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ABSTRACT

In this article, we present some substantial spectral data for discontinuous fractional Sturm-
Liouville equation involving conformable fractional derivative. We prove that the discontin-
uous fractional Sturm-Liouville operator is symmetric, the eigenvalues are real and the
eigenfunctions corresponding to different eigenvalues are orthogonal. The given spectral
data like representations of the solutions under different initial conditions, the asymptotics
for the eigenfunctions and eigenvalues are applied in terms of limit based local derivative.
Also, visual results are demonstrated with graphics for different orders and different poten-
tials to check the behaviours of the solutions.

Keywords: discontinuous Sturm-Liouville equation, conformable derivative, asymptotic for-
mula, spectral data.

2000 Mathematics Subject Classification: 34B37, 47A05, 47A75.

1 Introduction

Conformable derivative was presented to the literature by Khalil et al. in study (Khalil, Horani,
Yousef and Sababheh, 2014). This new derivative depending on the basic limit definition of the
derivative called as ”conformable fractional” because of having fractional α power in the shift.
Conformable derivative of f of order 0 < α ≤ 1 is given as

T a
αf (t) = lim

ε→0

f
(
t+ ε (t− a)1−α

)
− f (t)

ε
.

The reason we use the conformable derivative is that it has the same features with the ordinary
derivative such as quotient of two functions and the derivative of the product. Also it provides
change of order between 0 < α ≤ 1, if α = 1, it equals to the ordinary derivative. That’s
why many scientists have worked on this derivative. Some of those are (Atangana, Baleanu
and Alsaedi, 2015; Jarad, Uğurlu, Abdeljawad and Baleanu, 2017; Horani, Hammad and Khalil,
2016; Abdeljawad, 2015; Hammad and Khalil, 2014; Qureshi, Yusuf and Shaikh, 2019; Qureshi
and Yusuf, 2019; Qureshi and Atangana, 2019; Yilmazer and Ozturk, 2019).
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Katugampola introduced another conformable derivative known as proportional α-derivative
or Katugampola derivative in (Katugampola, 2014). This definition includes a proportional ra-
tio as eεt

−α
in place of shifting. It was considered by Anderson and Ulness (Anderson and

Ulness, 2015a; Anderson and Ulness, 2015b). The groundwork spectral theory of regular
second order operators is composed of Sturm-Liouville (S–L) theory. S–L problems have con-
siderable importance due to their numeruous application in mathematics, physics, engineering
etc. Some studies about S–L eigenvalue problems are (Ercan and Panakhov, 2020; Levitan
and Sargsjan, 1975; Freiling and Yurko, 2001; Kablan, Chisha and Hasan, 2018) . Important
results for the classical S–L problem are contained the asymptotic formulas of norming con-
stants, eigenvalues, eigenfunctions, etc. Many studies on the general theory of boundary value
problem with continuous coefficients have been considered but the spectral structure of similar
problems with discontinuities is known very little.
The concept of boundary-value problems with discontinuities has applications in mathematics,
mechanics, geophysics and other branches of natural properties. The studies on the discontin-
uous S–L problems have been considered in (Amirov, 2006), (Aydemir and Mukhtarov, 2016),
(Ercan and Panakhov, 2019) and (Topsakal and Amirov, 2010). In this study, we give the
asymptotic behaviors of the eigenfunctions and eigenvalues for conformable discontinuous S–
L problems. S–L problems and its basic spectral features including conformable derivatives
were studied by (Abdeljawad and Al-Refai, 2017), (Anderson and Ulness, 2015a), (Anderson
and Ulness, 2015b). Fractional S–L problems in Riemann-Liouville and Caputo sense and other
derivatives were studied by (Ansari, 2015; Bas and Ozarslan, 2018; Bas, Ozarslan, Baleanu
and Ercan, 2018; Ozarslan, Ercan and Bas, 2019). Fractional discontinuous S–L problems
were considered in study (Yakar and Akdogan, 2017).
In this study, we want to extend general spectral theory of fractional S–L problems in the
case of conformable discontinuous S–L problems and with this end, we show the properties
of operator and obtain the representations of the solutions under different initial conditions and
the asymptotics for the eigenfunctions and the eigenvalues. The main benefit of conformable
derivative enabing arbitrary change of order is that it allows us to better deal with the problem
at hand. Also, we check the solutions by graphs for different potentials and different orders.
Thereby, we can observe the behaviours of solutions.

2 Preliminaries

This section contains some fundamental definitions and lemmas related to confromable calcu-
lus theory by quoting from (Khalil et al., 2014; Horani et al., 2016; Hammad and Khalil, 2014;
Anderson and Ulness, 2015a; Anderson and Ulness, 2015b).

Definition 2.1. Let f : [a,∞) → R and t > 0. The left fractional conformable derivative of f of
order 0 < α ≤ 1 is given by,

(T a
αf) (t) = lim

ε→0

f
(
t+ ε (t− a)1−α

)
− f (t)

ε
.
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The right fractional conformable derivative of order 0 < α ≤ 1 is given by

(
b
αTf

)
(t) = − lim

ε→0

f
(
t+ ε (b− t)1−α

)
− f (t)

ε

If, in addition, f is differentiable, then T a
α (f) (t) = t1−α df

dt (t).

Definition 2.2. (Khalil et al., 2014) Let α ∈ (0, 1] and t > 0. Then, conformable left and right
fractional integrals of order α are defined as follows:

(Iαa f) (x) =

x∫
a

f (t) dα (t, a) =

x∫
a

f (t) (t− a)α−1 dt,

(
bIαf

)
(x) =

b∫
x

f (t) dα (t, b) =

b∫
x

f (t) (b− t)α−1 dt,

respectively.

Definition 2.3. Let y, z : I → R be α−differentiable on I, then the conformable wronskian of y
and z is defined by

Wα (y, z) (t) = det

(
y (t) z (t)

Tα
a y (t) Tα

a z (t)

)
, for t ∈ I.

Lemma 2.1. Suppose that f : [a,∞) → R is continuous and 0 < α ≤ 1. Then for all t > a we
have

T a
αI

a
αf (t) = f (t)

Let 0 < α ≤ 1 . If the function f : (a, b) → R is differentiable then we have for all t > a

IaαT
a
αf (t) = f (t)− f (a) .

Lemma 2.2. Suppose that f : (−∞, b] → R is continuous and 0 < α ≤ 1. Then for all t < b we
have

bTα
bIαf (t) = f (t) .

Let 0 < α ≤ 1. If the function f : (−∞, b] → R is differentiable then we have for all t < b

bIα
bTαf (t) = f (t)− f (b) .

Theorem 2.3. Let f, g : [a, b] → R be functions such that f ∈ Iα ([a, b]) with T a
αf is continuous

and g ∈α I ([a, b]) with bTαg is continuous and 0 < α ≤ 1. Then

b∫
a

(T a
αf) (x) g (x) dα (x, a) =

b∫
a

f (x)
(
bTαg (x)

)
dα (b, x) + f (x) g (x)|ba .

Now, we consider conformable discontinuous Sturm-Liouville equation

−T 0
αT

0
αy (x) + q (x) y (x) = λy (x) , 0 < x < d, ,

−πTα
πTαy (x) + q (x) y (x) = λy (x) , d < x < π, (2.1)
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where λ = k2 is a spectral parameter, 0 < α ≤ 1, x ∈ [0, π] , Tα
0 and π

αT are conformable
derivative operators, y (x) is 2α−continuously differentiable on [0, π] , that is y ∈ C2α [0, π],
q (x) is a real-valued and continuous function on [0, π] , T 0

αy (x) and πTα are continuous on
[0, π] . We use the boundary conditions given by

T 0
αy (0)− hy (0) = 0, (2.2)

πTαy (π) +Hy (π) = 0, (2.3)

and jump conditions {
y (d+ 0) = −βy (d− 0)

πTαy (d+ 0) = β−1T 0
αy (d− 0)

(2.4)

where β, d, h, H are real constants, d ∈ (0, π) , β �= 1, β > 0. Consider the inner product on
L2 (0, π) Hilbert space, as follows:

〈f, g〉 =
d−0∫
0

f (x) g (x)dαx+

π∫
d+0

f (x) g (x)dαx

where f (x) , g (x) ∈ L2 (0, π) and dαx ≡ xα−1dx. We define the operator L in this space with
domain
D (L) =

{
f : f (x) , T 0

αf (x) and πTαf (x) are absolutely continuous in [0, d) ∪ (d, π] , �αf ∈ L2 (0, π) ,

T 0
αf (0)− hy (0) = 0, f (d+ 0) = −βy (d− 0) ,π Tαf (d+ 0) = β−1T 0

αf (d− 0)
}

and acting law
Lf := �αf.

Hence, the problem (2.1)-(2.4) can be written as follows

Lv = λv.

3 Main Results

The useful feature of the conformable derivative is that it has properties similar to the ordinary
derivative. It also allows us to observe the change of order between 0 < α ≤ 1, when α = 1,

it corresponds to ordinary derivative. Spectral theory of Sturm-Liouville problems was ana-
lyzed by Levitan and Sargsjan (Levitan and Sargsjan, 1975) in classical case. Differently from
(Levitan and Sargsjan, 1975), we consider spectral asymptotics of discontinuous fractional
Sturm-Liouville problems making use of the conformable derivative. In this part, we discuss
some properties of operator L and asymptotics of the eigenfunctions and the eigenvalues of
problem (2.1)-(2.4).

Theorem 3.1. The linear operator L is symmetric.

Proof. Let f, g ∈ D (L).
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〈Lf, g〉 − 〈f, Lg〉 =

=

d−0∫
0

Lf (x) g (x)dαx+

π∫
d+0

Lf (x) g (x)dαx−
d−0∫
0

f (x)Lg (x)dαx−
π∫

d+0

f (x)Lg (x)dαx

=

d−0∫
0

(−T 0
αT

0
αf (x) + q (x) f (x)

)
g (x)dαx+

π∫
d+0

(−πTα
πTαf (x) + q (x) f (x)) g (x)dαx

−
d−0∫
0

(−T 0
αT

0
αg (x) + q (x) g (x)

)
f (x)dαx−

π∫
d+0

(−πTα
πTαg (x) + q (x) g (x)) f (x)dαx

=

d−0∫
0

(
f (x)T 0

αT
0
αg (x)− g (x)T 0

αT
0
αf (x)

)
dαx

+

π∫
d+0

(
f (x)

π
Tα

πTαg (x)− g (x)
π
Tα

πTαf (x)
)
dαx

= f (x)T 0
αg (x)− g (x)T 0

αf (x)
∣∣∣d−0

0
− f (x)

π
Tαg (x)− g (x)

π
Tαf (x)

∣∣∣π
d+0

By using conditions (2.2)-(2.3) and jump conditions (2.4), we have

〈Lf, g〉 = 〈f, Lg〉 .

So L is symmetric. Furthermore, it is easily seen that the operator L is self adjoint.

Lemma 3.2. All eigenvalue of problem (2.1)-(2.4) are real.

Lemma 3.3. Two eigenfunctions f (x, λ1) and g (x, λ2) corresponding to different eigenvalues
λ1 and λ2 are orthogonal, i.e.

π∫
0

f (x, λ1) g (x, λ2)dαx = 0.

Now we will give the representations of the solutions by integral equations for conformable
discontinuous Sturm-Liouville problems.
Let ϕ (x, k) and ψ (x, k) be the solutions of equation (2.1) satisfying the initial conditions re-
spectively,

ϕ (0, k) = 1, T 0
αϕ (0, k) = h, (3.1)

ψ (π, k) = −1, πTαψ (π, k) = H, (3.2)

and the jump conditions (2.4).

 International Journal of Applied Mathematics and Statistics

75



Theorem 3.4. We have the integral equations for solutions of the problems (2.1), (2.4), (3.1)
and (2.1), (2.4), (3.2) as follows, respectively,

ϕ (x, k) = cos
kxα

α
+

h

k
sin

kxα

α

+
1

k

x∫
0

sin k

(
xα − tα

α

)
q (t)ϕ (t, k) dαt, x < d. (3.3)

ϕ (x, k) = −
(
β+ cos

kxα

α
+ β− cos

k (xα − 2dα)

α

)
− h

k

(
β+ sin

kxα

α
− β− sin

k (xα − 2dα)

α

)

−1

k

d∫
0

(
β+ sin k

(
xα − tα

α

)
− β− sin

k (xα + tα − 2dα)

α

)
q (t)ϕ (t, k) dαt

+
1

k

x∫
d

sin k

(
xα − tα

α

)
q (t)ϕ (t, k) dαt, x > d. (3.4)

ψ (x, k) = − cos
k (π − x)α

α
+

H

k
sin

k (π − x)α

α

+
1

k

π∫
x

sin k

(
(π − x)α − (π − t)α

α

)
q (t)ψ (t, k) dαt, x > d. (3.5)

ψ (x, k) = dα−1 (π − d)1−α

{
β+ cos

k (π − x)α

α
− β− cos k

(2 (π − d)α − (π − x)α)

α

−H

k

(
β+ sin

k (π − x)α

α
+ β− sin k

(2 (π − d)α − (π − x)α)

α

)

+
1

k

π∫
d

(
β− sin k

(2 (π − d)α − (π − x)α − (π − t)α)

α
+β+ sin k

((π − t)α − (π − x)α)

α

)
q (t)ϕ (t, k) dαt

+
1

k

d∫
x

sin k
((π − x)α − (π − t)α)

α
q (t)ϕ (t, k) dαt

⎫⎬
⎭ , x < d (3.6)

where

β+ =
1

2

(
β +

(π − d)α−1 d1−α

β

)
and β− =

1

2

(
β − (π − d)α−1 d1−α

β

)
. (3.7)

Theorem 3.5. Let be k = σ + iτ. As |λ| → ∞ uniformly in x for 0 ≤ x ≤ π, the following
asymptotics are valid.

ϕ (x, k) = cos
kxα

α
+

1

2k
sin

kxα

α

x∫
0

q (t) dαt+O

(
1

k
exp |τ | x

α

α

)
, x < d

ϕ (x, k) = −
(
β+ cos

kxα

α
+ β− cos

k (xα − 2dα)

α

)

− 1

2k

x∫
d

(
β+ sin

kxα

α
+ β− sin

k (xα − 2dα)

α

)
q (t) dαt+O

(
1

k
exp |τ | x

α

α

)
, x > d (3.8)
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For the proof of Theorem 3.5, use the integral equations (3.3), (3.4). Making classical pro-
cesses in (Freiling and Yurko, 2001), the proof can be obtain easily.
Now, we will obtain asymptotics for eigenvalues.

Theorem 3.6. The asymptotic formula for the eigenvalues of the boundary-value problem (2.1),
(2.4), (3.1) is given by √

λn = nαπ1−α + hn +
δn
n

+
ξn
n
, (3.9)

where hn, δn ∈ l∞ ξn ∈ l2.

Proof. The characteristic function of the problem L can be defined as follows

Δ(k) := Wα [ϕ, ψ] = V (ϕ) =π Tαϕ (π, k) +Hϕ (π, k) .

The eigenvalues {λn}n≥0 be the zeros of Δ(k) where

πTαϕ (x, k) = − k (π − x)1−α xα−1

(
β+ sin k

xα

α
+ β− sin k

(xα − 2dα)

α

)

+
(π − x)1−α

2k

{(
β+ sin k

(xα − 2dα)

α
+ β− sin k

xα

α

)
q (x)

+

x∫
d

kxα−1

{
β− cos k

(xα − 2dα)

α
+ β+ cos k

xα

α

}
q (t) dαt

⎫⎬
⎭+O

(
exp |τ | x

α

α

)
. (3.10)

Substituting πTαϕ (π, k) and ϕ (π, k) from the estimates (3.10), for large |k| we obtain the
asymptotic formula (3.9). In here it is easily seen that sinδn = O

(
n−1

)
, i.e. δn = O

(
n−1

)
.

Visual Results

This section contains significiant data which is comparasion of the solutions for discontinuous
S-L problem in terms of conformable derivative. The reason why we prefer this derivative is
that it has same features with the ordinary derivative and is easier to process. We show the
comparasions of the eigenfunctions ϕ (x, k) and ψ (x, k) of the problems (2.1), (2.4), (3.1) and
(2.1), (2.4), (3.2) with the graphics in different cases. The right and left-sided translations are
observed in all graphics as potentials and orders of α increase. The main purpose in drawing
graphs with different values is that one can observe the behavior of representations of solutions
curves for discontinuous SL equation in light of conformable derivative. The left and right sides
of all figures are considering for 0 < x < π

2 and π
2 < x < π, respectively. Assume that h = 1,

H = 1, d = π
2 and and β = 2 for all figures.

Conclusion

In this article, the spectral construction of conformable S-L equation with jump conditions is
investigated. It is a first in the literature to define this kind of spectral problem with jump con-
ditions according to right and left sided derivatives in sense of conformable derivatives. We
have obtained the representations of the solutions through variation of parameters method. By
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Figure 1: Comparisons of the solutions under different orders, λ = 10, q(x) = 0.
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Figure 2: Comparisons of the solutions under different potentials, λ = 10, α = 0.5.
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q�0 q�1 q�2 q�3

0.5 1.0 1.5

�

� 2

� 1

1

2

���

q�0 q�1 q�2 q�3

2.0 2.5 3.0
�

� 1.5

� 1.0

� 0.5

0.5

1.0

1.5

���

Figure 4: Comparisons of the solutions under different potentials, λ = 10, α = 0.5.
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virtue of these representations of solutions we have presented the asymptotics of solutions,
eigenvalues and norming constants. Consequently, we inquire spectral features of discontin-
uous S-L problem by using conformable derivative. In order to calculate the spectral data for
considered problem, one relies on a number of indispensable tools which are already well-
known in classical analysis. By considering this necessity, limit-based local derivatives create
an cognizance to this objective. Because using many features in classical analysis is difficult
to handle for non-local derivatives. Hence, in this study we make use of basic local derivative
which allows us to use arbitrary order and to observe S-L problem in detail. Also, we compare
the solutions ϕ (x, k) and ψ (x, k) with graphics under different orders and different potentials
given by Figure 1-Figure 4. The main purpose in drawing graphs with different values is that
one can observe the behavior of representations of solutions curves for S-L problem in light
of conformable derivative. New applications of conclusions and opinions from this topic shed
light on future problems such as inverse problems of spectral theory.
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