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ABSTRACT

In this paper, finite continuous Radon transforms and inversion formula are studied. Sturm-
Liouville theory with a self-adjoint operator and operational calculus for finite continuous
Radon transforms are discussed. The developed finite continuous Radon transforms in this
study is supported with examples from mathematical physics in the concluding section.
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1 Introduction

Johann Radon (Radon, 1917) demonstrated how to construct a function of two variables from
its integrals over all straight lines in the plane. The generalizations involving the reconstruction
of a function from its integrals over smooth curves as well as the reconstruction of a function
of n variables from its integrals over all hyperplanes were also studied in (Radon, 1917).

The continuous Radon transform was defined by (Deans, 1983) as

Fo.0) =R w) = [ [ £@0)8 - wcos — ysing) drdy (1.1)
where § (-) is Dirac delta function (6 () = 1 if z = 0 and 0 elsewhere), § € [0,7] and
p € [~o0,00]. In other words, R{f (z,y)} is the integral of f over the line L, defined by
p=xcosl —ysindb.

In (He and Liu, 2005), author studied D(2, ) as a unbounded realization of the classical do-
main (D —1I) of type one. In this article, author defined the Radon transform on NV and obtained
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an inversion formula R — 1 = (pi)(—2d)LRL in terms of a determinantal differential operator.
In (Seeger, 1998), the author formulated conditions of finite type Radon transfoms which leads
modulo endpoints to regularity properties in two dimensions. Numerical integration of the finite
Radon transforms on classes in multiple dimensions were studied in (Revers, 1995). In 2019,
(Choi, Ginting, Jafari and Mnatsakanov, 2020) the relationship of the moments of the Radon
transform and the moments of its modified Radon transform were derived. The author, used
modified Radon transform data to provide a uniform approximation to the original density func-
tion. The reconstruction algorithm was then implemented and a simple density function was
reconstructed from moments of its modified Radon transform.

The purpose of this paper, is to develop a classical work on finite continuous Radon trans-
forms. Sturm-Liouville theory of finite continuous Radon transforms using (Al-Gwaiz, 2008) is
established in this study. Fourier-Radon type of series expansions, analogous to (Malgonde
and Lakshmigorty, 2008) is also demonstrated . The self-adjoint operator and operational cal-
culus are derived using (Al-Gwaiz, 2008) and (Sneddon, 1972). The testing function spaces,
inversion formula and uniqueness conditions have been established as in (Zemanian, 1968).
The developed operational calculus of finite continuous Radon transforms in this text has been
applied to partial differential equations involving boundary value problems.

2 Preliminary Results

Consider the Sturm-Liouville problem analogous to (Al-Gwaiz, 2008)

(Am,y,g)d)(‘rvy) = 07 (21)

where
Apyo = [(sinQG) A, — (COS26) Ay} (2.2)

for the differential operator considered as
A, = D? (2.3)
Ay = Dz. (2.4)
Here I,k are real constants and -k <z < k; -l <y <l,and D, = %, D, = d% with periodic
boundary conditions (Al-Gwaiz, 2008, pp. 43-44):
o (=ky) =0 (k,y):¢' (—k.y) = ¢' (k,y) (2.5)

¢ (2, —1) = ¢ (z,0);¢ (x,~1) = ¢/ (,1). (2.6)

The solution of the (2.1) can be obtained by assuming

¢ (z,y) =X () Yo (y), (2.7)

where p is an integer and X,, (x), Y, (y) are functions of z, y respectively. Using (2.7) , (2.1)
can be written as (Al-Gwaiz, 2008, p. 118)
X" (2) Y (y)

_ — _)\2 2.8
cos20X,, () sin%0Y, (y) 9
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where ) is an integer.
Further from (2.5) and (2.6), the solution of (2.8) is given as:

X (z) = ¢1 cos (Apx cosh) (2.9)
and
Y, (y) = c3cos (A\pysiné) (2.10)

where \,, = 75, —oo <m < oo and \, = 415, —0o < n < co are considered as eigenval-
ues of (2.8).
Using (2.9) and (2.10), (2.7) can be obtained as

immw inm
imm )

¢ (‘757 y) = (z)m,n (l', y) = clcge_(ip“_ k T Y

Considering boundary conditions (2.5) and (2.6) as in (Bell, 2004), (2.8) can now be written as

(2.11)

(Ax + /\mZCos29) X (z) =0. (2.12)
(A, + )\n2sin20) Y, (y) = 0. (2.13)
Here X,, (z) and Y, (y) are the eigenfunctions of (2.8).
Hence (2.11) is eigenfunction of the problem (2.1)-(2.6) which corresponds to the nonzero
eigenvalues \,,, and \,,.
Then the orthogonality and orthonormality condition of (2.11) by (Al-Gwaiz, 2008, p. 94 and
pp. 137-138) is given by
(cres)?e 2Pkl my,ny = ma,ny

|<¢m1,711 ($7y) 7¢m2~,"2 (J“>y)>‘2 = { . (214)

0 M1, Ny F Ma, N

3 Main results (The Fourier-Radon series and finite continuous Radon trans-
formation)

Assume [ (z,y) is a square integrable function over rectangle (Al-Gwaiz, 2008, p. 122).
Fourier-Radon series expansion follows from (2.14), (Al-Gwaiz, 2008, p. 124) and using (2.11):

T (@,9) = Gmn (2,9) = e [1 +2 ) cosm(p— - 7@/)] . (3.1)

m,n=1

Multiplying (3.1) by [1+2cosw (p — Pz — %y )] and integrating w.r.t =, y over [k, k], [—1,1]
yields:

= Z Sklcm,w

m,n=1
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Then

Ik
1 > m n
cmm:ﬂ//f(%y) [14—2 Z cosw(p—kx—ly)] dxdy. (3.2)
I —k

m,n=1

From (Kanwal, 1998, p. 39), [1+2 > cosw(p— 2x— %y)| represents the regularized

m,n=1

Dirac delta function and can be denoted as (Lee and Kim, 2012) by

[1+2 i cosw(p?x?y)] =(5<7T(p*%l'*?y)). (3.3)

m,n=1
Hence (3.2) becomes

l

k
omn =g | [ @5 (x (= o~ Ty))dudy. 34)
215k

1

The convergence of the series (3.1) is straightforward by (Sneddon, 1972, p. 433) and (Ramm
and Katsevich, 1996) and the following theorem 3.1 follows from (Sneddon, 1972, p. 425 and
p. 432).

Theorem 3.1. Let f(x,y) be a function defined and absolute integrable on the rectangle
{(z,y): —k <z <k,—l<y<l}then

l
1
]
1

m T

f(z,y)d (ﬂ (p T TLU> )dwdy,

\w

o

at each point of the open interval [—k, k] x [—1,1] at which f (x,y) is continuous.

At any point of the interval at which f (z,y) has a finite discontinuity the symbol f (z,y) is taken
to mean % [f (x+,y+) + f(x—,y—)] and atx = —k,y = —l orx = k, y = L it is taken to mean
LI (k=) + f (k)]

Remark 3.1. Now let V,,,,, = (£ + %y) e R*and p € R,
substituting

H (Viosp) = { (@) € B [Vino - (29) = Za+ Ty = p}.

where H (Vp,,,p) is a hyperplane, more precisely: H (Vi,,p) is the right in the rectangle
[—k, k] x [<1,1] C R?- P2, {H (Viun,p) | (V.p) € R? x R} is the differentiable variete.
Let S (P?) be the Schwartz space, the expressions (3.1), (3.4) and theorem 3.1 suggest in-
troducing the finite continuous Radon transform analogous to (Sneddon, 1972, p. 425) as
follows:
Ik
RF(H (Vo)) = g [ [ $00)5( (0= Vin - (2. 0)dody 35)
-k
where Vi, - (z,y) = %o + %y. Thus implies R : S (R?) — S (P?) : f — Rf.
Inversion formula of (3.5) is given by

o0

RY(Rf (H (Vi p) = f(@9) = D Rf(H (Vis0)) (7 (p = Vi - (2,9))).  (3.6)

m,n=1
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We point out the following operational rules:

(1) If f (z,y) € R? [k, k] x [~1,]], then (3.5) becomes:

R{gg}uy<mm ;L/i{§2}5muww%n«aymmwy
-1 —k

From (Kanwal, 1998, p. 39), we deduce

/f(x)d" (a)dz = — /agi ) 571 (2)da,
Using (3.8); (3.7) becomes

(3.7)

Lk
a2f 626 Vm,n : (173/)))
R{@} (H (Vinn,p)) = Tk [211 —2I +//f 92 dxdy
-1 —k
(3.9)
where z
b= [ £ 00) 8 (0= Vin - (ko)) dy (3.10)
-l
and
l
b:/f«%wéw@—wm,ehw»@. (3.11)
By (Kanwal, 1998, p. 25) and (Ramm and Katsevich, 1996, p. 260)
/6 x—&)f(&dE= f(x). (3.12)
Substituting *Fy = t, dy = nlﬂdt in (3.10), (3.11) and using (3.12) follows:
n=-"Llp (k Lip- m)) : (3.13)
nm n
and } l
Iy=—Ff (—k, —(p+ m)) . (3.14)
nm n
Thus from (2.11) and (3.3), we obtain
L N O i)
6(”(1’ K ly)) ¢ e
Hence ) . .
Pirlo=Fr =) __(mmY (e
Ox? k '
Thus 626( ( ))
TP froqy) _(mmy m,n
D2 - ( k ) 5(”(73 K zy>> (3.15)
Considering (3.12), (3.13) and (3.14), (3.9) can be written as
) 2L f (ki (0 - m)) = 2L (<, )
8 f 1 N nm nm nm
R 922 (H (Vinn.p)) = 3k 2 Lk
x _(T) fl j]; f (7T (p - Vm,n : (a:,y))) dxdy
(3.16)
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Using (3.5), (3.15) can be written as

02 f 1 Q#f/ (k7 # (p— m)) mm\ 2
R{w} (H (Vm,nap)) = @ { —2#}” (—k‘7 l(p;;m)) - <?) Rf (H (Vm,mp)).

(3.17)
Similarly if f (z,y) € R? [~k, k] x [~1,1], upon integrating by parts, we deduce the relation

kg (kp=n)
R{ZZ{}(H (Vennsp)) = é { Sl ( ” 71) z) } - (nl)ng (H (Vin.n 7))

*Q%f/ (k(lijl‘”) - l
(3.18)

(2) If f(z,y) at boundary is zero as f" (—k,y) = f"(k,y) =0, -l <y <land f" (z,—1) =
f"(x,1) =0, —k < & < k, then from (3.17) and (3.18) the derivative is given by

R { g;{} (H (Vi p)) = (ﬂ)%%)%w (H (Vs D)) (3.19)
and oo s o
R{ay% } (H (Vinn,p)) = (1) (7) Rf (H (Vinn,p)) (3.20)

respectively, for r being a positive integer.

(8) If f(z,y) at boundary is zero as f(—k,y) = f(k,y) =0, =l <y < land f(z,-1) =
flx,)=0, -k <z<k.

2 2
R {% + %UJ;} (H (‘/TYL,’erp)) = —7? |:(%)2 + (?)2:| Rf (H (me,p)) . (3.21)
And also
2r 2r s 2" e 2
{gﬂ{ - %} (H Vo)) = (1 {(7)2 * (7)2 } Rf (H (Viun,p)) - (3.22)

4 The testing function space A and A* and their duals

In this, we employ the same notation and terminology as those used in (Zemanian, 1968). Thus
I denote the interval [—k, k| x [—1,1] . Lo (I) and L3 (I) represent the space of equivalence class
of functions that are quadratically integrable on 1.

A mixed inner product is define on Ly (I) x L3 (I) for f € Ly (I), g € L3 (I) by (Al-Gwaiz, 2008)
as follows,

($0.9(0) = [ 107D ax (4.1)
1

where (z,y) = X, g (X) denotes the complex conjugate of g (X).
Definition (4.1) is consistent with the inner product on Lo (1) and L% (I). And note that f (X)
and g (X) both are in Ly (I) and L% (I). The symbol D (I) will denote the space of infinitely
differential function on I = [k, k] x [—,{], which has a compact support on I.
The topology of D (I) and it's dual D’ (I) is considered from Schwartz’s distribution. E (I) will
denote the space of distribution with compact support.
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Remark 4.1. The adjoint operator of A, is A% (if it exists). If A, = A%, then A, is said to be
self-adjoint operator (Al-Gwaiz, 2008, p. 55).

Theorem 4.1. (2.9) gives the eigenfunctions and X\, are eigenvalues ( positive roots) of (2.12).
Using (2.3), we deduce
(A X, u) = (X, AL u) (4.2)

where u is the dummy function having every characteristic of X, .

Proof. L.h.s of (4.2) gives

d? X,
—k
On integrating by parts, we get
k
(BeXot) = (0 X) + [ A X (4.4)
“k

where J (u, Xp,) = [u %}ik - [%Xm]]ik is called Bi-linear concomitant.

X k k
J(u7Xm) = |:’l,L d m:| - |:d7uXm:|
dx & dx —k

=9 SEE i S - S+ S

Applying boundary conditions (2.5), follows

dX,, (k)

J (u, X)) = .

[u(k) —u(=k)] — Xom (k) [u (k) — ' (—k)] . (4.5)

Bi-linear concomitant vanishes in (4.5), only if

(@ u(k) —u(-k)=0
(b) v (k) —u (—k) = 0.

Therefore (4.5) becomes
J (u, X)) = 0. (4.6)

And (4.4) becomes
k
(Ap X, u) = / A Xy, dx
—k
which can be written as
<A.“cXm: u> - <Xm7 A;“) .

This concludes the proof. Thus (2.9) gives the eigenfunctions and \,,, are eigenvalues (which
are the positive roots of (2.12)). O
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Similarly from (2.4), it follows:
(AyY,,v) = <Yn, A;v> (4.7)

for A} = Ay, where v is the dummy function having each characteristic of Y,,, which means
adjoint of A, exists and is also a self-adjoint operator.

Hence (2.10) gives the eigenfunctions of Aj. The positive roots of (2.4) are given by the
eigenvalues \,,.

Since A, and A, are self-adjoint operators, so A, , ¢ is also a self-adjoint operator, whose
eigenfunction from (3.1) is given by

Gmn (X) = i Cmn O (7r (p - %x - %y)) (4.8)

m,n=1

This is equivalent to say that {¢,,, (X)},°, _, is orthogonal function of differential operator
using (2.14) as
Ay y,0mm (X) = 0. (4.9)

A is defined as a testing function space of all infinitely differentiable complex-valued functions
¢ (X) on I (Zemanian, 1968, p. 252) such that

1
) 1
() &o(X) = Lf ‘A;%M(X)’ dX] * exists for every y =0,1,2--- .
(i) For each m,n and v

<Alvyv‘9¢’ ¢m’7l> = / A;,y,%b (X) pmndX

I
— [6(x) 87, gomniX
I

<A;y,9¢> ¢m,n> = <¢/ Az,y,é)¢m,n> : (4.10)

A is the countable multinormed space having the topology generated by {£}. A is also com-
plete. Consequently A is a Fréchet space.
In our context, we can establish a result analogous to (Zemanian, 1968).

Theorem 4.2. Every member ¢ € A can be expanded into a series of the form

o0

¢ = Z (¢7 Qs’mu,n) ¢m,n (41 1)

m,n=1

which converges in A.

Proof. Note that A} | ¢ € Lo (I). Hence by (4.10) and (4.11), we have

A;,y,ﬁ(b = Z <A;7y79¢> ¢m,n> ¢m,n

m,n=1
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o0

= Z <<z5., A;7y,e¢nz,7z>¢m,n

m,n=1

(o)

> (b mn) AL gOmn-

m,n=1

where the series involved converge in Ly (I).
Therefore

é”y [¢ - Z <¢7¢’rn,n> ¢'rn,n] —0

m,n=1

as m,n — oo. This complete the proof of theorem 4.1.
A’ is dual space of A and is also complete. O

We now list some of the properties of these spaces:
(@ D(I)cAcCE().E (I)is aspace of A’
(b) It can be seen that ¢, ,, given by (4.8) belongs to A.
(c) The operation ¢ — A;yﬂqb is a continuous linear mapping of A into itself.

Consequently, the operation f — A, , o f defined on A’ by

<A;v,y,€fv ¢> = <f7 Am,y,9¢> (41 2)

is also a continuous linear mapping of A’ into itself.
It is important to note that operator A, , 4 is self-adjoint on A. Therefore A is equivalent to A*
and A’ is equivalent to A’* by (Zemanian, 1968, p. 255).

Remark 4.2. Since the {¢} is an orthogonal system on I, verifying the orthogonality condition
(2.14), we propose to consider finite continuous Radon transform

Ik
R (H V) = g [ [ 700080 (0= Vi (0, (413)
1 —k
The inversion formula given by
f (377y) = Z Rf (H (Vm,Tnp)) 6(7T (p - Vm,n . (:my))) (414)

m,n=1

Remark 4.3. A may be identified with a subspace of A’ thatis A C A’.
Indeed, every member f € A generates a regular distribution in A’ represented by

<f,¢>:/f<X>¢><X>dx, e A,
I

since |(f, ¢)| < & (¢) &o (9) -
Furthermore, two members of A which give rise to the same member of A’ must be identical.
In similar manner, A can be considered as a subspace of A’.
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5 Inversion formula

The main result of this section can be sated as follows:

Theorem 5.1. Every member f € A’, then

= > {f, bmn) b (5.1)

m,n=1

where the series converges in A’.

Proof. By virtue of theorem 4.1, it is inferred that

<f7 ¢)> = <f7 Z (¢7 ¢m,n) ¢m,n>

m,n=1

oo

= " (S bmn) & Gmn)

m,n=1

oo

= " (. bmn) (6, )

m,n=1
YV ¢ € A. This implies (5.1) converges in A’.
In the view of theorem 5.1, the distributional finite continuous Radon transform of f € A’ is
defined by

Lk
1
R (H Vn2) = g [ [ £@0)8 5 (0= Vi (0,0, 52)
—l —k
Its corresponding inversion formula is supplied by theorem 5.1 and can be expressed as
Rhl (R/f (H (Vm,n:p))) Z Rf(H Vinn, p )) (m (p — Vi - (z, y))) (6.3)
m,n=1

We invoke (4.11) to get

I k

1

%// xy,@f Z, y)} 5( (pf ‘/m,n . (r,y)))dxdy
-1l —k

Lk
1
= (—/\2)7 [sin20cos279 - cosgﬁsinwe] Sk / / F(@,9)8 (m(p = Vi - (3, y)))dzdy
-k

forall fe Aandy=0,1,2,---.

l
1
8lk

-1 -

{[(sin 9 (cos29) A;ﬂ f@y)}o(m(p—Vinm - (z,y)))dzdy

??‘\Pr

= (=A?)" [sin®0cos?0 — cos®0sin® 0] R'f (H (Vinn, D)) - (5.4)
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Theorem 5.2 (The Uniqueness Theorem). Let f,g € A" and let finite continuous Radon trans-
form of f and g be Rf (H (Vi n,p)) and Rg (H (Vi,n, p)) respectively, as defined by (4.13). If
Rf (H (Vinn,p)) = Rg (H (Viun,p)) , then f = g in the sense of equality in D' (I).

By (4.14)

F=9="> [Rf(H (Vi) = Rg (H Vi, P))] 6 (7 (0 = Vinn - (2, 9)))

Thus f —g=0asRf (H (Vm,mp)) = Rg(H (Vm,mp))-
Hence f = g in the sense of equality in D' (I).

6 Applications using finite continuous Radon transforms to solve boundary
value problems

The solutions of Poisson’s equation and wave equation has been illustrated in this section,
using finite continuous Radon transforms with boundary value problems.

Example 6.1. Find the solution of Poisson’s equation, using finite continuous Radon transforms

using boundary conditions
Pu  0%u

@‘*‘Tyg‘f‘f(%y):Q (6.1)

—a<z<a, —b<y<b.

Solution 6.1. Applying finite continuous Radon transforms on both sides of (6.1), we get

{OQu 9%u

72 T afyg} (H (Vinn,p)) + Rf (H (Vinn, p)) = 0. (6.2)

Then from (3.19); (6.2) is given by

-’ {(%)2 + (?)2] Ru(H (Viun,p)) + Rf (H (Vin,p)) = 0 (6.3)

Applying inversion formula (4.14) on both the sides of (6.3), it is obtained as

S S
w2 ()" + (1))

We may now invoke the inversion formula (4.14), which provides the required results:

u(z,y,t) =R

Rf(H (Vm,mp))] : (6.4)

1 & 1
u(z,y,t) = — = Rf (H Vi, 5 (m(p— Vinn - (7,9)))- 6.5
(z,y,t) = Z h(?ﬁ)zﬂ?ﬂ (H ( p))] (m(p (z,9))) (6.5)

Example 6.2. Consider two-dimensional wave equation

m,n=1

0%u 9 Pu O*u
o = [ ) ©o
with initial conditions
u(z,y,0) = f(z,y) and u (z,y,0) = 0. (6.7)
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Solution 6.2. Taking finite continuous Radon transform on both sides of (6.6) and using (6.7)

2u % 0%u
R |:(Z?:| (H (Vm,nap)) =R {ﬁ + 87;2} (H (Vm,nap))'
From (3.19), we get
28 (@ V) = =2 [ () + (2)'] R (Vi) 69
8752 mmn,P)) = —CT k 1 U mmn,P)) - .
%u 9
| 5| Vi) = =02 (0 (Vi) ©9)
where v2 = —c2r [(3)° + (§)°] .
Similarly (6.6) gives
Ru (Iv% 0) (H (Vm#mp)) =Rf (H (Vm,mp)) ; Ruy (1’7?/, 0) (H (Vmﬁmp)) =0. (6.10)

Solving (6.8) with initial conditions (6.9) and applying inversion formula (4.14) gives

U(%y,t) = Z Rf (H (Vm,nvp)) COos (d}t) 5(77 (p - Vm,n ' (Ivy))) (611)

m,n=1

Conclusion

The finite continuous Radon transforms and its inversion formula is studied in this paper. Us-
ing Sturm-Liouville theory the operational calculus of finite continuous Radon transforms is
analyzed. The solutions of Poisson’s equation and two-dimensional wave equation has been
illustrated in the concluding section using boundary conditions.
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