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ABSTRACT

This paper presents some salient features on the calibration-based improvements in estimating
the mean of a stratified population with scrambled response on second call under non-response.
We have proposed a new calibration estimator of the population mean under scrambled
randomized response method utilizing the information on a single auxiliary variable. The proposed
calibration estimator has been pointed out under some existing scrambled response models. We
have derived the expression for the MSE of the proposed calibration estimator. We have also
discussed the privacy protection measure to get the trade-off between efficiency and privacy
protection. A simulation study has been carried out to depict the performance of the proposed
calibration estimator.

Keywords: Stratified random sampling, calibration approach, population mean, scrambled response,

privacy protection.
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1. INTRODUCTION

Non-response problem is a big issue in almost all types of survey and it occurs when people don’t
give the required information whenever they are contacted through mail questionnaire or telephonic
interview. The occurrence of non-response on surveys depends on the type of information to be
required. The non-response occurs due to unavailability of people, lack of interest or unable to
understand the questions in the cases where the variable which we want to study is related to the
general issues. But, in some cases, people hesitate to provide the true information when questions
asked to them are based on the sensitive characters or social undesirability e.g., gambling, illegal
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income, tax evasion, drug addiction, etc. To overcome the problem of non-response, Hansen and
Hurwitz (1946) suggested a procedure of estimating the finite population mean by sub-sampling the
non-respondents with the assumption that the people who are selected for second call, provide the
true information. Adopting the technique of sub-sampling of non-respondents, several authors have
suggested a number of estimators utilizing the auxiliary information which may or may not suffer from
the non-response. Khare and Pandey (2000) proposed a class of estimators for ratio of two
population means utilizing the auxiliary information in the presence of non response. Chaudhary et al.
(2012) suggested a class of estimators for population mean using auxiliary information under non-
response. Shabbir and Khan (2013) suggested the estimator of finite population mean using two

auxiliary variables in two-phase sampling under non-response.

But, if the required information is of sensitive nature, the people who refused to provide information on
first call also refused to answer on second call once they are selected in sub-sample. In such a
situation, the Hansen and Hurwitz (1946) technique is not useful. In literature, many authors have
dealt with the problem of non-response due to sensitiveness of the character under study and
introduced the estimators to maintain the confidentiality of the responses provided by the
respondents. Some randomized response methods are generally used to maintain the confidentiality
of the response. First, Warner (1965) applied this method to estimate the proportion of population
having a sensitive attribute which requires a ‘yes’ or ‘no’ response or selects response from a set of
nominal categories. Using Warner (1965) method of randomization, many authors such as Fox and
Tracy (1986), Mangat and Singh (1990), Shabbir and Gupta (2005) and Diana and Perri (2009, 2010)
have introduced estimators for which the responses given under sensitive character are of qualitative
in nature. Greenberg et al. (1969) and Erikson (1973) have dealt with the situations in which the
responses of the sensitive questions are of quantitative nature. Some authors have introduced the
idea of scrambled randomized response (SRR) method to deal with the problems of such situations.
In SRR method, the respondents multiply their sensitive answers by random numbers generated
through known distribution and provide scrambled response to the interviewer who does not have an
idea about the random numbers. The estimators under SRR method are less efficient but high in

privacy protection.

To overcome the efficiency loss, one can utilize the auxiliary information. It is well known fact that the
use of auxiliary information increases the precision of the estimates. Several authors have introduced
the estimators using auxiliary information in SRR method. Diana et al. (2014) have proposed Hansen
and Hurwitz-type estimator with scrambled response on second call. Ahmed et al. (2016) have
suggested Hansen and Hurwitz-type estimator with scrambled response on second call in stratified
random sampling. In the subsequent sections, we have proposed a calibration estimator under SRR
method to estimate the finite population mean utilizing the information on a single auxiliary variable.
The objective of the present study is to develop the estimator which improves the efficiency and

maintains the privacy too. To improve the efficiency of the estimator, the information on an auxiliary
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variable has been used and some SRR methods have been used to maintain the confidentiality of the

sensitive information.

2. SAMPLING DESIGN, NOTATIONS AND TERMINOLOGY

Consider a population of N distinct and identifiable units which is divided into L strata. The A"

L
stratum consists of N, units (#=1,2,...,L) such that. ZNh =N .Let Y and X be the study and
h=1

i L o o L _ _
auxiliary variables with respective population means Y (= th Y») and X (= th Xn).Here, Yu

h=1 h=1

and }h are respectively the stratum means under study and auxiliary variables for the K" stratum;

N},, . . th . .th e
p,(= W) is the weight for the /" stratum. Let y,. and x,, be the observations on the i” unit in the

h" stratum under study and auxiliary variables respectively (i =1, 2,...,N,). Itis assumed that the
non-response occurs on only study variable due to sensitiveness of the character under study. A

sample of size #, is selected from the K" stratum using simple random sampling without

replacement (SRSWOR) scheme out of which only #,, units respond and rest 7,, units don't respond

n
on the first call under study variable. Now, we select a sub-sample of size 7,,(= f;kh >1) from
h

n,, non-responding units but due to sensitiveness of the character under study, the units selected in

the sub-sample again do not respond on the second call. Due to this reason, respondents are now
allowed to scramble their responses. The aim behind that is to ensure the confidentiality of the
responses given by the respondents so that they would provide truthful information. Here, we have

used linear model given by Diana et al. (2014). Let Z be the scrambled response which is based on

two independent scrambled random variables U and V' unrelated with Y and having means 14, ,
M, and variances 0'5, 0'5 respectively. Suppose Y, , Z, , U, and V) are respectively the

variables under Y, Z , U and V for the 4" stratum.
Now, we can write the randomized linear model as

Z, =UY,+V, (™)

with mean E,(Z,)= 1,Y, + 1, and variance V,(Z,)=o,,Y; + 0},
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2 2 . . .
where 1, , u, and o, o, are respectively the means and variances for the variables U, and

V,.

It is assumed that the values generated by the respondents from the scrambling distributions of U,
and V), are not known to the interviewer and hence their privacy is protected. Let j},ﬂ. and z,

respectively be the transformed randomized response and scrambled response of the ™ unit in the

y .
h™ stratum, i.e.

" Zy—
$, =t Hy 2
Hun

such that
Ex(Vu) =y @)
Thus, the expectation under randomization coincides with the true response y,.in the h" stratum.

The variance of 7, under randomization is given as

2 .2 2

A OV +0,

_ Sl v
Ve) = 5

Hun

= ¢hi (4)

Here, we have also used two other models to get some idea about efficiency and privacy protection.
Let,

M = Saha Mixed Model (2007) and M, = Pollock and Bek Additive Model (1976).

Under the model M|, Z, is defined as

Z,=U,(, +V,) ®)
Under the model M, , Z, is given as

Z,=%,+V, ©®)

We can easily see that the expectation of J,. under the models M, and M, coincides with the true
response y,.in the h" stratum. Thus, the expressions for variance of J,. under the models M, and

M, are respectively given as
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2 2 2 2 2 2 2 2 2
Vo3,), = OV + OO + Okl + Oy, + 2V, 00kl nd
Ry, = ,U2 = Pricry 2
Un

A _ 2 _
Vi (J’hi)M2 =0y, = Pricuy) -

The Hansen and Hurwitz (1946) estimator of the population mean Y under stratified random

sampling with scrambled response on second call is given as

L
V=D Pub, (7)

h=1

Ty T2

2~ - 2~ n n - 1 A

_ _ M _ M _ 2 _ S

where y, =W, YV, +WppV0) Wy = s Wiy = s Y = ZJ’hI- and ¥,,, = thi-
n, ' My i i

Since, )'A/X, is an unbiased estimator of the population mean Y, hence expression for the variance of

the estimator )'A/S, is given by

~ £ 1 1 (k,-1) k, 3
V)= prill ——— |85, +W,, ~——=58;  +—= . 8
(V) hzz;ph H n N, J Yh h2 n, ¥h2 nN, Z‘th (8)
1 & Oty + O =2 1 & = \2
where 72@”2W’ Hyo =Sy + Y2, S)%hzi (yhi_Yh> ,
n i Hup, N,-13
S2 ! %i( Y )2 Y ! %: and Y ! %i N, is the size of the non
=— =Yn) , Yn=— ; h=— . -
Yh2 N, 14 Vi N, & Y N, 4 Y 2

response group in the K" stratum.

3. PROPOSED CALIBRATION ESTIMATOR

L N,
The Hansen and Hurwitz (1946) estimator of the population total T(:Zthi) under stratified

h=1 i=l

random sampling with scrambled response on second call is given as

Ty Th

L 2
V= z[z Y+ zd;i.j}hi] 9)
= i

i

Here, the inclusion probabilities are defined as
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n 7
I, =—" and Hhi\nhz =%
h h2
Using these values of the inclusion probabilities, the design weights become
1 N, . 1 N, n
d,=—=-"and d,, =———=—1-"12,
I, n, I, 1L, n, 1,

We now propose a new calibration estimator of the population total 7 in stratified random sampling

with scrambled response on second call under non-response as follows:

L\

Z[Zdhlyhl +Zthyhz (10)

where ), is the calibrated weight.

The calibrated weight €2, . is so chosen that it minimizes the chi-square type distance

hi

S (th — d;i)z
i qhidhi

subject to the calibration constraint

Zthxhi = zdhixhi (11)
where ¢, is the tuning parameter.

We now define the Lagrange function as

2 (@) d Lp)
Z ( }; d hl) Z th‘xhl Z dhlxhl
hi™" hi

where /, is the Lagrange multiplier.

Differentiating A, with respect to th and equating the derivative to zero, we get
Q,, =d,; + 4q,d,%,; (12)
Putting the value of €, from equation (12) into the equation (11), the value of 4, becomes
Ky Uy N
zdhixhi - Zdhixhi

4=
T2
)
Z%dhthf
i

1
Substituting the value of 4, into the equation (12) and then assuming ¢q,, = —, we get
Xpi

27



International Journal of Applied Mathematics and Statistics

Mo
Z %
7

Q,; =d, T
J

hi%Xhi

Putting the value of €), into the equation (10), we get
LY

i

Z dyyu+ T
* i

*
hi

, the calibration estimator of the population total

A

y -
") 2]

T is given as
L _

V= ZNh[Whlyhl W,
h=1 Xh(2)

Substituting the values of design weights d,, and d

T2

2

thi and Xn0) =
Py i Ty i

— 1 Wy
where X2 = —
Thus, the calibration estimator for the population mean Y in stratified random sampling with

(13)

A

scrambled response on second call under non-response is suggested as

L
2 « - )
Yur caty = zph[whlyhl + W, = Xn2]
h=1 Xh(2)

Here, ph* is the calibrated stratum weight such that it minimizes the chi-square type distance
(14)

= (p; - ph)z
9,P)

h=1

subject to the calibration constraint

L -~ L
Zp;m = Zp,,Xh
= =

Wi

— ) X, -q,is another tuning parameter

My

where Xi» =W, Xn +W,, Xn2) and X
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The Lagrange function can be written as
L, ( 2 Lo _ L
Py—DPi) .
Ay =D P20 (3 pxn =) Py X )
=l 4Py =1 h=1
where A, is the Lagrange multiplier.

Let us differentiate A, with respect to p; and equate the derivative to zero, i.e.

op, 9P

= Py = Py + A, Py X (16)
Putting the value of p; from equation (16) into the equation (15), we get

L . L _
thX”_thXh
= h=1

L —2
zthhxh

h=1

8

1
Substituting the value of A, into equation (16) and then assumingq, ==, the optimum stratum
Xn

weight p, leads to

L _
thXh
— h=1

=
th.xh
h=1

P Py (17)

Putting the value of ph* from equation (17) into the equation (13), the proposed calibration estimator

becomes

L - )_A’h(Z) =
zph[whlyhl + W, T xn2]

j.;HH(cul) == 2 X (18)

L

Pl Wy Xim + Wy X2 ]
h=1
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4. PROPERTIES OF THE PROPOSED CALIBRATION ESTIMATOR

Yne
Let yst Z:ph[whlyh1 +w, = L xi2] and x —th[whlx»,l +Wh2.x11(2)] Thus, the proposed
Xh(2) h=1

calibration estimator reduces to

):}HH(cal) = X (19)

To obtain the mean square error (MSE) of the proposed calibration estimator)'A/HH(w,), we use the

theory of large sample approximations.

Let us assume ;/St =}_’(1+eo) and x, = X(1+el) such that

E(eo):Bi%(yv), Fe)=0, E(eg):V()_/y;,h[Biai(zyﬁ)], ) =1e )_V(xv,) N
E(eye) = —C OV(Y);‘; Xv)

Furthermore, we have

sias(r,)= 3, B0y VoS Sy VoS (1 100
— p— Xh2
=1 Xzz X Xf,z My Ny
1
2CXh2)“03h2 - ZIOYXhZCXhZCYhZ + Cyhz/%zhz) - X_hz n_ - N_)(Cj'hz Xh2 }“12/12 )] (20)
h2 n2 YXh2

- 4 2 1 1 2 (k 1) 2 <
V(y,)= zph [(—- V)Syh +W, (SYhZ +R; S — 2R, S ) + z ?,1(21)
=1

n, h n

- L 1 1 k,—
Ve =3 Pl sy, +1, B
= n, N, n, (22)
3 (kh -1 Cp 2
COV(J’WXM) zph (_ _)pYXhSYhS (PSS = RySii)]
h=1 n, N, n, (23)
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1 Ny 2 1 Nip
> b _ > L

where SXh_Nh—I[Z;(xhi Xh) , SXM_NM—IZ(X)" X;.z) ;

1 Nip — — — Nip S S
Som=————DN\X, = Xn2 |y =Yn), Xn= Xy, Cypo==2,  Cp,==2,

XYh2 N, -1 Z( h )( h ) - Z h Xh2 X Yh2 Y

N _

h2 N Y
ﬂ’rshZ :% /’lr_sh2 (N _1) Z(yl Yh2) (x _Xhz) ]\;’2 and Rh = }hz .
Hoons* Moo h2 h "

Py @nd p,., are the correlation coefficients between Y and X for the entire and non-response

groups respectively in the h™ stratum. N,, is the number of non-responding units in the K" stratum.

Now expressing the equation (19) in terms of ¢, and ¢, and then neglecting the higher order terms of

¢, and ¢, greater than two, we get
j}HH(cal) ~Y= ?(eo -¢) (24)
Squaring both sides of equation (24) and then taking expectation, we get
~ —\2 =2
E(Fuar —Y) =Y [E(e)+E(e}) —2E(ee))]

=2 V + Bzas V Xu Cov _Y/,)_Csr
= MSEG ) =7 1 ) (£ ER) A : ) 5 Cov(yy,Xw)

Y YX

]

=V (y,)+(Bias(y,))* + RV (xu)~2RCoV(y,, xx) (25)

where R =

><||~<I

From equation (25), we can obtain the expression for the MSE of the proposed calibration estimator

):/HH(m,) up to the first order of approximation as
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- Lol 1w k=D 2 prco ky <5
MSE(Y 11 (cary) = th [(’7 ——)Sy (Syn2 + RSy —2R,S ) + N Z%i]
, N, h wiVn i
ZL: Y“thz SXYh2)+
h=1 Xhz X2
Yi2S2
Xhz ( 7)(3(7)(;,2 2C x5 0312 = 2PyxsCinaCona + Crip i)
Xh2 Py th
SXYh2 1 2 ﬂqzhz 2 (kh _1) 2
=2 (———)(Cy,, - C +R ———)Sy S
X ny, th )( e Prxnz P zph (”h Nh) n, o)
L k —
_2RZ p}f[(i _7)pYXhSYhSXh + Vth ( . ) P SYhZSXhZ _RhS)Z(hz)] (26)
- n, N, n,

Remark 1: The equation (26) depicts the expression for the MSE of the proposed calibration
estimator under the scrambled model given by Diana et al. (2014). It is to be noted that one can also

obtain the expressions for the MSE of the proposed calibration estimator under the scrambled

response models M, and M, in the similar manner. The MSE under scrambled response models

M, and M, can be obtained by replacing ¢, with ¢hi(M‘) and ¢hi(Mz) respectively.

5. SIMULATION STUDY

To get some idea about the efficiency and privacy protection, we have generated an artificial data set
which describes a population of six strata with respective sizes 600, 500, 300, 800, 400 and 700.
Here, we have generated the observations on the study variable Y for each stratum from the Normal
distribution with certain mean and standard deviation (S.D.) amid 10%, 20% and 30% weights of the
non-response group. We have also generated the observations on the auxiliary variable X for each
stratum by assuming certain correlation with the study variable Y [See Reddy et al. (2010)]. To
scramble the response, we have generated the values on two scrambled variables U and V from the

Uniform distribution (0, 1) which are not known to the interviewer. The assumed mean, standard

deviation and correlation coefficient are given in Table 1.
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Table 1: Particulars of population

Stratum No. Stratum Population for Stratum Size Correlation Coefficient
(h) Study Variable Y (Nh) (Pyor)
1 N(Mean=10,S5.D.=6.5) 600 0.9009
2 N(Mean =15,S.D.=6.7) 500 0.9190
3 N(Mean=20,S.D.=6.9) 300 0.8706
4 N(Mean =25,5.D.=7.1) 800 0.9045
5 N(Mean =30,S.D.=7.3) 400 0.8969
6 N(Mean =35,5.D.=1.5) 700 0.9184

Here N =3300, 7=990. The sample size for each stratum has been determined using proportional

allocation. Now, we select the sample from each stratum using SRSWOR scheme and find the
estimates of the population mean Y using the estimators ):/S, and ):/HH(M,) . The process of selecting
the sample from each stratum and computing the estimates has been replicated 5000 times. Finally,
we have computed the approximate variance/MSE (AVAR/AMSE) of the estimators )‘A/S, and )'A/HH(ca,)

using the following formulae:

AVAR(5,, )= ﬁﬂio(ﬁm ~¥f; 1=12...,5000

=1

1 5000

AMSE (1) = 5000 ZZ:, (Pt =

—\2
Y) - 1=1.2...,5000

Table 2 shows the AVAR offxsl, AMSE of ):/HH(M) and percentage relative efficiency (PRE) of

):/HH(M) with respect to )izs, under the scrambled response model given by Diana et al. (2014).
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Table 2: AVAR ofjﬂzst , AMSE of }:)HH(‘,a,)and PRE of )'A/HH(MI)

Wa¥h |k Yh | AVARG,) | AMSEGu) | PRE(F )
0.1 1.5 0.04319375 0.01164378 370.9598
2.0 0.04641665 0.01357645 341.8910
2.5 0.04719780 0.01585650 297.6559
0.2 1.5 0.04686084 0.01596726 293.4808
2.0 0.05368302 0.02068378 259.5416
2.5 0.06114451 0.02445997 249.9779
0.3 15 0.05429165 0.01966932 276.0220
2.0 0.06311002 0.02711705 232.7318
2.5 0.07465310 0.03480076 214.5158

Table 3 depicts the AVAR of)%st , AMSE of )'A/HH(W,) and PRE of )'A/HH(C‘Z,) with respect to fzs, under the

model M, i.e., Saha (2007) mixed model.

Table 3: AVAR of 3, , AMSE Of 3., and PRE of ¥, .., under model M,

Wia V| ke, h | AVARG ) | AMSE ) | PRE(Sicarss )
0.1 1.5 0.04318308 0.01164470 370.8390
2.0 0.04642994 0.01358414 341.7952
2.5 0.04720903 0.01586551 297.5577
0.2 1.5 0.04689387 0.01598549 293.3528
2.0 0.05369946 0.02070476 259.3581
2.5 0.06121175 0.02449537 249.8911
0.3 1.5 0.05432556 0.01969035 275.8994
2.0 0.06315842 0.02714659 232.6569
2.5 0.07466806 0.03483048 214.3756
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Table 4 represents the AVAR offzn, AMSE of ):/HH(M,) and PRE of ):/HH(M,) with respect to fzn under

the model M, , i.e., Pollock and Bek (1976) model.

Table 4: AVAR of .., AMSE of 3., and PRE of J;., under model M,

WaVh |k Vh | AVARG,,) | AMSEG ) | PRE (S, )
0.1 15 0.04043967 0.008994237 449.6176
2.0 0.04406120 0.01055285 417.5287
2.5 0.04361727 0.01184644 368.1887
0.2 15 0.04128193 0.01051225 392.7029
2.0 0.04667184 0.01346721 346.5591
2.5 0.05245767 0.01588660 330.2006
0.3 15 0.04640356 0.01167502 397.4602
2.0 0.05334680 0.01700002 313.8043
2.5 0.06124222 0.02157709 283.8298

Table 5 depicts the normalized privacy protection measure for each stratum, 7, given by Diana et al.
(2013) under the Diana et al. (2014) linear model, Saha (2007) mixed model and Pollock and Bek

(1976) additive model. The formula of computing 7, is given by

r=1_ P+ Pz = 2Py Pyzi P
! 1- P;zh

where p,, and p,, are respectively the correlation coefficients between Y and Z ; X and Zin

the A" stratum.
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Table 5: Privacy protection measure 7,

Stratum No. Th(Linear Model) Thay) Thry)
1 0.1745063 0.1762518 0.001828369
2 0.1424378 0.1431637 0.001794860
3 0.2012377 0.2017166 0.001431154
4 0.2118853 0.2123574 0.001672627
5 0.1955643 0.1958186 0.001583843
6 0.1677808 0.1678604 0.001523790

Remark 2: It is mentioned that if the value of 7, becomes higher, more privacy is protected.

Furthermore, 7, =1 means maximum privacy protection and 7, =0 means no privacy is protected.

Tables 2, 3 and 4 reveal that the suggested calibration estimator with scrambled response on second
call under non-response provides much better results than that of the Hansen and Hurwitz (1946)

estimator. From the tables 2, 3 and 4, we can also develop a relationship as given below:

jMSE()%HI{(ca/)M1 )> ME()_}HH(CHI)) > MSE(ﬁHH(w/)MZ )

From the above relationship, we can conclude that the proposed calibration estimator is highly
efficient under the scrambled model M, given by Pollock and Bek (1976). But, it is well known fact
that the estimator which is high in efficiency may be less in privacy protection. So, in terms of privacy

protection, the proposed calibration estimator under scrambled model M, can be a better choice.
Table 5 shows that 7, under the scrambled model M, is more close to 1 which indicates that the
estimator under the scrambled model M,is rich in privacy protection whereas 7, under the
scrambled model M, is more close to 0 which indicates that less privacy is protected under the

scrambled model M, .
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6. CONCLUDING REMARKS

We have proposed a calibration estimator for estimating the mean of a stratified population under
non-response using scrambled response on second call for those who are selected in the sub-
sample. The information on a single auxiliary variable has been utilized to develop the calibration
estimator. To scramble the response, we have considered the scrambled linear model given by Diana
et al. (2014). We have used the MSE as a tool to measure the efficiency of the proposed calibration
estimator. To strengthen the results, we have also computed the privacy protection. To measure the
amount of privacy protection, we have used the normalized privacy protection measure given by
Diana et al. (2013). To see the trade-off between efficiency and privacy protection, we have used two
more scrambled models given by Saha (2007) and Pollock and Bek (1976). We have compared the
efficiency of the proposed calibration estimator with that of Hansen and Hurwitz (1946) estimator
under scrambled response on second call. From the tables 2, 3, 4 and 5, it is concluded that we get
more précised estimates by using Pollock and Bek (1976) additive model and if we use Saha (2007)

mixed model for scrambling the response, more privacy is protected.
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