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ABSTRACT

In this study, we concern with singularity and weighted dividing of difference-differential
polynomials of mero-morphic functions. Our investigation also revise IM analogues of the
theorem for mero-morphic functions dividing the value ~(t) with weight ¢.
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1 Introduction and Proceeding results

In this literature survey, we indicate C the numbers which is complex and by a mero-morphic
function ¢(t) we always mean a non-sustained mero-morphic function defined in the whole
complex plane. We use some basic definitions, symbols and estimations distinctly through-
out this paper for instance (Hayman, 1994 and Yang, 1993). For mero-morphic functions in
the complex plane S(s,¢) = o{7(s,¢)}, outer a set of restricted length i.e., the inaccuracy
expression which is tiny in collation with the characteristic for “almost” values of r.

To prove our results we use following list of definitions.

Definition 1.1. Let ‘o’ be a restricted complex number and x be a positive integers. We
indicate by ©,(s,,¢) the counting for zerds of ¢ — o with multiplicities atleast » and by
@(H(s,a,czﬁ) the one for which multiplicity is not counted. Similarly, we indicate by ©,,(s, a;, ¢)
the counting function for zerds of ¢ — « with multiplicities at most ~ and @H>(s, a, ¢) the one for
which multiplicity is not counted. Then

(‘5 « ¢) (‘5 @, ¢) +@ ((S,(,L(f)) T+ +@(H(‘Sa/¢)
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Definition 1.2. Let ¢(¢) and ¢ (t) be two mero-morphic functions in the complex plane C. If
o(t) — o and ¥(t) — o presume the same zerds with the same multiplicities, then we say that
¢(t) and v (t) divides the value o CM, and if we do not consider the multiplicity, then we say
that ¢(t) and 1 (t) divides the value « IM, where « is a complex number.

Definition 1.3. (Lahiri, 2001) Let « be a non negative integers or infinity. For « € CU{o0}. We
indicate by E,(«; ¢) the set of all a—points of ¢ where an a—point of multiplicity m is counted
mtimesifm < k and k + 1 times if m > k. If E;(«; ¢) = E.;(a; 1), we say that ¢, divides the
value « with weight .

Definition 1.4. (Lahiri, 2001) Let ¢ and v) be two non sustained mero-morphic functions thus ¢
and v divides the value 1 IM. Let ¢, be a 1— point of ¢ with multiplicity p and also a 1— point of
¢ with multiplicity ¢. We indicate by ©,(s, 1; ¢) the colinting function of those 1—point of ¢ and
1, where p > ¢, by @;;(r, 1;¢)(k > 2 is an integer) the counting function of those 1— points of
¢ and v, where p = ¢ > k, where each point in these coulnting functions is counted only once.
In the same manner we can define ©(s, 1;4) and @Sg’(s, 1;9).

Definition 1.5. (Lahiri, 2001) Let ¢ and v be two mero-morphic functions thus ¢ and ¢ divides
the value o IM. We indicate by ©. (s, «; ¢, ¥) the reduced counting function of those a—points of
¢ whose multiplicities differ from the multiplicities of the corresponding a— points of ¢. Clearly
Ox(s,050,9) = Ou(s, 50, ) and O (s, a; ¢,¢) = Op(s,;9) + OL(s, o 9).

In 2018, P. Sahoo and G. Biswas, found the possible answer to questions posed by K. Zhang
and H. X. Yi, 2014 and obtained below results.

Theorem 1.1. Let ¢ and ) be two transcendental entire functions of restricted order, v(t)(# 0)
be a common tiny function concerning ¢ and « with restrictedly many zeros c¢,(y = 1,2,--- ,d)
be distinct restricted complex numbers, and p, o,:,d, x andv,(y = 1,2, --- ,d) be non negative
integers. If the differential-difference polynomials (¢”(¢¢ — 1) TT9_, ¢(t + c,)*")*) and (v* (ye —
DTS, (¢ + ¢,)») ) divides (v, ), and one of

(a) v >2and p > maz{o+ 50,26+ 0+ 0 +5};

(b) v =1 and p > max{o+ 50,5k/2 + 30/2 + 30/2 + 5};

(c) t =0 and p > max{o + 50,5k + 40 + 40 + 8}, holds, then ¢ = b, where b? = b*+° =1

Theorem 1.2. Let ¢ and v be two transcendental entire functions of restricted order, ~(t)( 0)
be a common tiny function concerning ¢ and v with restrictedly many zeros, c¢,(3 = 1,2,--- ,d)
be distinct restricted complex numbers, and p, o,¢,d, x andv,(y = 1,2, --- ,d) be non negative
integers. Suppose that the differential-difference polynomials (¢*(¢ — 1)¢ [[0_; ¢(t + ¢;)*7)*)
and (¢* (v — 1) T, ¥(t + ¢;)*)*) divides (v,). If o < r + 1 and one of
a)t>2andp>2k+po+0+5;

b) t=1andp>5k/2+3p/2+ 30/2+5;

¢)v=0andp>5k+ 4o+ 40+ 8, holds or if o > k + 1 and one of
a)v>2andp >4k —p+o0+9;

b) v=1andp > 5k — o+ 30/2+ 10;

¢)v=0andp> 10k — o+ 40 + 15,

holds, then either » = 1 or ¢ and > satisfy the algebraic equation R(¢,v) = 0 where R(¢, )

(
(
(
(
(
(
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is given by
R(w1,wz) = wf (w1 — 1)° Hj:1 @1(t + ¢ — wh(awz — 1)° H(;:1 wa(t +¢;)"™.

In this paper we investigate on the above theorems by adding “divides oo IM” and obtain the
following results.

Theorem 1.3. Let ¢ and ) be two transcendental entire functions of restricted order, ~y(t) (% 0)
be a common tiny function concerning ¢ and « with restrictedly many zeros c¢,(y = 1,2,--- ,d)
be distinct restricted complex numbers, and p, o,t,d, x andv,(y = 1,2, --- ,d) be non negative
integers. Suppose that the differential-difference polynomials (¢*(¢° — 1) [T0_; ¢(t + ¢,)*7)*)
and ( (2 — 1) [T5_, ¥ (t + ¢,)»)*) divides (v,:) and ¢, divides o IM then one of
(a)t>2andp>2k+0+ A+ T7;

(b) t=1landp> 3%+ 3+ 3 +12;

(c) v =0and p > 5k + 4o +4) + 14, then ¢ = by, where b2 = bPT* =1

Theorem 1.4. Let ¢ and ¢ be two transcendental entire functions of restricted order, o(t)(# 0)
be a common tiny function concerning ¢ and ) with restrictedly many zeros, ¢,(y = 1,2, ...,...d)
be distinct restricted complex numbers, and p, o,t,d, x and v,(3 = 1,2,..,d) be non-negative
integer. Suppose that the differential-difference polynomials (¢”(¢ — 1)¢ [T, é(t + ¢;)*)*)
and (* (v — 1) IS, ¢(t + ¢,)) ) divides (y,1), ¢ and ¢ divides oo IM. If ¢ < r + 1 and one
of

@li>2andp>2k+o0+A+7;

(b)r=1andp >3 +3 + 3 112,

(c).=0andp > 5k + 4o + 4)\ + 14; holds or if o > x + 1 and one of
@cv>2andp >4k — o+ N+ 11;

(b)v=1andp>5k— o+ 3 + 16,

(c)e=0andp> 10k — o+ 44X\ + 21,

holds, then either ¢ = v or ¢ and ¢ satisfy the algebraic equation R(¢,v) = 0 where R(¢, )
is given by R(w1,@,) = @f (w1 — 1)¢ [\, @1(t + ¢)) — @h(wy — )¢ [, @alt + )™

2 Lemmas

Lemma 2.1. (Chen and Chen 2012) Let ¢ be an entire function of restricted order and ® =
¢#(¢¢ — 1) T, 6(t + c;)™ Then

7(5,®2) = (p+ 0+ N7(s,0) + S(s,0).

Lemma 2.2. (Banerjee 2008) Let ®, ¥ be two non sustained mero-morphic functions dividing
(1,¢),(c0,0) where 2 < < oo and H # 0. Then

7(s,®) < Oa(s,0; @) + O(s,0; ¥) + O(s, 00; @) + O(s, 00; ¥)+
0.(5,00; 0, W) — g5, 1; ) — O (5,1;®) — O (s, 1; ) + S(s, ®) + S(s, ¥).

7(5,0) < Og(s,0; ®) + O2(s,0; ¥) + O(s,00; ¥) + O(s, 00; ®)+
0.(s,00:®, ) — g5, 1;®) — O0(0,1; 1) — O (s,1;8) + S(s,®) + S(s, V).
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Lemma 2.3. (Sahoo, 2010) Let ®, ¥ be two non sustained mero-morphic functions dividing
(1,1),(c0,0) and H # 0. Then

7(s5,P) < O3(s,0; D) + Oy(s,0; V) + g@(& 00; @) + O(s,00; ¥) + O,(s,00; P, )+

50(5,0:@) + S(s, @) + 5(s, V).

7(5,¥) < Oa(s,0; ®) + Oa(s,0; ¥) + O(s, 00; ¥) + O(s,00; ) + O.(s,00; D, )+
%@(5, 0: ) + S(s,®) + S(s, D).

Lemma 2.4. (Sahoo, 2010) Let ®, ¥ be two non sustained mero-morphic functions dividing
(1,0), (00,0) and H # 0. Then

7(5,®) < 02(s,0; D) + Oo(s,0; ¥) + 30(s, 00; @) + 20(s, 00; ¥) + O (s, 00; &, U)+
20(s,0; ®) + 0(s,0; ¥) + S(s, @) + S(s, V).

7(5,0) < 09(s,0; ®) + O2(5,0; ¥) + 30(s, 00; ¥) + 20(s, 00; @) + 0.(s,00; &, ¥)+
20(s,0; W) + 0(s,0; ®) + S(s, @) + S(s, V).

Lemma 2.5. (Yang and Yi, 1995) Let ¢(t) be a non-sustained mero-morphic function, and let
ao(t),ai(t),- -+, a,(t)(# 0) be atiny functions concerning ¢. Then

(8,008 + ap10”E + -+ a1¢ + ag) = p7(s, ¢) + S(s, 9).

Lemma 2.6. (Liu, Liu and Cao, 2011) Let ¢(¢) be a non-sustained mero-morphic function, and
p, k be a positive integers. Then

7(s,6")) < 7(s, ) + K0(s, ¢) + S(s, ),
o ( ¢)()~c)) < T( ¢(K)) —T(S,gb) +9p+n<57 %) +S(8,¢)7

00 (557 ) < Oy (35 ) + (5.0 + 5(5,0)

Lemma 2.7. (Sahoo and Biswas, 2018) Let ¢ and v be entire functions, p, o, x be a positive
integers, and let

d d
—DJTott+e)® v = (e - [t +e))"
J=1 =1

suppose non zero sustained o and as thus (s, aq; @) = 0(s,0; ) and 0(s, az; ¥) = 0(s, 0; P)
then p <2k + o+ A+ 2.

Lemma 2.8. (Sahoo and Biswas, 2018) Let ¢ and ¢ be entire functions, p, o, < be a positive
integers, and let

d d
o = D2 ot +cym)™, W= (-1t +c))
=1 =1

suppose non zero sustained ¢; and ¢ thus 6(s, c1; ®) = (s, 0; ¥) and 0(s, co; ¥) = 0(s,0; D)
thenp <2k +o+AX+2forp<k+landp<4dx—p+A+4foro>rk+1.
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Lemma 2.9. (Chen and Chen, 2012) Suppose ¢ and ¢ be two transcendental entire functions

of restricted order, ¢,(y = 1,2, - -- ,d) be distinct restricted complex numbers, and p, o,d, v,(y =
1,2,---,d) are integers. If
d d
Do +ep” =@ =[] vt +e)™
=1 1=1

then ¢ = by, where b2 = b+ = 1.

3 Main Proof

Proof of Theorem 1.3. Let
d

=¢P(@? D) [[ ot +c) W1 =ur(ye—1)

J=1 J

o

Y(t+¢;)”

1

P = (‘I;l&gn) and U= (\1/1();) " Then & and ¥ are tranécendental mero-morphic functions that

divides (1,¢) and ¢, v divides coI M. Since ¢ and ¢ are transcendental, v(¢) is a tiny function
concerning both ®; and ;. Let us consider following cases separately.

Case 1. presume A # 0. Now we examine the subsequent three sub cases,

Sub case 1.1. Suppose that 2 < < co. Then using lemma 2.2, we obtain

(p+o0+A)7(s,0) < 7(s,®) + (s, @)
< 02(5,0; ®) + 02(s,0; ¥) + (s, 00; @) + 0(s, 00; V)
+0,(s,00;®, ) — o(s, 1; ) — 0 (s,1; ®) — Ba (s, 00; )
+ S(s,®) + S(s,0)
< B09(s,0; D) + O2(s,0; ) + 0. (s, 00; &, V)
+ 0(s,00; ®) + 0(s,00; ¥) + S(s, D) + S(s, V).

Noting that

0. (s,00;®, W) =01 (s,00; ®) + L (s,00; V)
< 0(s,00;®) = 0(s,00; V).

Substitute (3.2) in (3.1), we get

(p+ 0+ N7(s,0) < 02(5,0; D) + Oo(s,0; ¥) + 20(s, 00; ) + O(s, 00; V)
+ S(s,®) + S(s,¥)
< 05(5,0; (21)™)) + 02 (s, 0; (T1) ™)+
+20(s, 00; (1)) + B(s, 00; (¥1)") + S(s, ) + S(s, 1)
< Orpa(s,0; @1) + Orpa(s, 05 U1) + 26(s, 00; B1)
+0(s,00;U1) + S(s,0) + S(s,9)
<(k+o+A+D)7(s,0)+ (k+ 0+ X+ 3)7(s,v)
+5(s,0) + S(s,9).

(3.3)
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processing same manner we get

(p+o+N7(s,0) < (k+ o0+ A+D)7(s,0) + (k+ 0+ A+ 3)7(s,0)
+ S(s,0) + S(s, ).
Adding (3.3) and (3.4), we get

(p—265—0—X=T){7(s,0) + 7(s,9)} < S(s,9) + S(s,9),

which is oppositionto p > 2k + o+ A+ 7.
Sub case 1.2.
when ¢ = 1. Then using (3.2) and lemma 2.3, we reduce

(p+ o+ N7(s,9) = 7(s, @) + 5(s, P1)

< 2(5,0:) + 05, 0:) + S0(s, 00; @) + (s, 00; )

1
+ 0. (s,00; D, W) + 59(5, 0;P) + S(s, @) + S(s, V)

< 03(5,0: @) + 05,05 9) + 20(s, 00; @) + (s, 00; V)

+ %9(5, 0: @) + S(s, @) + S(s, 1)

5_ _
< Or12(8,0;P1) + Oipa(s,0; Uq) + 50(3, 00; P1) + 0(s, 00; ¥q)

+5005,0:01) + 5(5,0) + 5(5,)

< M ESOEIRED 5,6) + (5 0+ A+ Hr(s, ¥) + (s, 6) + S(s,0).

(3.5)

Similarly we have,

A+1
(0-+ 0+ Nr(s,) < 22T,

+ S(s,0) + S(s,1).
Adding (3.5) and (3.6), we get

(s, )+ (k+ 0+ A+ 3)7(s,0)

(3.6)

(p SEL 11>{T<s,¢> T 7(s,)} < S(s,6) + S5, ),

which contradicts to p > 2 + % + 3 +12.
Sub Case 1.3. when ¢ = 0. As in sub case 1.1 and using (3.2) and lemma 2.4, we simplify
(p+o+N)7(s,¢) =7(s, ) + S(s,9)
< 09(5,0; @) + Oa(s,0; ¥) + 30(s, 00; @) + 20(s, 00; ¥)
+ 0. (s,00; @, W) 4 26(s, 0; @) + 6(s,0; ) + S(s, @) + S(s, V)
< Or+2(5,0;®1) + Oor2(s, 0; W) +46(s, 00; @1) + 20(s,00,¥1)  (3.7)
+20(s,0;®1) + 0(s,0; U1) + S(s,¢) + S(s,9)
< Bk +30+3XA+8)71(s,0) + (26 + 20+ 2A + 5)7(s,v)
+ 5(s,¢) + S(s,1).
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Similarly we have,

(p+o0+N71(s,%) < B+ 30+ 3N+ 8)7(s,v) + (26 + 20 + 2\ + 5)7(s, D)
+5(s,9) + S(s,9).
Adding (3.7) and (3.8), we get

(3.8)

(p — 5K — 4@ - 47 - 13){T(S>¢) + T(Sv¢)} < S(S,¢) + 3(571/))7

which contradicts to p > 5k + 4p + 4y + 14.
Case 2. We now presume that A = 0. That is

o) 20 v v o
o, D -1 vov 1)

1 Ap
o —1 \111 —1
Where Ay (+# 0) and By are sustained. From (3.9), we have the following sub cases.
Sub case 2.1. Let By # 0 and Ayp = By. Then from (3.9), we get

Integrating twice, we get

+ By. (3.9)

1 Byl
o —1 Wy—1"

(3.10)

If By = —1, then from (3.10), we have, 17, = 1.

i.e.,
d d

D T 6t + )™ @0 (2 — 1) Tt + e)™)™ = 7.

=1 =1
Since the number of zerds of ~(t) is restricted, it follows that ¢ and ¢ has restrictedly many
zeros. we put ¢(t) = h(t)e’®), where h(t) is a non zero polynomial and 5(t) is a non sustained
polynomials . Now replacing Z?zl v,8(t+¢;) by \*(t) and szl h(t+c¢;)" by ou*(t) we reduce
that
d

d
(¢7(¢° — 1) H ot + cj)v])(n) = (hP(t )epﬁ(t) he) e0B(1) _ Hh (t+c,) )22evsB( (t+cy) )

=1 =1

— (hp(t)gu*(t)e”ﬂ(t)“*(t)(hé’(t)eﬁ’ﬁ(t) _ 1))(%)

= (hPFe(t) ou* ()elPTOBM+N M) _ (e (1) gu* ()PP DA (1)) ()

= PO W Py (B(8), A (1), h(t), 0u™ (8), -+, B (8), N (8), A (2), 0w (1))

— PPN O Py (B(8), A" (1), h(1), o™ (8), - B“‘)( £), A (1), ) (), ou* ™ (1))

= PPN W) (P oft) _ py).
Obviously P,e2’*) — P, has infinite number of zerds which contradicts with the fact that ¢ is an
entire function. Now we presume that ®; = ¥;. Then

d

d
(7(6° = D[ ot +)")® = @ (e = 1) [Tt + ).
=1

J=1
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Integrating we get,
d

d
(7(6¢ = 1) [T 6t + ¢)") D = (r(we — 1) [T vt + ¢)) =D + Cy s,
=1

1=1
where C,,_1 is a sustained. If C,_1 # 0, from lemma 2.7, we obtain p < 2k, a opposition.
Consequently C,,_; = 0. Repeat the process x—times , we obtain

d d
— Dot + ) =wrwe — 1) [ et +¢)>,
J=1 =1
which by lemma 2.9 gives ¢ = by, where b = b*+ = 1.
Sub case 2.2. Let By # 0 and A # By. Then by (3.10), we get
(Bo+ 1)Uy — (By— Ap+1)
BoVy + (Ao — Bo) '

— Bo—A0+1 —
—_— Wy | =46 Py
9(5, Borl 1) (5,0;®q)

moving forward as in Sub case 2.1, we obtain a opposition.
Sub case 2.3. Let By = 0 and Ag # 0. Then by (3.10), we get

d, =

and so,

Uy + Ay — 1
(I>1:1+70 and \111:140‘1)1*(14071).
Ag
If Ag # 1, we have
_ Ay —1 _ _ _
0(s, ‘24 1) =0(s,0;1) and 0(s, Ag—1,T1) = 0(s, 0; ),
0

a opposition. Then Ay = 1, which implies ®;, = ¥, and therefore
d

d

(¢7(6¢ = D) [J o(t +¢)") = @@ = 1) [Tt +¢)™)®.
J=1 J=1

Proof of Theorem 1.4. Let &5 = ¢”(¢ — 1)° szl Ot +¢))", Uy =P (p—1)° szl P(t+¢;)",

P = (‘1’2&; Y and ¥ = (‘I’Q(t() " Then ® and ¥ are transcendental mero-morphic function that

divides (1,:) and ¢ and ¢ share oo IM. Putting in a similar way at Theorem 1.8 we get either

DyWy =1 0r P9 = Wy. If P9 = Wy, then putting the same of theorem 1.8 and by using lemma

2.8 we get

d

d
QH¢ t+c vr) (k) _ (wp(d} _ 1)@H¢(t+cj)v1)(fﬁ) (3.11)
J=1

J=1

Set h = 2. If h is a sustained, then by substituting ¢ = ¢h in (3.11) we reduce that

e

Ye(hPretr — 1) e Oy (hPTetA Tt 1) 4 (— D)2 — 1) =0,

which implies h = 1 and consequently ¢ = . If h is not a sustained, then we know by (3.11)
that ¢ and ¢ satisfy algebraic equation R(¢, ) = 0 where R(¢, ) is given by

d d
R(w1,w2) = @} (w1 — 1)° H w1t + ;)" — wh (g — 1)? H wa(t +¢;)".
=1 1=1

If oW, = 1, using the same method as in Theorem 1.8 we arrive at a opposition which ends
the theorem.
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