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ABSTRACT

In this paper, consider Picard-Mann hybrid iteration process for nonexpansive semigroups

in CAT(0) spaces. Then, prove strong and A-convergence theorems for such iterative
process in CAT(0) spaces. The results obtained in this paper extend and improve some
recent known results.
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1 Introduction

Fixed point theory in CAT(0) spaces was first studied by Kirk (Kirk, 2003). Since then the
fixed point theory for nonexpansive mappings in CAT(0) spaces has been rapidly developed
and many of papers have appeared (Dhompongsa, Kirk and Panyanak, 2007; Dhompongsa
and Panyanak, 2008; Kirk, 2004; Kirk and Panyanak, 2008). It is worth mentioning that fixed
point theorems in CAT(0) spaces (specially in R-trees) can be applied to graph theory, biology,
and computer science (Bartolini, Ciaccia and Patella, 2002; Bestvina, 2002; Bridson and Hae-
fliger, 1999; Espinola and Kirk, 2006; Kirk, 2004; Park, 2010).

Let (X, d) be a metric space, D a closed convex subset of X and S : D — D a mapping. If
d(Sz,Sy) < d(z,y), for all z,y € D, then S is nonexpansive on D. We denote the set of all
fixed points of S by F(5), i.e., F(S)={zx € X : Sz = z}.

A family S := {S(s) : 0 < s < oo} of mappings on a closed convex subset D of a CAT(0) space
X is called a nonexpansive semigroup if it satisfies the following conditions:

(i) foreacht >0, S(t) is a nonexpansive mapping on D;

(i) S(0)z =z forallx € D;

(iii) S(s+1t)=5(s)oS(t)forall s, t>0;
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(iv) forall z € D, s — S(s)z is continuous.

We use F'(S) to denote the common fixed point set of the semigroup S, i.e., F(S) ={z € D :
S(s)x = x,Vs > 0}.
The Mann iterative process (Mann, 1953) is defined in a CAT(0) space by

Tpt1 = Qply D (1 — an)s.l'n, YV n>0

where {a,} is a sequence in [0, 1]. Li et al. (Li and Yip, 2012) proved the convergence results
of implicit Mann iteration processes with bounded perturbations for approximating a common
fixed point of nonexpansive semigroup in CAT(0) spaces.

The Ishikawa iterative sequence (Ishikawa, 1974) is defined by

Yn = QnTp B (1 - an)Sl‘n
Tp41 = ﬁn,fcn D (1 - 571,)534717

for all n > 0 where {a,,} and {5,} are sequences in [0,1]. In 2013 Liu et al. (Liu, Chen, Li
and Xiao, 2013) proved the convergence result of the implicit Ishikawa iteration processes for
approximating a common fixed point of nonexpansive semigroup in CAT(0) spaces.
In 2003, Suzuki (Suzuki, 2003) introduced an iterative process {z,} for nonexpansive semi-
group on D, where D is a compact and convex subset of a Banach space X defined by 21 € D
and

Tpt1 = AS(tn)zn + (1 — N)zy,

where A € (0,1) and {t,} C [0,00). Then the author proved that {xz,} converges strongly to
a common fixed point of {S(¢) : ¢t > 0}. Recently Cho et al. (Cho, Ciri¢ and Wang, 2011)
generalized the result of Suzuki for CAT(0) spaces.

In 2013, Khan (Khan, 2013) introduced the following Picard-Mann hybrid iterative process for
a nonexpansive mappings in Banach space and claimed that this process is independent of
Picard and Mann iterative process, the convergence process is faster than Picard and Mann
iteration process. For any initial point z; € D,

(1.1)

{ Yn = (1 - an)xn + aTLS'%'TH
Tnt1 = Syn,

where {«,} is a real sequence in (0, 1).

In this paper, we introduce Picard-Mann hybrid iteration process for nonexpansive semigroups
in CAT(0) spaces, and then prove strong and A - convergence theorems for such iterative
process in CAT(0) spaces. Moreover, we present a convergence theorem for a sequence of
nonexpansive mappings in CAT(0) spaces. Our results generalized some recent known results.

2 Preliminaries

Throughout in this paper, we denote by N the set of positive integers and by R the set of real
numbers. Refer to (Bridson and Haefliger, 1999) for the some definitions. suppose (X, d) be a
metric space, z,y € X and [0,/] C R. Amap c: [0,/ — X is said to be a geodesic path joining
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the point z to y such that ¢(0) = z, ¢(/) = y, with d(c(1), c(f)) = |t — | for all t, £ € [0, /]. In short,
we use a geodesic from z to y instead of a geodesic path joining x to y. Notice that if ¢ is an
isometry, then d(z,y) = I. The image of c is called a geodesic (or metric) segment joining x
and y. If it is unique, this geodesic segment is denoted by [x,y]. A metric space (X, d) is said
to be a geodesic space if every two points of X are joined by a geodesic. Moreover X is said
to be uniquely geodesic if there is exactly one geodesic joining = and y for each z,y € X. A
subset Y C X is said to be convex if Y includes every geodesic segment joining any two of its
points.

In a geodesic metric space (X,d), geodesic triangle A(x1,z2,x3) consists of three points
x1,29,x3 in X (the vertices of A) and a geodesic segment between each pair of vertices
(the edges of A). A triangle A(zy,x9, x3) :=A(a7, 72, #3) in the Euclidean plane E2, is said to
be a comparison triangle for the geodesic triangle A(x1,z2, z3) in (X, d) such that dgz(z;, ;)
= d(xz;, z;) fori,j € {1,2,3}.

Comparison Axiom (Bridson and Haefliger, 1999): Let A be a geodesic triangle in X and let A
be a comparison triangle for A in a geodesic metric space (X, d). Then we say that A satisfy
the CAT(0) inequality if for all #,y € A and all comparison points z, 5 € A,

d(z,y) < dg2(2,79).

A geodesic metric space is called a C AT'(0) space (Bridson and Haefliger, 1999) if all geodesic
triangles of appropriate size satisfy the comparison axiom.

We refer following results from Dhompongsa and Panyanak (Dhompongsa and Panyanak,
2008).

Definition 2.1. (Dhompongsa and Panyanak, 2008) For any x,y € X and t € [0, 1], there exists
a unique point z € [z, y] such that

d(z,z) = td(z,y), d(y,z)=(1-1t)d(z,y). (2.1

Notation (1 — t)z & ty is used for the unique point z satisfying (2.1)

We also denote by [z, y] the geodesic segment joining from z to y, that is, [z,y] = {(1—t)z Dty :
t € [0,1]} (Bridson and Haefliger, 1999).
A subset D of CAT(0) space X is said to be convex if [z,y] C D forall z,y € D.

Definition 2.2. (Dhompongsa, Kirk and Sims, 2006) Let {z,,} be a bounded sequence in a
CAT(0) space X. For z € X, we set

r(x, {zn}) = lim sup d(z, x,).
The asymptotic radius ({z,}) of {z,} is given by
r({zn}) = inf{r(z, {z,}) 1z € X}.
The asymptotic center A({x,)}) of {x,} is the set
A({zn}) ={z € X :r(z, {zn}) = r({za})}.
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Ina CAT(0) space, A({z,}) consists of exactly one point (Dhompongsa et al., 2006, Proposi-
tion 7).

Definition 2.3. (Kirk and Panyanak, 2008) A sequence {z,} in X is said to A-converge to
p € X if pis the unique asymptotic center of {u,} for every subsequence {u,} of {z,}.

In this case, we write A-limz,, = p and call p the A-limit of {z,,}.

The following lemmas plays an important role in our paper

Lemma 2.4. (Kirk and Panyanak, 2008) Every bounded sequence in a complete CAT(0) space
has a A-convergent subsequence.

Lemma 2.5. (Dhompongsa et al., 2007) If D is a closed convex subset of a complete CAT(0)
space and if {z,,} is a bounded sequence in D, then the asymptotic center of {z,} isin D.

Lemma 2.6. (Dhompongsa and Panyanak, 2008) If {x,,} is a bounded sequence in complete
CAT(0) space X with A({z,}) = {z} and {u,} is a subsequence of {x,} with A({u,}) = {u}
and the sequence {d(z,;u)} converges, then z = u.

Lemma 2.7. (Dhompongsa and Panyanak, 2008) Let X be a CAT(0) space. Then for all
z,y,z € X and all ¢t € [0, 1] we have

(i) d((1=t)z ety 2z) < (1 —t)d(z,z)+ td(y, 2),
(i) d((1 -tz ®ty, 2)% < (1 —t)d(z,2)? + td(y, 2)% — t(1 — t)d(z,y)%.

Lemma 2.8. (Dhompongsa and Panyanak, 2008) Let D be a nonempty closed convex subset
of a complete CAT(0) space X, and S : D — D be a nonexpansive mapping. If {z,} is a
sequence in D such that lim,,_,« d(z,, Sz,) = 0and A — lim, o x,, = v, then v = Sw.

3 Main Result

In this section we present some strong and A-convergent theorems of Picard-Mann hybrid
iteration process for nonexpansive semigroups in a CAT(0) space.

Theorem 3.1. Let D be a nonempty closed convex subset of a complete CAT(0) space X.
Let S := {S(¢) : ¢ > 0} be nonexpansive semigroups. Assume that 7 = F(S) Let {x,} be
sequence generated by (1.1), where {«,,} and {t,,} satisfy the following conditions:

(i) {an} € la,b] € (0,1)
(i) tp, >0, liminf, o t, = 0, imsup,,_,o tn > 0, limy, o0 (1 — t) = 0.
Then for ¢t > 0 we have lim,, oo d(xy,, S(t)z,) = 0 and lim,,_,« d(z,, p) exists for all p € F.

Proof. Let p € F, then by using Lemma 2.7(i) we have,

d(Yn,p) = d((1 = ) xn, © @ S(tn)n, p) (3.1)
< (1 = ag)d(@n, p) + and(S(tn)zn, p)
< (1= ap)d(xn, p) + and(zn,p)
= d(2n, p)
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and

d(Tny1,p) = d(S(tn)yn,p) (3.2)
< d(ymp)
< d(zn,p)

Hence lim,,_, d(z,, p) exists, and therefore {x,,} is bounded. Also by Lemma 2.7(ii) we have,

d(Yn, )

d((1 = an)n © nS(ty) e, p)? (3.3)
(1 = an)d(@n, p)? + and(S(tn)n, p)* — an(l — an)d(zn, S(tn)rn)?

(1 = an)d(zn,p)? + and(zn, p)? — an(l — a)d(zn, S(tn)an)”

d(2n,p)* — an(l — an)d(zn, S(tn)an)*.

IN N

Thus we have,

a(l - b)d(xn - S(tn)mn)2 < Qn(l - an)d(mna S(tn)xn)Q < d(-l"mp)2 - d($n+17p)27
since lim,,_, d(x,, p) exists, by taking Limit in above inequality we obtain that

lim d(xy,, S(tn)xs) = 0.

n—oo

Now we show that for a fixed ¢ > 0

lim d(xy,, S(t)z,) = 0.

n—oo
With the same proof, we only show that lim,, . d(zy, S(t)z,) = 0, without loss of generality,
as in (Saejung, 2008) we can assume that

d(xp, S(ty)xy)

n

lim ¢, = lim
n—oo n—oo

=0.

d(wn; S()z) < Y d(S((k+ Ltn)wn, S(kty)z,) +d(S ([*] n)Tn, S(t)zn)

k=0
< S ) + (ST~ [ ), )
< i (S(tn)xn, xn) + maz{d(S(s)zn;xn) : 0 < s < ty,},

Now by continuity of the mapping ¢t — S(t)z,z € D and lim,,_,o d(zy, S(t,)z,) = 0, we obtain
that lim,, o0 d(p, S(t)xy,) = 0.
|
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Theorem 3.2. Let D be a nonempty closed convex subset of a complete CAT(0) space X. Let
S :={S(t) : t > 0} be nonexpansive semigroups. Assume that 7 = F(S) # 0. Let {z,} be
sequence generated by (1.1), where {«,, } and {t,,} satisfy the following conditions:

(i) {on} € la,0]  (0,1)
(i) t,, >0, liminf,, o0 t, = 0, Hmsup,,_,oo tn > 0, imy, oo (tnt1 — ) = 0.
Then the sequence {x,}, A-converges to an element of F.

Proof. It follows from Theorem 3.1 that

lim d(S(t)xn,x,) =0

n—oo
for each ¢ > 0. Next steps of the proof as same as (Eslamian and Dhompongsa, 2013).
Now we let W, (z,,) := UA({u,}) where the union is taken over all subsequences {u,} of {z,}.
We claim that W,,(z,,) C F. Let u € W, (z,,), then there exists a subsequence {u,} of {z,}
such that A({u,}) = {u}. By Lemmas 2.4 and Lemmas 2.5 there exists a subsequence {v,}
of {u,} such that A — lim,, v,, = v € D. We show that v € F, indeed

d(vp, S(t)v)

IN

(vn, S(t)vy) + d(S(t)vy, S(t)v)

d
d(vp, S(t)v,) + d(vp,v),

IN

hence

lim sup d(vy, S(t)v) = lim sup d(vy,, v).

n—oo n—oo
By uniqueness of the asymptotic center we obtain that S(t)v = v for all ¢ > 0 and hence
v € F(S) and hence v € F. By Theorem 3.1 the limit lim,,_,~ d(z,,v) exists . Hence by
Lemma 2.6, u = v € F. This shows that W,,(z,) C F. Next we show that W,,(x,,) consists of
exactly one point. Let {u, } be a subsequence of {x,} with A({u,}) = {u} and let A({z,}) =
{z}. Since u € W, (z,) C F and d(z,,v) converges, by Lemma 2.6 we have = = u.
O

Theorem 3.3. Let D be a nonempty compact convex subset of a complete CAT(0) space X.
Let S := {S(¢) : t > 0} be nonexpansive semigroups. Assume that 7 = F(S) # 0. Let {x,,} be
sequence generated by (1.1), where {«,, } and {t,,} satisfy the following conditions:

(i) {an} €a,b] C (0,1)

(i) tp, >0, liminf, o t, = 0, imsup,,_,o tn > 0, limy, o0 (41 — t) = 0.

Then the sequence {z,}, converges strongly to an element of 7.
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Proof. It follows from Theorem 3.1 that

nhj& d(S(t)zp,xn) =0

for each ¢ > 0. By compactness of C, there exists a subsequence {z,,} of {z,} such that
z,, — w. We shall show that w € F, indeed for all t > 0 we have

d(w, S(t)w) < d(w, xn,) + d(zn,, S(t)n,) + d(S(t) s, S(t)w)
< 2d(w, zp,) + d(zn,, S(t)n,) = 0 as n— oo

hence we have w = S(t)w, i.e., w € F(S) and hence w € F. Since lim,,_, d(z,, w) exists, we
obtain the result. O

Definition 3.4. (Schu, 1991) Let D be a nonempty closed convex subset of a CAT(0) space X
and S, : D — D, where n € N. Then the family {S,,} is called uniformly asymptotically regular
on S, if for all i € N and any bounded subset K of D we have

lim sup d(S;(Spx), Spx) =0

n—oo reK

Theorem 3.5. Let S be a nonempty closed convex subset of a complete CAT(0) space X.
Let S, : D — D be uniformly asymptotically regular and nonexpansive mappings such that
F =N, F(S,) # 0. Let {z,} be sequence generated by (1.1),

where {a,,} € [a,b] C (0,1). Then the sequence {xz,}, A-converges to an element of F.

Proof. Let p € F. Then by Lemma 2.7(i) we have

d(yn,p) = d((1 — an)an © @ Snn, p) (3.5)
< (1= an)d(n, p) + and(Spwn, p)
< (1= an)d(@n, p) + and(@y, p)
= d(2n, p)

and

d(wp41,p) = d(Snyn, p) (3.6)
< d(Yn,p)
< d(Imp)

Hence we have d(xy,+1,p) < d(zn,p), this gives that the limit lim,,_, » d(z,, p) exists. Applying
Lemma 2.7(ii) we have

d(yn, p)* = d((1 = @)y © nSnan, p)? (3.7)
(1 — an)d(n, p)? + and(Snzn, p)? — an(1 — a)d(zp, Spy)?

(1 — an)d(n,p)? + and(zn,p)* — an(1 — an)d(p, Span)?

d(zn,p)? — an(l — ap)d(z,, Span)?

INIA
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d(‘rn-‘rlap) = d(snynvp)Q (38)
< d(yn,p)Q
< d(xmp) - an(l - an)d(xn7 Snrn)
So,
> a(l = b)d(zn — S(tn)an)® <Y an(l = an)d(@n, S(tn)zn)?
n=1 n=1

this follows that
lim d(2y,, Spa,) = 0.

nvoo
Also we have
d(xpi1,20) < d(Zpy1, Sptn) + d(Span, 2,) 3.9)
= d(Sn¥yn, Snxn) + d(Span, Tn)
< d(Yn, Tn) + d(Spn, Tn)
= d((1 = an)@n © anSpn, Tn) + d(Spwn, Tn)

< (1= ap)d(zp, z0) + and(Spxn, Tn) + d(Spn, Trn)

—0 as n — oo,

and therefore

d($n+1a Sn-Tn) < d(l‘n+1vxn) + d(xm Snxn) — 0.

Now, by our assumption, for each i € N we have

A(Tpt1, Sitns1) < d(@ps1, Snan) + d(Spn, Si(Snn)) + d(S;(Snxn), Sitnt1)
< 2d(xp41, Snry) + m{lp}cl(Snu7 Si(Spu)) — 0 as n — oc.
ue{xn,

Next steps of the proof as same as (Eslamian and Dhompongsa, 2013).

We let Wy, (xy,) := J A({un}) where the union is taken over all subsequences {u,} of {z,}.
We claim that W,,(z,) C F. Let u € Wy(z,), then there exists a subsequence {u,} of {z,}
such that A({u,}) = {u}. By Lemmas 2.4 and Lemmas 2.5 there exists a subsequence {v,, }
of {u,} such that A — lim, v, = v € C. By Lemma 2.8 we have v € F, and hence the limit
lim,, 00 d(zy, v) exists . Hence by Lemma 2.6, «w = v € F. This shows that W,,(z,) C F. Next
we show that W,,(z,,) consists of exactly one point. Let {u,} be a subsequence of {z,,} with
A({un}) = {u} and let A({z,}) = {z}. Since u € Wy (z,) C F and d(z,,v) converges, by
Lemma 2.6 we have = = . O
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