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ABSTRACT

In this article we introduce a two-parameter continuous distribution which is generated from gamma
distribution as well as exponential distribution using weight function. Its moments, hazard and mean
residual life function have been obtained. Also order statistics and stochastic ordering are derived.
Maximum likelihood estimation method has been employed to estimate the parameters. Some real
data sets have been applied to access the performance of the distribution. Various goodness of fit
criterion shows quite satisfactory presentation over others competitive distributions.
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1 Introduction

A well known and useful two parameter Gamma distribution having parameter α and θ is a weighted
version of exponential distribution with weight function xα−1, where α > 1. The pdf and cdf is given
bellow

f1(x; θ, α) =
θα

Γα
e−θxxα−1; x > 0, α > 0, θ > 0

F1(x; θ, α) = 1− Γ(α, θx)

Γα
; x > 0, α > 0, θ > 0 (1.1)

Here parameters α and θ are shape and scale parameter respectively. It is easy to shown that for
the value α = 1 the two parameter gamma distribution reduces as classical exponential distribution.
(Kiche, Ngesa and Orwa, 2019) discussed generalized gamma distribution and applied on survival
data. (Nadarajah and Kotz, 2006) proposed various exponentiated distribution including exponenti-
ated gamma distribution and discussed their statistical properties. (Nadarajah and Gupta, 2007) pro-
posed another generalized gamma distribution and discussed its properties and application to real data.
(Weibull and Sweden, 1951), introduced two parameter Weibull distribution with pdf and cdf as given
bellow

f2(x; θ, α) = θαxα−1e−θxα

; x > 0, α > 0, θ > 0

F2(x; θ, α) = 1− e−θxα

; x > 0, α > 0, θ > 0 (1.2)

The gamma distribution is used in a variety of applications including queuing, financial and weather
models. It is can naturally be considered as the distribution of the waiting time between events dis-
tributed according to a Poisson process. (Balakrishnan and Peng, 2006) applied this distribution to
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develop generalized gamma frailty model. (Cordeiro, Ortega and Silva, 2011) derived another gener-
alization of Stacys generalized gamma distribution using exponentiated method, and applied it to life
time and survival analysis. (Stacy, 1962) introduced a generalization of gamma distribution using power
transformation y = xβ in gamma distribution and after that (Stacy and Mihram, 1965) discussed its
parametric estimation.

f(x;α, β, θ) =
βθα

Γα
xβα−1e−θxβ

; α > 0, β > 0, θ > 0. (1.3)

Now if β = 1 then (1.3) becomes Gamma distribution and if β = 1 and α = 1 then (1.3) becomes
classical exponential distribution. If β = 1 and α = 2 the distribution transformed into length biased
exponential distribution (LBED) (Singh and Das, 2020). It is also known that Weighted distribution
provides a flexible models as discussed by (Patil and Rao, 1978) is defined as follows

f∗(x) =
w(x)f(x)

E[w(x)]
(1.4)

Where w(x) is the weight function, f(x) is the baseline distribution. The generalize Gamma dis-
tribution can also be obtained by weighted version of exponential distribution with weight function
w(x) = e−θxβ+θxxβα−1. Here if β = 1 the weight function become xα−1 which generate for gamma
distribution. Also if α = 1

2 and β = 2 in the weight function we obtained quasi exponential distribution
(QED) which is discussed by (Shanker, Shukla, Sharma and Shanker, 2018a). If we take only β = 2 in
the weight function, then we get quasi gamma distribution (QGD) earlier discussed by (Shanker, Shukla,
Sharma and Shanker, 2018b). Several authors has been discussed the generalized gamma distribution
like (Khodabina and Ahmadabadib, 2010), (Singh, Singh and Das, 2020), (Singh, Das and Singh, 2021),
(Lienhard and Meyer, 1967), (Hager and Bain, 1970).

2 Generation of the Distribution

Let Y ∼ Gamma(α, θ) and y = x3.

fY (y) =
θα

Γα
yα−1e−θy; y > 0, α > 0, θ > 0. (2.1)

If X = g(Y ), then gX(x) = fY (g
−1(x)) | d

dxg
−1(x) | which is reduce to

gX(x) = θα

Γ(α)x
3(α−1)e−θx3

.3x2 = 3θα

Γ(α)x
3α−1e−θx3

Therefore the above distribution is a two parameter distribution and named as apparent gamma distri-
bution (AGD) with parameters α and θ is defined and its pdf is given as

f(x; θ, α) =
3θα

Γα
x3α−1e−θx3

; x > 0, α > 0, θ > 0 (2.2)

Here, it is necessary to note that AGD can be obtained using a suitable weight function and base line
distribution as exponential distribution. The weight function is as e−θx3+θxx3α−1

w(x)f(x)
∞∫
0

w(x)f(x)dx

=
e−θx3+θxx3α−1θe−θx

θ
∞∫
0

x3α−1e−θx3dx

=
3θα

Γ(α)
x3α−1e−θx3

(2.3)

where parameters θ is scale parameter and α is a shape parameter.
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Figure 1: plot of pdf of AGD for different values of α and θ

The corresponding cdf of the AGD is given by

F (x) =

x∫
0

f(t)dt = 1−
∞∫
x

f(t)dt = 1− 3θα

Γ(α)

∞∫
x

t3α−1e−θt3dt

Now let θt3 = z; 3t2dt = dz hence dt= dz

3θ( z
θ )

2
3

F (x) = 1− 1

Γ(α)

∞∫
θx3

zα−1e−zdz = 1− Γ(α, θx3)

Γ(α)
;x > 0, θ > 0, α > 0 (2.4)

and survival function of AGD is obtained as

S(x; θ, α) =
Γ(α, θx3)

Γ(α)
;x > 0, θ > 0, α > 0 (2.5)
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Figure 2: plot of cdf of AGD for different values of α and θ
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Figure 3: plot of survival function of AGD for different values of α and θ

3 Moments

The rth moment about origin of AGD can be obtained as

μ′
r = E(Xr) =

∞∫
0

xrf(x)dx =
3θα

Γ(α)

∞∫
0

e−θx3

x3α+r−1dx =
Γ
(
α+ r

3

)
θ

r
3Γα

; r ∈ N

taking r = 1, 2, 3, we get the moments about origin of AGD are obtained as

μ′
1 =

Γ
(
α+ 1

3

)
θ

1
3Γα

; μ′
2 =

Γ
(
α+ 2

3

)
θ

2
3Γα

; μ′
3 =

α

θ
; μ′

4 =
Γ
(
α+ 4

3

)
θ

4
3Γα

(3.1)

and the variance of the AGD is obtained as

μ2 =
ΓαΓ(α+ 2

3 )−
(
Γ(α+ 1

3 )
)2

θ
2
3 (Γα)2

(3.2)

4 Moment and Characteristic Generating Function

The moment generating function Mx(t) and characteristic generating function Φx(t) of AGD is obtained
as equation number (4.4) and (4.5).

Mx(t) =

∞∫
0

etxf(x)dx =
3θα

Γα

∞∫
0

etxx3α−1e−θx3

dx (4.1)

Now applying exponential series expansion in equation (4.1), etx =
∞∑
k=0

(tx)k

k! we get ,

Mx(t) =
3θα

Γα

∞∫
0

∞∑
k=0

(tx)k

k!
x3α−1e−θx3

dx (4.2)

Now applying Fubini’s theorem over integration under summation we get

Mx(t) =
3θα

Γα

∞∑
k=0

(t)k

k!

∞∫
0

x3α+k−1e−θx3

dx (4.3)
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Making θx3 = z, as x → 0, z → 0 and x → ∞, z → ∞, we get, from (4.3),

Mx(t) =
1

Γα

∞∑
k=0

tk

k!θ
k
3

Γ

(
α+

k

3

)
(4.4)

Now replacing it for t in equation number (4.4) we get the characteristic function in equation number
(4.5).

Φx(t) =
1

Γα

∞∑
k=0

(it)k

k!θ
k
3

Γ

(
α+

k

3

)
(4.5)

5 Hazard Rate Function and Mean Residual Life Function

Let X be a continuous random variable with pdf (2.2) and cdf (2.4). The hazard function and mean
residual life function is defined of random variable is defined as equation number (5.1) and (5.4).

h(x) = lim
δx→0

P (X < x+ δx|X > x)

δx
=

f(x)

1− F (x)

=
3θαx3α−1e−θx3

Γ(α, θx3)
(5.1)

m(x) =E [X − x|X > x] =
1

1− F (x)

∞∫
x

[1− F (t)] dt

=
1

S(x)

∞∫
x

tf(t)dt− x =
3θα

S(x)Γα

∞∫
x

t3α−1e−θt3dt− x (5.2)

Making θt3 = z; 3θt2dt = dz now dt = dz

3θ( z
θ )

2
3

as t → x, z → θx3 and t → ∞, z → ∞, we get

3θα

S(x)Γα

∞∫
θx3

(z
θ

)α

e−z dz

3θ
(
z
θ

) 2
3

− x =
θα−1

S(x)Γα

∞∫
θx3

(z
θ

)α− 2
3

e−zdz − x (5.3)

After putting the value of S(x) from the equation (2.5) and simplifying we get the required results in
equation number (5.4).

m(x) =
Γ
(
α+ 1

3 , θx
3
)

θ
1
3Γ (α, θx3)

− x (5.4)

Now if we put x = 0 in equation number (5.4) we get the mean of AGD as

m(0) =
Γ
(
α+ 1

3

)
θ

1
3Γ (α)

(5.5)
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Figure 4: plot of hazard function of AGD for different values of α and θ

6 Bonferroni and Lorenz Curve

The Bonferroni (Bonferroni, 1933) and Lorenz curves are used not only in economics to study income
and poverty, but also in other fields like reliability, demography, insurance and medicine. The Bonferroni
and Lorenz curve are defined as

B(p) =
1

pμ

q∫
0

xf(x)dx and L(p) =
1

μ

q∫
0

xf(x)dx (6.1)

Respectively where, μ = E(x) and q = F−1(p). The Bonferroni and Gini indices are defined by

B = 1−
1∫

0

B(p)dp and G = 1− 2

1∫
0

L(p)dp (6.2)

Here

B(p) =
3θα

pμΓα

q∫
0

x3αe−θx3

dx (6.3)

Now by taking θx3 = z, the above equation reduces to

B(p) =
3θα+

1
3

pΓ(α+ 1
3 )

θq3∫
0

(z
θ

)α

e−z dz

3θ
(
z
θ

) 2
3

=
θα+

1
3−1

pΓ(α+ 1
3 )

θq3∫
0

(z
θ

)α+ 1
3−1

e−zdz

=
γ
(
α+ 1

3 , θq
3
)

pΓ
(
α+ 1

3

) (6.4)

where
θq3∫
0

(
z
θ

)α+ 1
3−1

e−zdz = γ
(
α+ 1

3 , θq
3
)

is the lower incomplete gamma function

Similarly,

L(p) =
1

μ

q∫
0

xf(x)dx =
γ
(
α+ 1

3 , θq
3
)

Γ
(
α+ 1

3

) ; q = F−1(p) (6.5)
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and the Bonferroni and Gini indices are defined as

B = 1−
1∫

0

B(p)dp and G = 1− 2

1∫
0

L(p)dp (6.6)

7 Rényi Entropy

We know that the entropy is a measure of uncertainty of a random variable X. A most popular measure
of entropy is Rényi entropy given by (Rényi, 1961). If X is continuous random variable with pdf (2.2)
then Rényi entropy is given by the equation (7.2).

e(η) =
1

1− η
log

⎡
⎣

∞∫
0

fη(x)dx

⎤
⎦ =

1

1− η
log

⎡
⎣

∞∫
0

(
3θα

Γα

)η

e−ηθx3

xη(3α−1)dx

⎤
⎦

=
1

1− η
log

⎡
⎣
(
3θα

Γα

)η
∞∫
0

e−ηθx3

xη(3α−1)dx

⎤
⎦ (7.1)

let θηx3 = z; 3ηθx2dx = dz now dx = dz

3θη( z
θη )

2
3

=
1

1− η
log

⎡
⎢⎣
(
3θα

Γα

)η
∞∫
0

(
z

θη

) η(3α−1)
3

e−z dz

3θη
(

z
θη

) 2
3

⎤
⎥⎦

=
1

1− η
log

⎡
⎣
(
3θα

Γα

)η
1

(θη)
η(3α−1)−2

3 +1

∞∫
0

(z)
η(3α−1)−2

3 e−zdz

⎤
⎦

=
1

1− η
log

⎡
⎣
(
3θα

Γα

)η Γ
(

η(3α−1)+1
3

)

3 (θη)
η(3α−1)+1

3

⎤
⎦ (7.2)

8 Order Statistics

Let X1, X2, .., Xn be random sample of size n from AGD distribution. Let X(1), X(2), .., X(n) denote the
corresponding order statistics. The pdf and cdf of mth order statistics say Y = X(m) are given by

fY (y) =
n!

(m− 1)!(n−m)!
Fm−1(y){1− F (y)}n−mf(y)

or

fY (y) =
n!

(m− 1)!(n−m)!

n−m∑
l=0

(
n−m

l

)
(−1)lFm+l−1(y)f(y) (8.1)

and

FY (y) =
n∑

j=m

(
n

j

)
F j(y){1− F (y)}n−j

or

FY (y) =
n∑

j=m

n−j∑
l=0

(
n

j

)(
n− i

l

)
(−1)lF j+l(y) (8.2)

where m = 1(1)n

Now, using equation number (2.2) and (2.4) in equation (8.1) and (8.2) we get the corresponding pdf
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and the cdf of mth order statistics of the AGD distribution are obtained in the equation number (8.3) and
(8.4).

fY (y) =
3n!θαy3α−1e−θy3

(m− 1)!(n−m)!Γα

n−m∑
l=0

(
n−m

l

)
(−1)l

[
1− Γ(α, θy3)

Γα

]r+l−1

(8.3)

and

FY (y) =
n∑

j=m

n−j∑
l=0

(
n

j

)(
n− i

l

)
(−1)l

[
1− Γ(α, θy3)

Γα

]j+l

(8.4)

where m = 1(1)n.

9 Stochastic Orderings

In probability theory and statistics the stochastic ordering is a measure of judging between two random
variable X and Y . A random variable X is said to be smaller than a random variable Y .
(i) Stochastic order X ≤st Y if FX(x) ≥ FY (x) for all x.
(ii) Hazard rate order X ≤hr Y if hX(x) ≥ hY (x) for all x.
(iii) Mean residual life order X ≤mrl Y if mX(x) ≥ mY (x) for all x.
(iv) Likelihood ratio order X ≤lr Y if fX(x)

fY (x) decreases in x.
The following results by (Shaked and Shanthikumar, 2007) are well known for introducing stochastic
ordering of distributions.

X ≤lr Y =⇒ X ≤hr Y =⇒ X ≤mrl Y i.e X ≤st Y

with the help of following theorem we claim that AGD distribution is ordered with respect to strongest
likelihood ratio ordering.

Theorem 1. Let X ∼ AGD(θ1) distribution and Y ∼ AGD(θ2) distribution. If θ1 > θ2 then X ≤lr Y and
therefore X ≤hr Y , X ≤mrl Y and X ≤st Y .

Proof: we have

fX(x; θ1, α1)

fY (x; θ2, α2)
=

3θ
α1
1

Γα1
x3α1−1e−θ1x

3

3θ
α2
2

Γα2
x3α2−1e−θ2x3

=
θα1
1 Γα2

θα2
2 Γα1

e−(θ1−θ2)x
3

x3(α1−α2); x > 0 (9.1)

Now taking log both side we get,

log

[
fX(x; θ1, α1)

fY (x; θ2, α2)

]
= log

[
θα1
1 Γα2

θα2
2 Γα1

]
− (θ1 − θ2)x

3 + 3(α1 − α2) log x (9.2)

Now differentiating with respect to x both side we get,

d

dx

{
log

[
fX(x; θ1, α1)

fY (x; θ2, α2)

]}
=

3(α1 − α2)

x
− 3(θ1 − θ2)x

2 (9.3)

Now from above expression if α1 ≤ α2 and θ1 > θ2 or α1 < α2 and θ1 ≥ θ2, d
dx

{
log

[
fX(x;θ1,α1)
fY (x;θ2,α2)

]}
< 0.

This proves that X ≤lr Y and therefore X ≤hr Y , X ≤mrl Y and X ≤st Y .

10 Maximum Likelihood Estimation of Parameters

Suppose X = (X1, X2, X3, ..., Xn) be an independently and identically distributed (iid) random variables
of size n with pdf (2.2) from AGD(α, θ). Then, the likelihood function based on observed sample X =

(x1, x2, x3, ..., xn) is defined as

L(x; θ, α) =

(
3θα

Γα

)n

e
−θ

n∑

i=1
x3
i

n∏
i=1

x3α−1
i (10.1)
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The log-likelihood function corresponding to (10.1) is given by

logL = n log 3 + nα log θ − n log(Γα)− θ
n∑

i=1

x3
i + (3α− 1)

n∑
i=1

log (xi) (10.2)

By differentiating (10.2) partially, with respect to α and θ respectively we get,

∂ logL

∂α
= n log θ − nξ(α) + 3

n∑
i=1

log(xi) (10.3)

and

∂ logL

∂θ
=

nα

θ
−

n∑
i=1

x3
i (10.4)

where x̄ is the sample mean and ξ(α) = ∂
∂α (log(Γα)) is the digamma function. Above equations (10.3)

and (10.4) are not solvable analytically for θ and α . Thus numerical iteration technique is used to get
its desired solutions.

11 Goodness of Fit

To check the suitability of Apparent Gamma Distribution (AGD), two real data sets are used, the first data
set is based on from 69 carbon fiber’s tensil strength (in GPa), tested under tension at gauge length of
20mm (Bader and Priest, 1982) in Table (1). The second data set (Xu, Xie, Tang and Ho, 2003) shown in
Table (2) is the time of failure of turbocharger. AGD is compared with other distribution viz. Exponential,
Gamma, Weibull and Quasi Exponential and Gamma distribution (Shanker et al., 2018a; Shanker et al.,
2018b) using these two data sets discussed. The parameters are estimated with maximum likelihood
estimate (MLE) and these estimates are used to calculate -2LL, AIC, BIC, K-S statistics and p-value.
Here among the considered distributions AGD is observed best with respect to lower value of -2LL, AIC,
BIC, K-S statistics and associated higher p-value. Therefore, the AGD is considering as an alternative
to the other distributions and further useful in the medical and engineering science.

Table 1: Comperison of Goodness of fit for AGD, QGD, QED, Weibull and Gamma on carbon fibres
data.

Distribution Estimate
Standard

Errors
-2ll AIC BIC K-S p-value

AGD
θ = 0.1794

α = 2.9605

0.0316

0.4792
97.790 101.79 106.26 0.0388 0.9999

QGD
θ = 0.9955

α = 6.2229

0.1719

1.0323
98.463 102.46 106.93 0.0454 0.9989

Gamma
θ = 9.5384

α = 23.381

1.6376

3.9713
100.07 104.07 108.54 0.0583 0.9732

Weibull
θ = 0.0046

α = 5.5067

0.0063

1.2185
99.192 103.31 107.66 0.0562 0.9814

QED θ = 0.0799 0.0136 226.62 228.62 230.85 0.4489 0.0000
Exponential θ = 0.4079 0.0491 261.73 263.73 265.97 0.4482 0.0000
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Table 2: Comperison of Goodness of fit for AGD, QGD, QED, Weibull and Gamma on turbocharger data.

Distribution Estimate
Standard

Errors
-2ll AIC BIC K-S p-value

AGD
θ = 0.0042

α = 1.2909

0.0011

0.2665
166.73 170.73 174.11 0.1126 0.6907

QGD
θ = 0.0558

α = 2.3917

0.0131

0.5041
170.04 174.04 177.42 0.1157 0.6579

Gamma
θ = 1.2351

α = 7.7225

0.2799

1.6935
174.82 178.82 182.19 0.1277 0.5311

Weibull
θ = 0.0064

α = 2.6494

0.0086

0.6435
171.87 175.87 179.25 0.1519 0.3146

QED θ = 0.0116 0.0026 208.35 210.35 212.03 0.6466 0.0000
Exponential θ = 0.1599 0.0253 226.64 228.64 230.33 0.3631 0.0000

12 Conclusion

Apparent Gamma distribution (AGD), a simple continuous distribution is proposed and discussed in this
study. The moments, moment generating function, characteristics generating function, survival function,
hazard rate function, mean residual life function have been obtained and discussed. It is noticed that
the third, sixth, ninth and twelfth moment about origin of AGD is same as the first, second, third and
fourth moment about origin of Gamma distribution respectively. Also these are equal to the second,
fourth, sixth and eighth moment of the Quasi Gama distribution respectively. The stochastic ordering,
order statistics, Bonferroni and Lorenz curve, Rényi entropy have also examined. The AGD may be use
as an alternative distribution to explain real life data related to medical and engineering science etc.
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