such as
pulse frequency modulation, optimization of drug distribution in the human body and control
systems with changing reference signal and so on. Generalizing system (5) by inserting time
delays in the neural networks, then we get following neural network (Akca, Alassar, Covachey,
Covacheva and Al-Zahrani, 2004; Kaslik and Sivasundaram, 2011; Gopalsamy, 2004):

d]jz'

o = om0 + D b fi(as(t = 7)) + e t> 0t £, (2:2)

j=1
where i € {1,2,...,m} and 7;; > 0 instantaneous transmission time delays neurons process
input and output. The impulsive conditions are

Ax;(t) = Li(xi (), t=tr,k=1,2,.. (2.3)

And the system is supplemented with initial functions of the form

zi(s) = i(s), se€[-71,0,i={1,2,...,m}, 7= max {7} (2.4)
1,5€{1,2,....m}
where v;(s) is continuous for s € [—7, 0]. It is assumed in the formulation of the system (5) that
neurons process input and produce output instantaneously. Such instantaneous processing
and delivery is not always straight on time and there are in general always significant time
delays both in neural processing and axonal transmission. Therefor system having delays in
neural network formulation denoted by 7;; > 0,4,j =1,2, ...
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Let z* be the equilibrium point of (5). Because of convenience, we can shift the equilibrium z*
by letting y = @ — =* and then system (5) transformed into

B = —aiyi(t) + 7 bigfi(yi (= 7)), £> 0,8 #
y(th) = apy(ty), k € RY, (2.5)
y(t) = ¢(t) € C([-7,0],R)
where {t1,to, ..., } sequence of strictly increasing impulsive moments,
y(t) = (Wi (t), v2(t), ., yn(t)) " € R,

state vector of the transformed system. a;, € R denotes the strength of impulses. The super-
script T represents the transpose of the matrix or vectors. Obviously y(¢) is right continu-
ous at the points ¢ = t;,i.e.,y(ty) = y(t). Therefore solutions of the system (8) piecewise
right-hand continuous functions which are discontinuous at the points ¢ = ¢, for £ € R, and
y(t) = ¢(t) € C([—7,0],R) the initial condition. Following (Akca, Alassar, Covachev, Cov-
acheva and Al-Zahrani, 2004) define a Lyapunov function V (.) by

V(t) = V(y17y27 "'7ym)(t) = Z |y1‘ = Z ‘%'Z - %';kl
=1 i=1

and for ¢ > 0 then we have

AV (t) T
O 0l

> < —ailyil + ) |bz‘ij|yj|>

i=1 j=1

IA

m m

S S (TR Sl [
i=1 J=1

Under the assumption (H1) and (H2) and a; — L; Z;??H |bij| > 0,i € {1,2,...,m} there exists a
real number « > 0 such that
AtV (t)
dt
And because of the exponential stability theorem (Akca, Alassar, Covachev, Covacheva and
Al-Zahrani, 2004; Gopalsamy, 2004; Mohamad et al., 2008; Mohamad and Gopalsamy, 2000)
we have

< —aV(t), t>0, t+#t (2.6)

d“‘V —at
— S —aV(t) =V()<e ™V(0), Vt>O0.

In the model (9) we assumed that the time delays are discrete. More satisfactory hypothesis is
that the time delays are continuously distributed over a certain duration of time. Now consider
a system of integro-differential equations (Ak¢a, Covachev and Covacheva, 2004; Gopalsamy,
2004; Li, O’Regan and Akca, 2015; Li, Caraballo, Rakkiyappan and Han, 2015; Li et al., 2019;
Mohamad and Gopalsamy, 2000)

d (t m +
Tdi ) _ 7@1,:(;1.(15) + ;bufj </;OO Kij(t — s)a:j(s) d8> + ¢,

i=1,2,...,m, t>0,
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or

= ) + Y b, ([ K- sas) +e. @7

i=1,2,...,m, t>0,

where for i, j € {1,...,m} the delay kernels K;;(s) are assumed to satisfy the following condi-
tions:

H3. Kj; : [0,00) — [0, 00) are bounded and continuous.
H4. / Klj(s)ds =1.
0

H5. There exists a positive number 1 such that
o0
/ Kij(s)eds < oo.
0

For an integro-differential equation an impulsive condition including both the functional value
and its integral also seems natural. We take the impulse conditions in the form

t
Azi(ty) = Li(wi(ty)) = Bapwa(ty) + /t ) cir(s)wi(s) ds + o, k € Z7, (2.8)
k—1

where t;, > to = 0 and ¢, : [tx—1,t;] — R are measurable functions, essentially bounded on
the respective interval, B;; and «;; are some real constants. For more details about impulse
conditions of this and more general form see (Akga, Berezansky and Braverman, 1996) and
reference therein.

The initial conditions associated with the system (2.7), (2.8) are given by

xi(s) = ¥i(s), s € (—o0,0], 1=1,2,...,m,

where v;(s) are bounded and continuous on (—o0,0]. Following the procedure from (Akca,
Alassar, Covachev, Covacheva and Al-Zahrani, 2004) We have from (2.7) that

d+ * * . o *
—lai(t) — i < —ailw(t) —af|+ ) Ibilej/O Kij(s)|zj(t — s) — =} ds,

dt =~

(2.9)

wherei € {1,...,m}, t >0, t # t.
Let us consider the functions F; : [0, u] — (—o0, o) defined by

m o)
Fi(ﬁi)=a¢—6i—LiZ|bﬁ|/ Kji(s)e™* ds, g el0p, i=12,...,m
i=1 0

Now, because of the assumptions H3, H4 and H5 each F;(-) is well defined on [0, u]. We have

m

Fl(O) =a; — Liz |bﬂ‘ >0
j=1



International Journal of Applied Mathematics and Statistics

by virtue of condition ii) of Theorem 3.1 (Akca, Alassar, Covachev, Covacheva and Al-Zahrani,
2004). Since F;(-) is continuous and decreasing on [0, 1], it follows that there exists ¢ € (0, ]
such that F;(g;) > 0 for e; € (0,¢), ¢ € {1,...,m}. Choosing ¢* = min{e},},...,¢},}, then
we have

m 00
FZ(€) = a;,—c—L; Z |bﬂ|/ Kji(s)ees ds > 07 (210)
=1 0
ee€ (0,e"), ie{l,...,m}.

Correspondingly, define
yi(t) = |zi(t) — a7le,
where i € {1,...,m}, t € R, and from (13) we derive

dty - o .
W < —(ai - €)yi(t) + Z |bZJ‘Lj/0 Ki]-(s)es‘syj(t — 8) ds, t>0, t#t.
j=1

We define a Lyapunov functional V'(-) by

V(t) = Zm; {yi(t) + ]i |bi;| L; /Ooo K;j(s)e™® (/ti y;(w) dw) ds} , t>0.

It is found that V' (¢t) > 0 for ¢ > 0 and that

V)<Y (yi(o) +> lbilL; /0°° Kij(s)e*sds  sup yj(w)) :
i=1 j=1

we(—00,0]

This implies that 0 < V(0) < oo since [;° Kjj(s)e**s ds < oo for e < pu.
We can now calculate

+ m m o
a C‘;(t) < Z {_(ai - E)Z/i(t) + Z:; |bZ]‘L] <A Kij(s)e“ ds) yj(t)}

i=1

m

m 00
-> {ai —e—Liy |bji|/ Kji(s)e™ ds} yi(t), t>0, t #ty.
i=1 j=1 0

_ drv
As an application of (14) we have T <0fort >0, t # t. It follows that
V() <V(tp_1+0) for te(t_yi,ti], k€ZT. (2.11)

We study the stability and stabilization problem of the delay neural networks with hybrid im-
pulses. Using the Lyapunov stability theory along with comparisons principle and concept of
average impulsive strength introduced exponential stability of delayed neural networks with hy-
brid impulses.The derived stabilization and criterion and convergence rate closely related with
the references (Akca, Alassar, Covachev, Covacheva and Al-Zahrani, 2004; Akca, Covachev
and Covacheva, 2004; Akca et al., 1996; Kaslik and Sivasundaram, 2011; Gopalsamy, 2004; Li,
Caraballo, Rakkiyappan and Han, 2015; Li et al., 2019; Mohamad et al., 2008; Mohamad and
Gopalsamy, 2000) average impulsive intervals of the neural networks
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