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ABSTRACT

The basics of topology includes the most important sets called open sets. Intuitionistic
open sets exists as the basic sets for Intuitionistic Topological Space(ITS). In this article
different kinds of intuitionistic open set in a special space namely binary intuitionistic topo-
logical space is introduced. Binary intuitionistic open-sets (B;OS) namely binary intuition-
istic semi- open-sets, binary intuitionistic pre- open-sets, binary intuitionistic «- open-sets
are newly defined and their features existing are studied. Binary intuitionistic interior and
binary intuitionistic closure of the these open sets are defined and few of its characteristics
are discussed.

Keywords: BIP, BVIP, binary intuitionistic neighborhood structures and BITS.
2000 Mathematics Subject Classification: 54A99

1 Introduction

Zadeh. L. A introduced fuzzy sets (L.A.Zadeh, 1965), which has numerous applications both
theoretically and practically. Furthermore the eminence of fuzzy theory, intuitionistic fuzzy set
came into existence, which is a notion by Atanassov and D.Coker (K. Atanassov, 1986)(D.Coker,
1996). Different types of open sets namely intuitionistic semi, pre and a- open sets in intuition-
istic topology (IT) were introduced by authors (S.Girija and Gnanambal llango, 2014). The
properties of these sets were studied in detail earlier. Binary topology applications in soft sets
are discussed in (S.Hussain, 2020). Further binary intuitionistic open sets were introduced and
their properties of neighborhoods were discussed in (L.Vidyarani and A.G.Rose Venish, 2023).
As an extension of this work binary intuitionistic semi open, binary intuitionistic pre- open and
binary intuitionistic «- open sets respectively in binary intuitionistic topology were introduced in
this article. Description of such sets which exists naturally were studied and the behaviour of
these sets in fundamental topological spaces were discussed.
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2 Preliminaries

A remark illustrates theorems and fundamental definitions are conferred in this section in order
to illustrate the idea introduced in this article.

Remark 2.1. For definitions of intuitionistic set and IT refer (D.Coker, 1996), intuitionistic («-
open, semi-open, pre -open and 3-open regular- open) sets (S.Girija and Gnanambal llango,
2014), binary-intuitionistic set, topology, interior, closure, binary intuitionistic point, their prop-
erties (L.Vidyarani and A.G.Rose Venish, 2023).

3 Binary intutionistic open sets

This section brings out the definition of different forms of binary intuitionistic open- sets namely
binary intuitionistic semi- open- sets (B;0S), binary intuitionistic pre- open sets (B;POS)
& binary intuitionistic a- open- sets (B;a0.S) and definitions respective to their interior and
closure are also defined.

Definition 3.1. Let (7,5, B;) be a BITS and let (D, C) be a binary intuitionistic set in (T,S)
then (D, C) is a binary intuitionistic semi-open set (BISOS) if (D,C) C Bjcl(Brint(D,C)).
Complement of BISOS is binary intuitionistic semi closed (BISCS).

Definition 3.2. Let (7,5, By) be a BITS and let (C, D) be a binary intuitionistic set in (T, S)
then (C, D) is a binary intuitionistic pre-open set (BIPOS) if (C, D) C Byint(Bycl(C, D)). Com-
plement of BIPOS is binary intuitionistic pre closed (BIPCS).

Definition 3.3. Let (7, S, B;) be a BITS and let (C, D) be a binary intuitionistic set in (T, S) then
(C, D) is said to be a binary intuitionistic o open set (B;a05) if (C, D) C Brint(Bycl(Brint(C, D)).
The complement of every (B;aOS) is said to be binary intuitionistic « closed set ((B;aC'S)).

Definition 3.4. Let (7,5, B;) be a BITS and let C be a binary intuitionistic set, then the binary
intuitionistic semi interior (B;sint), binary intuitionistic semi closure (Byscl), the binary intu-
itionistic pre interior (Bypint), binary intuitionistic pre closure (B;pcl), the binary intuitionistic «
interior (B;aint), the binary intuitionistic « closure (Bjacl) of C are defined as:

1. The binary intuitionistic semi interior (Brsint(C'))of C is largest binary intuitionistic semi
open set C C.

2. The binary intuitionistic semi closure C is the smallest binary intuitionistic semi closed set
containing C and it is denoted by Brscl(C').

3. The binary intuitionistic pre interior of C is largest BIPOS C C and it is denoted by
Brpint(C).

4. The binary intuitionistic pre closure C is the smallest binary intuitionistic pre closed set
containing C and it is denoted by B;pcl(C).

5. The binary intuitionistic « interior of C is largest BlaOS C C and it is denoted by Braint(C').
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6. The binary intuitionistic « closure (Byacl(C)) C is the smallest binary intuitionistic «
closed set containing C.

Theorem 3.1. Let (T, S, Br) be a BITS and {E,/«a € J} be a family of BIOS. Then U{E,/a €
J} is BIOS.

Proof For each «, since E, is a BIOS, there exists a BIOS F,, such that F,, C E, C Bycl(F,).
Therefore UF,, C UE, C UBjcl(Fy), since F,, C UF,, Br(F,) C Brel(F,) and hence UBcl(Fy,).
Therefore UF,, C Bjcl(UF, C UE, C UBjcl(F,) C Bjcl(UF,) which implies that UE,, is a
BIOS.

4 Properties of binary intuitionistic semi open sets

Few properties of binary intuitionistic semi open sets are studied in this section.
Theorem 4.1. A subset E ina BITS (T, S, By) is a BISOS iff E C Bycl(Brint(E)).

Proof. Necessity :Let E be BISOS. Then 3a BIOS F, s.t F C E C Bycl(F), but F C Brint(E)
and thus Bcl(F) C Brcl(Brint(E)). Hence E C Brcl(F') C Bycl(Brint(E)).

Sufficiency : Let E C Bycl(Brint(E)). We have Brint(E) C E. Then for Brint(E) C E C
Brcl(By(F)). Take U = Brint(E), we get U C E C Brel(U) = E is BISOS. O

Remark 4.1. Intersection of 2 BISOS need not be BISOS.

Example 4.2. Suppose T' = {a} and S = {1,2} and let (T, S, Br) be any binary space and
By ={(1,5),(¢.9).

(T, 0, {a}), (S, 0,{2})), (T, ¢, ) . (5, ¢, ¢))} Here the BISOS are {(T’, 5), (¢, ¢),((T, {¢},T) ,
(5,{0},{0}).((T, 6, T) . (5,0, {1})), (T, ¢, T) , (S, 6, {2})),

(T, ¢,9),(5,0,0)), (T, 0, 0), (S, 6, {1})),((T, &, 6) , (S, ¢, {2}))}.
Intersection of ({T', ¢, ¢) , (S, ¢,{1})) and

(T, 0,0),(5,6,{2})) is (T, ¢, 9}, (S, ¢, {1,2})) which is not a BISOS.

Theorem 4.3. Let (T, S, Br) be any binary intuitionistic space. If E is a BIOS & B, a BISOS,
then EN B is a BISOS.

Proof. - B is a binary intuitionistic semi open , 3 binary intuitionistic open set F such that
FcBcCB(F)andso ENF C ENB C EN Bel(F). Since EN Fis a binary intuitionistic
open set, ENF = Brint(ENF) and by theorem ENB;CI(F). Therefore ENB C ENB;CI(F) C
Brd(ENF) =c B;Cl(Brint(ENB)). Hence EN B is a binary intuitionistic semi open set. [

Remark 4.2. 1If U is binary intuitionistic open in (T,S), then U is binary intuitionistic semi open
in (T,S). Thus (7, .S, By) be a binary intuitionistic topological space. Let B; be set of all BIOSs
in (T,S), then (i)B; ¢ BISOS

(ilFor A € BIOS and A ¢ B C Bycl(A) then B € BIOS. Converse of (i) need not be true.

Example 4.4. Suppose T' = {a} and S = {1,2} and let (T, S, B;) be any binary space and
BI = {(T7 5)7 ((?7 ?)7

84



International Journal of Applied Mathematics and Statistics

(T,T,¢),(S,{1},{2}))}, the binary intuitionistic semi open sets are {(T, S),
(¢,0), (T.T,9), (S, {1},{2})),
(T, T, ), (S, {1}, 9))}-

Let A= {T,T,),(S,{1},¢) here A is BISOS but not BIOS.

Theorem 4.5. A is binary intuitionistic semi closed set iff 3 a binary intuitionistic closed set F
S.tBrintF C C C F.

Proof. Let C be a binary intuitionistic semi open then Bint(B;cl(C)) C C. Let B;cl(C) = B.
Then B is binary intuitionistic closed sets. Here Byint(B) C C C B. Thus if C is a BISOS there
exists BICS F such that ByintFF C C' C F.

Conversely assume F to be BICS s.t By —Int(F C C C F). WKT C C F = B;cl(C) C Byel(F)
which implies Brint(Brcl(C)) C Brint(Brcl(F)) = Brint(F) (Since F is binary intuitionistic
closed set). Brel(F) = F C C implies C is BISOS. O

Theorem 4.6. Forany BIS Cin (S, T, By), we have
(a) Byscl(C¢) = Bysint(C)°
(b)Brscl(C€) = Brscl(C)°.

Proof. (i) Brscl(A€) = Byscl(((S,T) — A)¢) = Brscl((S,T) — A)

= U{K/KisanBISCSin(S,T) and (S,T) — C C K}. Therefore (S,T) — Byscl((T,S) — C)

={(S,T) - K/(S,T) — K isan BISOS in (S,T) and (S,T) — K c C}

=U{G/GisaBISOSin (S,T)and G c C}

= Bysint(C). Therefore Brscl(C¢) = (Bysint(C))C.

(i) Brsint(C¢) = Brsint((S,T)—C) = U{G/GisaBISOSin (S,T)and G C (S,T)-C},(S,T)—

Brsint((S,T)—C) = n{(S,T)-G/(S,T)-G/(S,T)—GisaBISCSin (§,T)and C C (5,7)-G

= Nn{B/Bis a BISCS in (S,T) and C c B}.Hence (S,T) — Bysint((S,T) — C) = Byscl(C).

Hence (S,T) — Byscl(C) = Brscl(C) = Bysint((S,T) — C). Hence Bysint(C¢) = (Brscl(C))".
O

Theorem 4.7. Let C be a subset of (T,S). Then below are equal:
(a) Cis an BISOS.

(b) C C Byel(Byint(C)).

(c) Brcl(C) = Brcl(Brint(C)).

Proof. (a) = (b). Let Cis a BISOS. Then 3an BIOS Gs.t G ¢ C C Bycl(G). .- Gis a BIOS,
G = Brint(G) and so C C Brcl(Brint(G)). " G C C, then C C Bcl(Brint(C)).

(b) = (¢). Brel(Brint(C)) C Brcl(C).

Hence Bjcl(C) C Brcl(Brcl(Brint(C)))

= Byel(Brint(C)). Hence Brcl(C) = Brel(BrInt(C)).

(¢) = (a) " Brint(C) C C C Bel(C) = Brcl(Brint(C)), C is a BISOS. O

5 Properties of binary intuitionistic pre- open sets

In this section some of the binary intuitionistic pre open sets (B; POS) properties are illustrated.
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Theorem 5.1. Let (T, S, B;) be a BITS and {A,, : « € K} be a family of BIPOS in (T, S, By).
Then U{A, : « € K} is a BIPOS.

Proof. Suppose {A, : @ € K} be family of BIPOS in (7,5, Br). Then for every a, 4, C
Brint(Brcl(Ag)). Since Ay C UA,, Brint(Brcl(Ay))

C Brint(Brcl(UA,)) and also A, C Brint(Brcl(UA,)). Hence UA, C Brint(Brcl(UAy))
which implies that UA,, is a BIPOS. O

Remark 5.1. Intersection of two BIPOS need not be BIPOS.

Example 5.2. Suppose T' = {a} and S = {1,2} and let (T, S, Br) be any binary space and
By ={(1.9),(¢,9),

(T, ¢,{a}), (S, ¢,{2}1)),((T, ¢, 8) . (S, b, ¢))}

Here the binary intuitionistic pre open sets are {(T', 5), (¢, ¢),
T,¢,9),(5,{1},{2})), (T, T, ) , (S, {1}, #)), (T T, ¢) , (S, {1}, {2})).
T.{¢},T),(S,5,{6}1), (T, 9, T) (S, ¢,)), (T, ,T), (S, ¢,{1})),
T,¢,T),(S,¢.{2})), (T, ¢,T), (5, {1},¢)), (T, 6, T) , (S, {1}, {2})),
T,$,¢),(5,5,9)), (T, 9,9),(5,9,9)), (T, 6, ¢) , (S, b, ),
(T,¢,0),(S,¢,{1})), (T, ¢,9), (S, ¢, {2}))}.

Intersection of ({T, T, ¢) , (S, {1}, ¢)) and ((T', ¢, ¢) , (S, {1}, $))

is ((T, &, ¢),(S,{1}, ¢)) which is not a BIPOS.

NN

(
(
(
(
(

Theorem 5.3. Let (T, S, By) be a BITS. If A and B are any two BIOS in (T, S, Br) and one of
which is a BIOS, then AN B is a BIPOS.

Proof. Let A and B be two BIPOS in (T, S, By). Suppose A is a BIPOS and B is a BIOS. Then
AC B]int(B]Cl(A)). Now AN B C By — int(B[Cl(A) N B) = B[int(B]Cl(A)) N sz'nt(B)
= Brint(Bycl(A) N B) C Brint(Brel[AN B]). Hence AN B is a BIPOS. O

Theorem 5.4. Suppose (T, S, B;) be aBBITS. Abe a BIPOS & Bbe aBIS s.t B C A C Bycl(B).
Then B is also a BIPOS.

Proof. A C Bycl(B) implies that Bcl(A) C Brel(B) and so
AC B[int(B[Cl(A)) - B[int(B[Cl(B)) and so
B C Brint(Bcl(B)). Therefore B is also a BIPOS. O

Theorem 5.5. Let (7,5, B;) be a BITS and A is a BIS. Then
(a) Brpcl(A°) = Brpint(A).
(b) Brpint(A®) = (Brpcl(A))“.

Proof. (a) Bipel(A%) = (T, S)—A)UByel(Brint((T, )= A)) = (T, S— A)U(A—Brint(Brel(A))) =
(Brpint(A))©
(b) Bipint(A) = (T, S)— A)UBrint(Bel((T, S)— A)) = (T, S)— A)U(A— Brint(Bicl(A)))
(Brpel(A))©.

oo

Theorem 5.6. Let (T, S, Br) be a BITS and let A be a BIS. Below are equivalent:
(a) Ais a BIPCS.
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(b) Brint(Bycl(A)) C A.
(¢) Brel(Brint(A)) D A°,
(d) A¢ is a BIPOS.

Proof. (a) = (b) If Aisa BIPOS, then (7', S)—AisaBIPOS and so (7', S)—A C BrInt(Brel((T,S)—
A)). Hence (T, S) — Brint(Brcl((T,S) — A)) ¢ A = that By — cl(Brint((T,S) — A)) C A.
(b) = (c) WRT (b) Brint[Br — cl(A)] € Aandso (T,5) — A C (T,5) — By — int(By) — cl(A))
= By — cl(Brint([T,S) — A]) 2 A.
(c) = (d) By definition A, A is a BIPOS.
(d) = (a) using definition, A is a BIPCS.

O

Theorem 5.7. Let (X,Y, Br) be a BITS and let A and B be BIS. Then the following are true.
(a) Brpcl(¢) = ¢ and Brpel(X,Y) = (X,Y).

(b) Ais a BIPOS iff A = Brpcl(A).

(¢) Brpcl(Brpcl(A)) = Bipcl(A).

(d) A C B = Bypcl(A) C Brpcl(B).

(e) Brpcl[AN B] C Brpcl(A) N Brpel(B).

(f) Brpcl[AU B] = Brpcl(A) U Brpel(B).

Proof. (a) Let Abe a BIOS. Then A = Byint(A). Now Bjcl(A) = Bycl(Brint(A)

C B]Cl(B]int(B[Cl(A))). hence B[CZ(A) C B]Cl(B]int(B[Cl(A))).

Again B]Cl(B]int(B]Cl(A))) C B[CZ(A).

Thus Bycl(Brint(Brcl(A))) = Brel(A).

(b) If Kis BICS then (X,Y) — K is BIOS and so B;cl((X,Y) — K is BIRCS by (a). Hence
(X,Y) — (Brc((X,Y) — K) then Brint(K) is a BIROS.

(c) Using (b) and since B;cl(A) is a BICS, then Bjint(Bjcl(A)) is BIROS.

(d) Using (a) and since Brint(A) is a BIOS, then Bjcl(Brint(A)) is BIROS.

Using the definitions of Bint and Bjcl () and (f) may be proved. O

6 Properties of binary intuitionistic « -open sets

In this section some of the binary intuitionistic « open sets (B;POS) properties are illustrated.

Theorem 6.1. Let (T, S, Br) be a BITS and {A,, : « € K} be a family of BlaOS in (T, S, Br)
.ThenU{A, : a € K} is a BlaOS.

Proof. Suppose {A, : a € K} be a family of binary intuioionistic « open set in (T, S, By).
Then for each A,, A, C Brint(Bscl(Brint(A,))). Since A, C UA,, for each «a, A, C
Brint(Brcl(Brint(Ay))) C Brint(Brcl(Brint(UAy)))

and so UA,, C Brint(Bycl(Brint(UAy))). O

Theorem 6.2. Suppose A be a subset of (T, S, Br). Then A is BlaOS iff 3 a BIOS such that
B C A C Brint(Bycl(B)).
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Proof. Suppose that 3a BIOS B suchthat B C A C Brint(B;cl(B)). Since A C Brint(Bcl(B)) =
Brint(Brel(Brint(B))) C Brint(Brcl(Brint(A))), by the definition and by hypothesis, A is
BlaOS. On the other hand, let Abe a BlaOS. Then A C Brint(Bjcl(Brint(A))). Let Brint(A) =
B. Since Bj(A) C A, we have B C A and also A C Brint(Bycl(B)). Hence 3 a BIOS such
that B C A C Byint(Brcl(B)). 0

Theorem 6.3. Let A be a subsetofaBITS (T, S, Byr). Then Ais a BlaOS iff Brcl(Brint(Bcl(A)))
C A.

Proof. Let A be a subset of a BITS (7,5, B;). So A€ is a BlaOS. Therefore by definition,
A€ C Brint(Bycl(Brint(A°)))

= Bﬂnt(chl(chl(AC))) = Bﬂnt[Bﬂnt(chl(A))]c

= [Brcl(Brint(Brcl(A)))]© which gives Brcl(Brint(Brcl(A))) € A. By the definitions and by
hypothesis converse part is true. O

Theorem 6.4. Let A be a subset of a BITS (T,S,B;). Then A is BlaOS iff 3 BICS B s.t
B]int(B[Cl(B)) C ACB.

Proof. Let A be a BlaOS. Then Bycl(Brint(Brcl(A))) C A. Let Brel(A) = B. Then B is BICS.
Since A C Bycl(A), A C B and Bycl(Brint(Bycl(A))) C A = Bycl(Brint(B)) C A. Thus there
exists BICS B s.t B;cl(Byint(B)) C A C B. Conversely assume that there exists BICS B s.t
B]Cl(B]iTLt(B)) C ACB.

Since B is BICS, then B;cl(B) = B. By hypothesis, Brcl(Brint(B)) C A = Brcl(Brint(Brcl(B)))
C A.

Since A C B = Bycl(A) C Byel(B)

= Brcl(Brint(Bycl(A))) C Brel(Brint(Brcl(B))) € A = A BlaOS. O

Theorem 6.5. Let (7,5, B;) be a BITS and let D and C be BITS in (T,S). Then
(a) Dis a BlaOS in (T, S, By) iff D = Bracl(D).
(b) Dis a BlaCS in (T, S, By) iff D = Braint(D).
(c) Bracl(¢) = ¢ and Bracl((T, S)) = (T, S).

(d) Braint(¢) = ¢ and Braint((T, S)) = (T, 5).
(e) Braint(Braint(D)) = Braint(D°).

(f) (Bracl(D))¢ = Broint(D°).

(9) Braint(D))¢ = Bracl(D)".

(h) D C C = Bjaint(D) C Braint(C).

(i) D C C = Braint(D) C Braint(C).

(j) Bracl(D U C) = Bracl(D) U Bracl(C).

(k) Braint(D N C) = Braint(D) N Braint(C).
() Brael(D N C) = Bracl(D) N Bracl(C).

(m) Braint(D U C) = Bjaint(D) U Braint(C).

Proof. By the definitions of BlaOS, closure and interior definitions and by using the usual
operators the theorem is proved.
O
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Conclusion

Further applications of the binary intuitionistic open sets, introduced in this article on fuzzy
space, fine space, which would bring more applications in the areas of digital lines, com-
puter networking , data analysis, decision making problems, medicine etc., and also this article
serves as the base for future applications of BIOS in binary intuitionistic fine topology and
binary intuitionistic fuzzy topology.
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