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ABSTRACT

In this study, local scaling, overall scaling, shearing, reflection, rotation, translation, and
multiple transformations applications in three-dimensional space; by using the properties
of Fibonacci and Lucas three-vectors, transformation matrices of Fibonacci and Lucas
three-vectors have been obtained. Later, in a Fibonacci and Lucas three-vectors defined in
this space, the Householder transform and the matrix corresponding to this transformation
are given. By giving examples about each transformation, the figures were drawn in the
Maple program.
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transformation.
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1. INTRODUCTION

It is not surprising to see that someone who studies with the Fibonacci numbers attain the expected
results. Therefore, Fibonacci numbers have been a significant issue, especially for mathematicians
who work in this field. In recent years, also geometricians have started to be interested in Fibonacci
numbers and then they have aimed at giving meaning to Fibonacci numbers by describing the
Fibonacci vectors. In a study carried by K. T. Atanassov, V. Atanassova, A. G. Shannon, and J. C.
Turner [Atanassov, et all. 2002], Fibonacci 3-vectors have been defined, and some properties for the
Fibonacci 3-vectors have been given by grounding on the properties of Fibonacci numbers. In addition,
the area of the triangles formed by Fibonacci vectors has been computed [Cetinberk, 2020]. Then, for
the first time, the vector product has been defined in Fibonacci 3-vectors. Like in Fibonacci numbers,
in 1878, also Lucas numbers became a math subject which a French mathematician Edouard Lucas
worked on it, extensively [Koshy, 2001]. In a study carried by E. Salter [Salter, 2005], he defined the
Fibonacci r-vector (and the Lucas vector) and brought a new perspective to the inner product of these
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two vectors. For the first time, he computed the norm of the Fibonacci and the Lucas vectors.
Moreover, Fibonacci vectors were firstly analyzed in different dimensions. Then, S. Halici worked on
Fibonacci p-Numbers [Halici, 2009]. O. Kaya, M. Onder have analyzed the Fibonacci and Lucas
vectors and their quaternions in a geometric perspective [Kaya et all., 2018].

The geometric transformations have important functions in the design and motion of the objects
[Adams and Rogers, 1990]. Moreover, the Householder transformation is a transformation that
defines a reflection with respect to a plane or a hyperplane. The Householder transformation was
defined in 1958 by Alston Scott Householder and the matrix corresponding to this transformation is

applied as the first process for notably numerical linear algebra field and the QR multiplicative

writings of the matrixes [Ozdemir, 2016]. The non-degenerate bilinear form of the Householder
transformation in various spaces was studied by Mackey et al. (2004). After the theorem (known as
Cartan—Dieudonné) which shows that each orthogonal transformation can be denoted as the
composite of the transformations which denote a reflection with respect to hyperplanes, reflection
transformations have become an important field of study. The structural proof which belongs to the
state of this theorem in the generalized reel inner product spaces has been made by Uhlig (2001) and
Fuller (2011). In addition, again, the alternative proof of it in the generalized inner product spaces has
been given by Rodriguez-Andrade et al. (2011) [Soylu, 2019].

In this study, Fibonacci and the Lucas 3-vectors have been defined, then some properties for these
vectors have been given by grounding on the properties of Fibonacci and Lucas numbers. The
geometric transformations have been described in the vectors. Then, the Householder transformation
and its properties have been given. In addition, the Householder transformation has been defined for
Fibonacci and Lucas 3-vectors. By giving an example for each transformation, the drawing of the

figures has been done in the Maple program.

2. GENERATION OF THE DATA

In this section, Fibonacci and the Lucas numbers, and then, Fibonacci and Lucas 3-vectors and their
properties have been given. Also, the Householder transformation and its properties have been given

as well.

2.1. International Journal of Applied Mathematics and Statistics
Definition 2.1.1. (Fibonacci-Lucas Numbers) Assume that for all n positive integers, the nth

Fibonacci number is F and Lucas number is L, . Thus, the second-order iteration relation and initial

conditions are defined by F, ,=F,

n+l

+F, F=F=1,and L ,=L

n+l

+Ln7 lel’ L2:3,
[Salter, 2005]. Fibonacci and the Lucas numbers are given as 1,1,2,3,5,8,13,21,34,55,..., F ... and

1,3,4,7,11,18,29,47,...,L,,...
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Theorem 2.1.1. (Binet Formula) Let a:1+2\/§, and [3:% be the root of the equation

x> —x—1=0. Thus, the Binet formulas which give the n ™ term of Fibonacci and Lucas series are
defined by F7 = % and L, =a” +B" where the equations o.+B=1, o —p = \/gand
o —

op =-1 are satisfied. Besides, o.is called the golden ratio [Cetinberk, 2017; Cetinberk&Ytce, 2020].

Theorem 2.1.2. The following identities can be given for Fibonacci and Lucas number sequences
[Salter, 2005; Cetinberk&Yuce, 2020; Yasar, 2016];

1) F’,+F’=F,

n+l 2n+1°

2) F?

n+l

_p;z:p

2n°
3) F_F, —F’ =(—1)n , (Cassini Formula)

=F

n+m+12

4) F.F, +F,F,

m+l1
5) E'IFm-H' - EH—rFm = (_l)m EE'I—m’

6) F,F,, —F,F, =(-1)"F,

n+l" m n—-m?

7 F =L +L

n+1>

8) F;n = F;th’

9) F,=(-1)"F

no

10) L, =(-1)"L

no

Definition 2.1.2. Fibonacci and Lucas vectors for each m positive integer and each » integer are

defined by

E"=|F, F,, F,,.F

n+l n+2° n+m—l]T and Z: = [Ln L L L ]T

n+l n+2°" " n+m-1

where F,, and L, are the n ™ Fibonacci and Lucas numbers, respectively [Salter, 2005; Atanassov
etall., 2002].
Definition 2.1.3. (Inner Product) Let's take Fn:"ﬁnm Fibonacci vectors, and Z;"l : Z;"Z Lucas vectors

for each m positive integer and each 7 integer. The Euclidean inner product between the two

Fibonacci vectors is

(Fr.Er)=F,F, +F,F, +.+F

n m+m=1" ny+m-1

m= oty +m-1 If m iS cven
=91 i .
g(LanlJranrnH _(_1) ] L”z”ﬁ) If mis Odd,
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the Euclidean inner product between the two Lucas vectors is

<Zf; L > =L L, +LL +.+L L.
5F, mﬂl+,1z+,n,1 If mis even
B Lan1+;1,+m—] _(_1)"! Ln?_n] If mis Odd,

and the Euclidean inner product between a Fibonacci and a Lucas vector is defined as

<F_;"1n ? E’:Z > = E‘I L”z + F;Tl LVlg et El, +m—1an+m—1
5FmE11+m+m—1 If mis even
) LmF;rﬁnﬁm—l +(_1)"1+1 F;'z*"] If mis odd

, [Salter, 2005].

Definition 2.1.4. (Norm) The norm of the ]5”'” Fibonacci vector for each m positive integer and each

n integer is
5 B If m is even
& =11 , ,
g(LmL2,1+m,1—2(—l) ) If mis odd,

and the norm of the Z’: Lucas vector is defined as

w2 |SEE, . If mis even
L' =
|22 LL,.,  +2(-1) If mis odd

, [Salter, 2005].
Definition 2.1.5. (Vector Product) Let {¢,,¢,,¢,} be the orthonormal basis vectors of the

Euclidean-3 space and F"n] , I:"n2 are Fibonacci 3 vectors. The vector product of the two

Fibonacci vectors is

E] éZ é}
F AF, =|F, F., Fol=(-1)""F,_, (-1.-L1)
F:12 F;rz +1 F;Z +2

and the vector product of the two Lucas 3-vectors is

é ) )
zn, /\an = Ln, Lnl+l Ln,+2 = 5(_1)nl+1 F'nz—n, (1’1’_1)
an Ln2+1 an+2

then the vector product of a Fibonacci and a Lucas 3-vectors is obtained as

€ € &
E AL, =|F, F,, F,,|=(-1)"L,, (1LL-1)
an an +1 an +2

,[Atanassov, et all., 2002 ]
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Corollary 2.1.1. The Fibonacci and Lucas vectors are always perpendicular to the vector (1,1,—1) .
Corollary 2.1.2. The Fibonacci and Lucas vectors are involved in the plane with the normal
vector(l,l,—l) .

Theorem 2.1.4. Let F“”l ,Fnz and ]_5;ﬁ be the Fibonacci 3-vectors. The scalar product of these three

vectors is zero, i.e. <Fnl /\Fm ,1’3,,3 > =0, [Ozdemir, 2020].

Corollary 2.1.3. A parallelepiped can not be composed of Fibonacci vectors, [GUven&Nurkan, 2015].

2.2. The Householder Transformation in the £” Space

The Householder transformation is a transformation that makes a reflection movement with

respect to a line, a plane, or a hyperplane according to the dimension of the space where it is in its
most general form. Let the vectors # and V be the different column vectors in the E”
space. i’ = (u,,u,,.u,)and V' =(v,,v,,..v,) . The product (if,V)=uv, +u,v, +...+u,v, =i'l v
is defined as the Euclidean inner product [Soylu, 2019]. Thus, it is concluded that a vector that is

obtained by the transformation H (i) =u —2rv for a transformation H is a reflection vector of the

vector u with respect to the hyperplane ¥'. The transformation

u,vy _
H(ﬁ)=ﬁ—2<_ _>v
(v.7)
that is obtained in this way is called Householder transformation and the matrix H corresponding to

this transformation is called the Householder matrix [Ozdemir, 2020].
Theorem 2.2.1. For the parameters i,V € E" that are non-zero and different from each other, the

Householder matrix corresponds to the Householder transformation which gives the reflection of the
=t

- - v
vector U with respect to the hyperplane v is H. Thus, it is obtained by H=I-2—, [Aragon-
Y

Gonzalez, 2009].

3. RESULTS

3.1. The Transformations in Fibonacci and the Lucas 3-Vectors and the MAPLE Applications

In this section of the study, the transformation matrixes of Fibonacci and the Lucas 3-vectors have
been obtained by utilizing the applications of the local scaling, general scaling, shearing, reflection,
rotation, translation, and the multiple transformations in the three-dimensional space; and the
properties of Fibonacci and the Lucas 3-vectors which their basic concepts have been given in the
material and the method section. Then, the Householder transformation and the matrix corresponding

to this transformation have been defined in Fibonacci and the Lucas 3-vectors. It has given an
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example for each transformation and the drawings of the figures have been done in the Maple
program.

3.1.1. Scaling in Fibonacci and Lucas 3-Vectors

If a local scaling transformation is applied on Fibonacci 3-vector Efr :[Fn F

n+l

EM], the effect

of the local scaling is

a 000

- 0 e 00
|:F;13Tj|[T] = [E7 F;wl Fn+2 1] 0 0 j 0 (3 1 )

00 01

=[aF, eF,, jF,, =[F F, F., 1],

and when the local scaling transformation is applied on Lucas 3-vector ZzT = [Ln L, ., L,Hz] ,

the effect of the local scaling is obtained as

N
3
83
—_
—
(]
S O N O
S~ O O
- O O O

=laL, eL,, JjL., 1]=[L’ L, L. 1]

Now apply this transformation with an example.

Example 3.1.1.1. Scaling in Fibonacci and Lucas 3-vectors
Assume that the local scaling transformation of Fibonacci 3-vector Fl”, which is known as
homogenous position vectors £ =[F, F, F, 1]=[1 1 2 1], by the scaling factors

2,2,3 through the x, y, z axis, respectively is

2

rl-|,
0

0

[=IR=T S =
S W o o

0].
0
1
When this transformation is applied to Fibonacci 3-vector F’l” by using the Equation (3.1);

=2 2 6 1]

LFT =B m=[r 12 1]

000
200
030
001

[ R N ]

is obtained. If the same transformation is applied to the vector

L =[L, L, L, 1]=[1 3 4 1] byusingEquation (3.2), the resultis
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2

’ 2612 1]

(L7 ]=[L )= 3 4 1

S O O

0
0
3
0

_—o o O

0
The position vectors of Fibonacci and Lucas 3-vectors 151” and 1:13T after the local scaling are

F"=[2 2 6 1]and L =[2 6 12 1], and they are shown in the following figures.

03

,_rrrq '“‘r-rry-,.._r
o £F LR A
igu A. ing in Fi i u -V
Figure 3.1. The scaling in Fibonacci and Lucas 3-vectors

Example 3.1.1.2. General Scaling in Fibonacci 3-Vector
The scaling of the Fibonacci 3-vector I:"l” in a magnitude that equals to its three-fold

(increasing the dimension to three-fold) is done by the transformation
000

(=

0
1
0

w o O

When this transformation is applied to Fibonacci 3-vector 1:"1" , the homogenous position vector

=[1 12 3]

(= = =)
w o o O

1 0
(B[ =0 2 ),
0 0

is obtained. Note that the homogenous coordinate factor is 7 =3 for each of the rotated position

vectors. Thus, in order to get the ordinary physical coordinates, each position vector has to be divided

h . The result is obtained as [171"] =[1/3 1/3 2/3 1] anditis shown in the following figure.
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Figure 3.2. General scaling in Fibonacci 3-vector

3.1.2. Shearing in Fibonacci and Lucas 3-Vectors

F

n+2

The shearing transformation of the Fibonacci 3-vector F." =[F, F,

n n+l

] is obtained as

1 b ¢ 0
- d 0
[EMT=[F, F. Fo o1 !
g i 10
00 01
_ ; (3.3)
- [F;1 +dE1+1 + gE1+2 bE1 + E1+] + an+2 CF; +</1Fn+l +Fn+2 1]
If the shearing transformation is applied to Lucas 3- vector )" = [L, L., L]
1 b ¢ O
d 0
[N AN R
g i 1 0
0 0 0 1
_ , (3.4)
- [Ln + dLn+l + gLn+2 bLn + Ln+l + an+2 CLn + an+l + Ln+2 1]

is obtained.

Example 3.1.2.1. Shearing in Fibonacci and Lucas 3-Vectors
The shearing transformation of the Fibonacci 3-vector F,” , the transformation is obtained as

1075 025 0

(7= 025 1 08 0]
05 075 1 0
0o 0 0 1

From Equation (3.3), we have

1 0.75 0.25

0
0.25 1 0.8 0
0
1

[F]”*]:[F]”][T]:[l 12 1] os 095 1 =[2.75 3.25 3.05 1].

0 0 0
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If the same transformation is applied to the vector Zfr =[Ll L L, 1]:[1 3 4 1] by using the
Equation (3.4);

1 075 025 0
025 1 08 0
=[3.75 6.75 6.65 1]
05 075 1 0
1

0 0 0

is obtained. The results are; [ﬁl”']:[z,ﬁ 325 3.05 1] and [ET'}:[3_75 6.75 6.65 1], and they

are shown in the following figure.

7 g
F l_.' s 1 T :
24 4
y.y* 4]
= vyt
- I
> 2

Figure 3.3. Shearing in Fibonacci and Lucas 3-vectors

3.1.3. Rotation in Fibonacci and Lucas 3-Vectors

When the rotation transformation is applied to the Fibonacci 3-vector F =[F, F,, F,,]

and the Lucas 3-vector L, =[L, L,, L,,] by an angle d about the x-axis; the transformation

has become
1 0 0 o0
0 cosf sind O
[7]= : ;
0 —sin@ cos@ O
0 0 0 1
and
1 0 0 0
- 0 cosd sin@ O
F[T|=[F, F, F
[” ][] (£, P B ]O —sin@ cosf 0
0 0 0 1
. . (3.5)
=[F, F,cos0-F, ,sin F, sin@+F,,cos0 1]

and
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1 0 0 0
0 cosf sind 0

[ETT][T] =l L L 1] 0 -sin@® cos@ 0 (3.6)
0 0 0 1

=[L, L,,cos0-L,,sin@ L, sinf+L,,cos0 1].

n+l
are obtained. Similarly, the transformation matrix for a rotation by an angle ¥ about the Z -axis is

cosW sin¥ 0 O

[]_ —sin¥ cos¥ 0 O
1o 0 10/
0 0 0 1
and
cosW sin¥ 0 0
- —sin¥ cos¥ 0 O
F'I\[T|=[F, F,, F,, 1
[ n ][ ] [ n n+l n+2 ] 0 O 1 0
0 0 01
. . (3.7)
=[F,cosW+F,, sin¥ —F,sin¥V+F, cos¥ F,, 1],
and
cosW sin¥ 0 O
. —sin¥ cos¥ 0 O
L' \[11=[L, L. L,, 1
|: n ][ ] [ n n+1 n+2 ] 0 0 1 0
0 0 01
) . (3.8)
=[L,cosW+L,, sin¥ —LsinW+L  cos¥ L., 1]
are obtained.
The transformation matrix for a rotation by an angle ¢ about the y -axis is
cos¢p 0 —sing O
0o 1 0 0
[r1=| .
sing 0 cos¢g O
0 0 0 1
and
cosgp 0 —sing 0
- 0 1 0 0
[ETIr)=[F, F F. 1
sing 0 cosg O
0 0 0 1
. . (3.9)
=[F,cosp+F,,sing F,, -Fsing+F,,cosg 1],
and

10
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cos¢p 0 —sing O
0 1 0 0
n n+1 Ln+2 1] .
sing 0 cos¢g O
0o 0 0 1
7Ln

,sing L, sing+L,,,cos¢ 1] (3.10)

N+

=[L,cosp+L

are obtained.
Example 3.1.3.1. Rotation in Fibonacci and Lucas 3-Vectors
The position vector [132"] is obtained as /5" =[F, F, F, 1]=[1 2 3 1]. When a rotation is

applied to the Fibonacci 3-vector F;T by an angle ¢ =90" about the y -axis, the transformation

O 0 -1 O

01 0 o0
[71=1] o o o
0 0 o0 1

is obtained. With the application of the transformation to the Fibonacci 3-vector 152”

0

[E7r]=1 2 3 1]

(27

(=R =

is obtained.

If the same transformation is applied to the vector " =[L, L, L, 1]=[3 4 7 1]by

using the Equation (3.10), the result is

(&7 |=[rir]=[3 4 7 1]

=[7 4 -3 1].

S = O O
S O = O
o O
—_ o O o

The new position vectors [ﬁ;f]:p 2 -1 1] and [EZT’]:P 4 -3 1]are shown in the following

figure.

g T d "

e & 0

5 67

z2z*

Figure 3.4. Rotation in Fibonacci and Lucas 3-vectors

1
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3.1.4. Reflection in Fibonacci and Lucas 3-Vectors

Let's apply the reflection transformation to the Fibonacci 3-vector 17"'1" :[F F. FM] and the

Lucas 3-vector ;' =[L, L, L,,]-

Thus, the transformation matrix for a reflection through the Xy plane is

-1
0

(=R ]
- o o O

The reflection of Fibonacci and Lucas 3-vectors through the Xy plane is

1 0 0 O
- 01 0 O
ETT=IF R Fe Wl o 2y olF[E B —F 1)
and
1 0 0 O
- 01 0 O 12
L A S | o N T | (3:12)
00 0 1
To be reflected on the )z plane, the transformation
-1 0 0 0
0 1 0O
1=l o 1 o
0 0 0 1
is used. The reflection of Fibonacci and Lucas 3-vectors through the )Z plane is
-1 0 0 O
- 0100
[E=1F Fa Fe 0 o) olFFR Fa Fa 1
0 001 (3.13)
and
-1 000
B — 0 100
|:Ln :|[T]_[Ln Ln+l Ln+2 1] 0 01 0 _[_Ln Ln+1 Ln+2 1]’
0 001 (3.14)

and to be reflected on the xz plane, the transformation

12
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1 0 00
0 -1 0 0
1=10 0 1
00 01

is used. The reflection of Fibonacci and Lucas 3-vectors through the xz plane is,

is used. The reflection of Fibonacci and Lucas 3-vectors through the xz plane is,

I 0 00
- 0 -1 0 0
I [ L | S N T A |
0 0 01 (3.15)
and
1 0 00
~ 0 -1 00
[L:T][T]:[L" LVHI LVHZ 1] 0 0 1 0 _[Ln _Ln+l Ln+2 1]
0 0 01 (3.16)

Example 3.1.4.1. Reflection in Fibonacci and Lucas 3-Vectors
Given the fact that the Fibonacci 3-vector ﬁ;r Fibonacci 3-vector and the Lucas 3-vector Z;T the
matrix of the position vectors [F;TJ and [ZzTJis given as;

T =[F rF, r, 1]=[2 3 5 1]

Ly =[r, L, L 1]=[4 7 11 1]

The transformed position vectors from the Equations (3.15) and (3.16) after the reflection through

the xz plane have become

1000
7 P 0 -1 00
(BT ]=[Am]ir]=2 3 5 1] o 0 1 olf2 351
00 01
and
0 00
, 0 -100
[Zr]=[Eim=[4+ 7 1 1, Lol T ]
00 01

The obtained vectors [ﬁ;r]zp -3 5 l]and [[27'}:[4 -7 11 1] are shown in Figure

3.5.

13
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~

- > -
G BRI B e oo e ! Y N T I = s
Tl 4 0.5 1 1.5 2 4,‘ l 2 3 4
54 l..l"_l_- XX IOZ_:;_. w
5 ]

e u&l‘
5

Figure 3.5. Reflection in Fibonacci and Lucas 3-vectors

3.1.5. Translation in Fibonacci and Lucas 3-Vectors

The three-dimensional translation matrix of the Fibonacci 3-vector F>" :[Fﬂ F

n+l

F,,,] and the
Lucas 3-vector [" =[L, L, L,,]Iisgivenby

0
0
1

n

7)-

A e N s S
IS o —~ ©
— o o O

When the translation matrix is applied to the Fibonacci 3-vector F’fr and the Lucas 3-vector Z;T, the

translated homogenous coordinates

1 0 00
R , 01 00
[Eq Fn+l F;?+2 h]z[Fn Fn+1 Fn+2 1] 0 0 O
m n 1
and
I 0 0
[L:r Lr,1+l L»2+2 h]:[Ln Ln+| L*l+2 1] 0 1 O
0 0 0
I m n 1
are obtained. When they are extended, the equation
(FFL Bl h|=[E 0 Fuem Fen ]
(L, L. L. h)=[L+] L,+m L.+n 1] (3.17)

is obtained. The transformed physical coordinates are;

14
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’ r_
F:1:F;1+l Ln_Ln+l
’ ro_
E1+1 = Eq+1 +m Ln+1 _Ln+1 +m
’ ro_
E1+2 :Er+2 +n Ln+2 _Ln+2 +n

Example 3.1.5.1. Translation in Fibonacci and Lucas 3-Vectors

Consider the Fibonacci 3-vector F;T and the Lucas 3-vector ZfT. The position vectors

[F?T] and [Z;TJ are obtained as

Frolr £ R =2 35 1]

Ly =[L, L, Ly 1]=[4 7 11 1]

When the translation transformation is applied to the Fibonacci 3-vector 153” and the Lucas 3-vector

Z;T , the result is

1 000

0100
T=
[]0010

50 01

The translated homogenous coordinates are obtained by the matrix multiplication

1000
BT |=[FT]ir)=[2 3 s 1]2 (1) (1) g=[7 305 1],

500 1

and

1000

I T 0100
[LfTJ:[LfT}[T]:H N e (AR

500 1

from Equation (3.17). The obtained position vectors at the end are given by
F/=7 L;=9

F/=3 L, =7
F/=5 L =11

15



International Journal of Applied Mathematics and Statistics

and shown in the following figure.

g% ?0 L2 3 4 5 ¢ 7
XX
5

Figure 3.6. Translation in Fibonacci and Lucas 3-vectors

3.1.6. Multiple Transformations in Fibonacci and Lucas 3-Vectors

If a combined transformation matrix is used for a general Fibonacci and Lucas 3-vectors, the
result is obtained as

cos ¢ 0 —sin¢ 0]
singsin @ cos @ cosgsingd 0
[13,7”}[7"] _ [F,, F.F., 1] sirll¢cosﬁ —-sinf  cos ¢'cos¢9 0
cos¢ mcos @ —Ising 1
+msingsin@ -nsin€ +mcosg@siné
| +nsingcos & +ncosgcosd |
(F,+I)cos¢ (F,.,+m)cos6 —(F,+1)sin¢ 1 (3.18)
=|+(F,.,+m)singsin® —(F,,,+n)sin@ +(F,, +m)cospsiné
+(F,., +n)singcosf +(F,,, +n)cosgcosf
and
cos ¢ 0 —sing 0]
singsin @ cos@ cosgsind 0
[ZET}[T] _ [L” L, L, 1] singcosd  —sinf  cos ¢Fos0 0
lcos¢ mcos @ —Ising 1
+msingsin@ -nsin@ +mcos@sin b (3.19)
| +nsingcosd +ncospcost |
(L,+1)cos¢ (L, +m)cos6 —(L, +1)sing 1
=|+(L,, +m)singsin@ —(L,,,+n)sin@ +(L,,,+m)cosgpsind
+(L,., +n)singcosd +(L,,, +n)cospcos &

The following example shows this concept clearly.

16
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Example 3.1.6.1. Multiple Transformations in Fibonacci and Lucas 3-Vectors

When the Fibonacci 3-vector F, which is defned by £, =[F F £ 1]=[1 1 2 1],
is first translated +2,42,+2 unit in the direction of x, y,z and then, in sequence, a +60° rotation
transformation around the x-axis and a +90° rotation transformation around the y -axis are applied,
respectively; in other words when it applied by taking the values
0=460",0=490",/ =+2,m=+2,n=+2 from the Equation (3.18),

0 0 -1 0

B, 1.155 0577 0 0
[F]r]=[1 1 2 1] 0577 _11ss o o|"I3773 2888 =3 1]
1

3.464 -1.155 -2

is obtained. The result is shown in the figure.

.;%'
!
Figure 3.7. Multiple transformations in Fibonacci 3-vectors

3.2. The Householder Transformation and The MAPLE Applications for Fibonacci and Lucas
Vectors

In this part of the thesis, how the Householder transformation will be defined for Fibonacci and
Lucas number vectors has been analyzed. Let ﬁﬂ:" and 15”'” be m-dimensional Fibonacci vectors. The

orthogonal projection vector of the vectorﬁn’” on the vector ﬁn’j has been found. Also, the vertical

projection vector of the vector Z:: on the vector Z:: has been found, as well. The matrixes

corresponding to these reflection transformations have been obtained and examined in terms of the
reflection properties. Then, as regards the integer m is even or odd, the Householder transformation
and the matrix corresponding to this transformation have been obtained for the m-dimensional

Fibonacci and Lucas vectors by utilizing the inner products of Fibonacci and Lucas vectors.
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3.2.1. The Householder Transformation for the m-Dimensional Fibonacci Vectors

Let the m-dimensional Fibonacci vectors F" and F" , be

n ny

Jand )7 =[F, F,., . F

ny+m—1

] . The vertical projection

m+m—1

mT __
EM=|F, F,. F
vector of the vector F'}" on the vector F,: is given by

(FmEmy
G

The Householder transformation which satisfies the reflection of the vector F']" on the vector F”'Z" is

n

izd_, (13’”) =

n
Fy i

defined by the equation

H(an):F:;n—2<_‘ _.Z>F;7m (320)
1 1 <FZ‘,F;:> 2
The Householder transformation by using the Euclidean inner product can be written as
H (va) _ o 2 F;'l, F'nz + E11+1F;lz+1 oot E1]+nz+rn—1E1]+rxl+n1—l va

By using the inner product definitions of Fibonacci vectors in Definition 2.1.5 and depending on the
integer m is even or odd, the alternative demonstration of the Householder transformation from the
Equation (3.20) can be obtained as:

If the integer m is even the result is

= I F F —1 = I F;: mtm—1 15
H (F'n,ln) _ F;,yln ) m* oy +m-1 F,ﬂ,zy, _ F:l,, _2 71y +m—1 F;Zz, (3-21)
F;nF'anerfl F‘2n2+m71

if the integer is odd, the result is

(Fr)=F zé(LanﬁWI L)
H(F")=F"— m
& & 1 s o)
g(LmLZnZer—l _2(_1) ) (322)
- Lan tnyrm—l (_1)”1 Ln —n =
= F:l" -2 177 2T fm

é(LmLZHZmeq — 2(_1),,2 ) ny

—m

—m
The Householder transformation which satisfies the reflection of the vector £, on the vector F', is

found by
va rmT
H=7-2-2-2—. (3.23)
N ET
2 2
Especially, when Fibonacci vectors are taken in the Euclidean-3 space by using the Equation (3.22),

i.e. m=23, the Householder transformation is
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H (FZ) _ F:3 2 LSLn,+nZ+2 - (_1)"1 an—n, F’3

! L3L2n2+2 _2(_1)n2 "
and the Householder matrix from Equation (3.23) corresponding to this transformation is obtained as
by
H=71-2 PR (3.24)

3.2.2. The Householder Transformation for the m-Dimensional Lucas Vectors

Let the m-dimensional Lucas vectors ]_;:: and Z:', be L':]T = [Ln] L, - L,,]er,l:'and

- -
L:'Z =|:Ln2 L, . ...L,,zm,,] . The vertical projection vector of the vector L on the

m

vectorL;n2 is given by

- L) -,
izd_, (L) = ﬁL

The Householder transformation which satisfies the reflection of the vector L':l on the vector L':z is

n

defined by the equation
H(L)=1I; —2%@;. (3.25)

The Householder transformation by using the Euclidean inner product can be written as

H Zm _ Zm _ 2 Lrll an + Ln]+1Ln2 +1 +..+ Ln]+;12+11171Lr1]+n2+mfl En
) L +L  +.+L "
Ny my+l ot 2n, +m—1

By using the inner product definitions of Lucas vectors in Definition 2.1.5 and depending on the
integer m is even or odd, the alternative demonstrations of the Householder transformation from the
Equation (3.25) can be obtained as;

If the integer m is even the result is

_ ~ SFmEr T =, E; +iy+m—1 )
H(L’:’:):L:Z_z 1+ LZ: :L’;: —2;[4:‘7, (3.26)
SF:nF'ZnZerfl ’ 2ny+m-1 )
if the integer m is odd, the result is
- - L L -1 = = Lﬂ m+m=1 7
H(["\=F" -2 'm =+, +m le =]"_-9) |t IL'" . (3.27)
n n) L L n, n) L n,
'm™~2n+m-1 2n+m-1

The matrix corresponding to the Householder transformation which satisfies the reflection of the

vector L' on the vector L is found by
1 2
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Tm ymT
H=7/-2 ZZ’ZT Z ) (3.28)

Especially, when Lucas vectors are taken in the Euclidean 3-space, i.e. m =3, The Householder

transformation from the Equation (3.27) is obtained as

L»1I+»12+
H(L)=L, —2L—2L*f12.

2n+2
The Householder matrix corresponding to this transformation is computed by the equation
73 737
H=/-2=2=
= Z3TZ3 . (3.29)

ny ny

Example 3.2.1.1. The Householder Transformation in Fibonacci 3-Vectors

In order to find the vector which is the symmetry of the Fibonacci 3-vector
F;T: [F2 F, F4]:[1 2 3] with respect to the plane x+ y+2z =0 in the Euclidean 3-space,
the Householder transformation can be applied. In order to get the vector that is the symmetry of the

vector F"; with respect to the plane x+ y+2z =0, an orthogonal vector has to be found, and this

vector can be chosen as a normal of the plane in the shape of 15]” :[1 1 2] . Thus, the

Householder matrix is obtained from Equation (3.24) as

1
11 1 2]
253 j$3T 2
3 m oy
H(Fn):l—zﬁ—lfz—l,
[1 1 2]/1
2

1 00 21 12 4 -2 4 | 2 -1 =2
H(F)=[0 1 0|-3|1 1 71 I D SIS L DR S
6 6 3
001 2 2 4 -4 -4 2 -2 2 -1
Therefore, it can be easily seen that it is a matrix which is orthogonal, symmetrical and accordingly

the inversion of it is equal to itself. Thus, this matrix is obtained as

12 -1 2701 1—6 )

uH(F3):— 1 2 2|2|==3|=| 1.
)3 3

2 2 1|3 9| -3

The result is given in the following figure.
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Figure 3.8. The Householder transformation in Fibonacci 3-vector

4. DISCUSSION AND CONCLUSION

Fibonacci and Lucas numbers have been used in many disciplines since their discovery. It is one of
the number types that allows us to witness the wonder of nature, especially since it has to do with the
golden ratio. Therefore, the handling of the Fibonacci and Lucas numbers in our study will give a new
perspective in terms of the geometrical design of objects. In our study, three-dimensional
transformations of vectors consisting of Fibonacci and Lucas numbers such as rotation, displacement,
reflection and scaling were examined. In addition, householder transformation using these vectors has

been defined for the first time and explained by numerical examples.
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