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ABSTRACT

In this work, we determine the general terms of k—almost balancing numbers and k—almost
Lucas-balancing numbers of first and second type in terms of balancing and Lucas-balan-
cing numbers for some integer k > 1.
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1 Introduction

A positive integer n is called a balancing number (see [2]) and is denoted by B, if the Diophan-
tine equation

I+24---+(n-1=n+1)+n+2)+--+(n+7) (1.1)
verified for some positive integer r which is called balancer. Similarly a positive integer n is
called a cobalancing number (see [11]) and is denoted by b, if the Diophantine equation

142+ +n=mn+1)+n+2)+---+(n+7) (1.2)

verified for some positive integer r which is called cobalancer (see also [9, 10, 13, 14]).
Recently many authors studied on several type of balancing numbers (see [5, 6, 7, 8, 15, 16,
18]). In [12], the authors defined that a positive integer n is called an almost balancing number
if the Diophantine equation

[(n+1)+n+2)+ -+ n+7)]—-(1+2+---+n-1)=1 (1.3)

verified for some positive integer » which is called almost balancer. If (1.3) equals to 1, then
n is called an almost balancing number of first type and is denoted by B}, and equals to —1,
then n is called an almost balancing number of second type and is denoted by B;*. Thus from
(1.3), we get

Cr=8(B)2+9 and CF =/3(B)2 -7
are integers which are called the almost Lucas-balancing number of first type and second type,
respectively.
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2 k—Almost Balancing Numbers.

Let & > 1 be an integer. Then by considering (1.2) and (1.3), a positive integer n is called a
k—almost cobalancing number if the Diophantine equation

n+D)4+Wm+2)+-+n+r))—[1+2+---+n]|=k (2.1)

holds for some positive integer r which is called k—almost cobalancer. If (2.1) equals to 1,
then n is called a k—almost cobalancing number of first type and is denoted by b°*, and equals
to —1, then n is called a k—almost cobalancing number second type and is denoted by b***,
Hence

e = \/ 8(bk*)2 + 8bl* + 8k + 1 and i = \/ 8(by**)? + 8by** — 8k + 1

are integers which are called k—almost Lucas-cobalancing number of first type and second
type, respectively. In [17], we determined the general terms of k—almost cobalancing numbers
and k—almost Lucas-cobalancing numbers of first and second type.

Similarly in this section, we determine the general terms of k—almost balancing numbers and
k—almost Lucas-balancing numbers of first and second type.

Again let & > 1 be an integer. Then by considering (1.1) and (1.3), a positive integer n is called
a k— almost balancing number if the Diophantine equation

[(n+1D)+n+2)+ 4+ n+r)]-[1+2+ - +n-1D] =k (2.2)

holds for some positive integer r which is called k—almost balancer. If (2.2) equals to 1, then n
is called a k—almost balancing number of first type and in this case

_ —2n—14+V8n?2+8k+1
T = B) .
If equals to —1, then n is called a k—almost balancing number second type and in this case

. —2n—1++v8n?2—-8k+1
— 5 .

(2.3)

(2.4)

Let B%* denote the k—almost balancing number of first type and let B*** denote the k—almost
balancing number second type. Then from (2.3) and (2.4), we get

Okt = \[8(BE)? 48k +1 and CE™ = \/8(BE)? — 8k + 1 (2.5)

are integers which are called k—almost Lucas-balancing number of first type and second type,
respectively.

2.1 k—Almost Balancing and i —Almost Lucas-Balancing Numbers of First Type.

In this subsection, we will determine the general terms of k—almost balancing numbers and
k—almost Lucas-balancing numbers of first type. We see in (2.3) that n is k—almost balancing
number of first type if and only if 8n? + 8k 4 1 is a perfect square. So we set 8n? + 8k + 1 = /2
for some integer y > 1. Then 2(2n)% —y? = —8k — 1 and taking = = 2n, we get the Pell equation
(see [1, 4])

222 —y? = -8k — 1. (2.6)
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For the set of all (positive) integer solutions of (2.6), we have F = (2,0, —1) of discriminant
A =8, 75 =3+2y2and
4
2 [ ’ ] )

2 3

(see [3]). Let ©* denote the set of all integer solutions of (2.6), that is, Q* = {(z,y) : 222 —y? =
—8k — 1}. Then we have three cases:

1. 8k + 1 is a perfect square and #Rep = 1
2. 8k + 1is a perfect square and #Rep = 2¢ + 1

3. 8k + 1 is not a perfect square and #Rep = 2¢

for some integer ¢ > 1.

Theorem 2.1. If8k + 1 is a perfect square and #Rep = 1, then Q* = {(2hB,,, hC},) : n > 1},
where h = /8k + 1.

Proof. If 8k + 1 is a perfect square and #Rep = 1, then the set of representatives is Rep =
{[0 h]}, where h = v/8k + 1 and in this case [0 h]M™ generates all integer solutions (., y»,)
of (2.6) for n. > 1, where M is defined in (2.7). It can be easily seen that the n!" power of M is

Cn, 4B,
2B, C,

M" =

forn > 1, where C,, = \/8B2 + 1 is the Lucas-balancing number. So

C, 4B,
Tn Yn]=1[0 h = [2hB, hC,].
e il =10 0] Cn} [ ]
Therefore Q* = {(2hB,,, hC},) : n > 1} as we wanted. O

From Theorem 2.1, we can give the following theorem

Theorem 2.2. If8k + 1 is a perfect square and #Rep = 1, then the general terms of k—almost
balancing numbers and k—almost Lucas-balancing numbers of first are

B¥ =hB, and Ck* =hC,
forn > 0, where h = \/8k + 1.
Proof. We proved in Theorem 2.1 that Q* = {(2hB,,, hC},) : n > 1}. Since x = 2n, we get
B = hB,.
Thus from (2.5), we deduce that

Ck* = \/8(BF*)2 + 8k + 1 = \/8(hB,)2 + 8k + 1 = \/h2(8B2 + 1) = hC,

as we claimed. O
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Theorem 2.3. If8k+1 is a perfect square and #f Rep = 2q-+1, then 0* = {(z (24 1)t Y(2g+1)n+i)
nz 0} U {(w(2q+1)n7 y(2q+1)n)7 (w(2q+1)n7i7y(2q+1)n7i) in > 1}7 where

(@(2g+1)nti> Y2q+)n+i) = (2k2i B + k2i1Cn, 4k2i1 B + k2iCh)
(x(2q+1)na y(2q+1)n) = (Qth7 hcn)
(T(2q41)n—i> Y2q+1)n—i) = (2k2i Bp — kai—1Cn, —4kai—1 By + k2:Ch)

and ko;_1, ko; are positive integers such that 2k3, | — k3. = —8k —1for1 <i < q,0 <k < kg
<o < kg1, h < kg <ky <o <kygandh =8k + 1.

Proof. If 8k + 1 is a perfect square and #Rep = 2¢ + 1, then the set of representatives is
Rep = {[0 Al,[£k2i-1 kail},

where ko;_1 and ky; are positive integers such that 2k3, | — k3, = -8k —1for1 <i < ¢,0 <
ki < ks <.+ <kogg1,h <ky <ky<---<kyggandh=+/8k+ 1. Inthis case

1. [0 h]M™ generates all integer solutions ( (24 1), Y(2g+1)n) fOr n > 1,
2. [k2i—1 k2| M™ generates all integer solutions (= (2q41yn+is Y(2g+1)n+i) for n >0,

3. [~kai—1 koi]M™ generates all integer solutions (z(ag+1yn—i» Y(2¢+1)n—i) for n > 1.
(2q+1) (2q+1)

Thus Q* = {(2k2iBn + kgi_10n7 4ko; 1B, + k)glcn) n > 0} U {(QhBT, hCn), (Qk'QiBn — ]{;21-_107“
—A4kgi—1 By, + ki Cy) : n > 1}, B

From Theorem 2.3, we deduce that

Theorem 2.4. If 8k + 1 is a perfect square and #Rep = 2q + 1, then the general terms of k—
almost balancing numbers and k—almost Lucas-balancing numbers of first type are

Bsys1yn = hBn

kx
C(2q+1)n = hCy

k 2ko; By, + koi—1Cy,
Bogron+i = —— 5

C(kQ*q+1)7z+i = 4kg; 1B + k2, Cy,

forn > 0 and
Bk _ 2k2iBn — k2i-1Cn
(2q+1)n—i — 2
CﬁZZJrl)nfi = —4kg; 1By + ko Cyy

forn > 1, where k1, ko; are positive integers such that 2k3;, | — k3, = —8k — 1 for1 < i < g,
0<ki <ks< - <ky1,h<ky<ky<---<kyandh=+/8k+1.

Proof. It can be derived from Theorem 2.3. O
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Remark 2.1. Note that balancing numbers and balancers should be positive integers from
definition. But Behera and Panda ([2]) accepted 0 and 1 to be balancing numbers since 8(0)% +
1 =12 and 8(1)2+1 = 32 are perfect squares. In this case from (1.1), we getr = —1 and r = 0,
respectively which are not positive integers. Nevertheless, Behera and Panda accepted 0 and
1 to be balancing numbers. Here we have same condition. Of course k—almost balancing
numbers must be positive from definition. But when n = 0, for some values of k£ from (2.3),
8n? + 8k + 1 = 8k + 1 is a perpect square. For instance, 8k + 1 is a perfect square for k = 1,
3,6,10,---. Therefore for these values of k, we assume that 0 is a k—almost balancing number
of first type, that is, Bf* = 0. So in Theorems 2.2 and 2.4, we accept 0 to be a k—almost
balancing number of first type.

Theorem 2.5. If8k + 1 is not perfect square and # Rep = 2q, then Q" = {(x2gn+i, Yogn+i) : 1 >
0} U {(z2gn—it+1, Yoqn—it1) : m > 1}, where

(@2gnis Yogn+i) = (2k2i By + koi—1Cy, 4koi—1 By, + k2;C,)
(Tagn—it+1, Y2qn—i+1) = (2k2iBn — k2i—1Ch, —4kai_1Bn + k2,Cy)

and ki1, ko; are positive integers such that 2k3, | — k3, = —8k — 1 for1 < i < q,k1 < k3 <
s < kggm1 @ndky < ky <o < kag.

Proof. If 8k + 1 is not perfect square and #Rep = 2¢, then the set of representatives is
Rep = {[£k2i-1 Fkail},
where kq;_1, ko; are positive integers such that 2k2, | — k3, = -8k — 1for 1 <i < q,k; < k3 <
<o < kgg—r and kg < ky < --- < kyq. In this case
1. [k2i—1  kos)M™ generates all integer solutions (z2gn+4, Y2gn+i) for n >0,

2. [~koi—1 koi]M™ generates all integer solutions (zogn—i+1, Yagn—i+1) forn > 1.
g q q

Thus Q* = {(2ke; By, + k2i—1Chn, 4kai—1 By, + k2iCy) : n > 0} U {(2k2i By, — koi—1Ch, —4koi—1Bp+
k‘giCn) n > 1}. O

From Theorem 2.5, we deduce that

Theorem 2.6. If 8k + 1 is not perfect square and #Rep = 2q, then the general terms of k—
almost balancing numbers and k—almost Lucas-balancing numbers of first type are
2ko;i By, + k2i—1Ch,
2
C§;n+i = 4koi—1 By + k2 Cy,

kex
BZq’rH—i -

forn > 0 and

B 2k9; B — k2i—1Chp
2gn—i+1 2

Cg;nfi+1 = —4kyi_1By + k2iCy

forn > 1, where ko;_1, ko; are positive integers such that 2k§i-1 — k§7 =-8k—1for1 <i<g,
ki <ks<--- <k2q_1 andkz <ks<- < kgq.

Proof. It can be easily derived from Theorem 2.5. O
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2.2 k—Almost Balancing and ©—Almost Lucas-Balancing Numbers of Second
Type.

In this subsection, we will determine the general terms of k—almost balancing numbers and
k—almost Lucas-balancing numbers of second type. We see in (2.4) that n is a k—almost
balancing number of second type if and only if 8n2 — 8k + 1 is a perfect square. So we set
8n? — 8k + 1 = 32 for some integer y > 1. Then 2(2n)? — y? = 8k — 1 and taking = = 2n, we get
the Pell equation

222 —y? =8k — 1. (2.8)

Let Q** denote the set of all integer solutions of (2.8), thatis, Q" = {(z, ) : 222 —y? = 8k—1}}.
Then we have only one case: #Rep = 2¢ for some integer ¢ > 1 since 8k — 1 is not a perfect
square, indeed,

Theorem 2.7. 8k — 1 is not a perfect square for every k > 1.

Proof. Conversely, let us assume that 8k — 1 is a perfect square, then 8k — 1 = 2 for some
positive integer ¢. Then k = £+L.If ¢ is even, say ¢ = 2u for some integer u # 0, then k = 2241,
. . . . 4(25)%24+1 . . .
If u is even, say u = 2j for some Lnteger] # 0, then k = ”% =252+ é ¢ 7 and if u is odd,
say u=2j+1,then k = 22U — 952 1 954 5 ¢ 7 If tis odd, say t = 2u + 1 for some
integer u # 0, then k = (27‘*;)2“ — 2ul+2ul |y ig even, say u = 27, then k = w =
252+ j+ 1 ¢ Zandif uis odd, say u = 2j + 1, then k = 2&HD*H2CIFD+L _ 952 4 554 5 g 7,
Therefore 8k — 1 is not a perfect square for every k > 1. O

For the set of all integer solutions of (2.8), we can give the following theorem.

Theorem 2.8. O = {(I2qn+i7y2qn+i) n > O} @] {(5E2qn7i+17 ygqn,pﬁl) n > 1} for everyk > 1,
where

(@2gnis Yogn+i) = (2k2i By + kai—1Cy, 4kai—1 By, + k2 C)
(Tagn—it+1, Y2gn—i+1) = (—2k2i By + koi—1Cy, ki1 By — ki Ch)

and ky;_1, ko; are positive integers such that2k3;, | — k3, =8k —1for1 <i < g,k < ks <--- <
kag—1 and ky < ky < --- < kg

Proof. For the Pell equation 222 — y% = 8k — 1, the set of representatives is
Rep = {[+k2i-1 k2l},

where ko;_1, ko; are positive integers such that 23, | — k3, = 8k — 1for 1 <i < g,k < k3 <
< < kgg—1and ky < kg < -+ < kgq. Inthis case

1. [k2i—1 ko) M™ generates all integer solutions (z2gn+4, Y2gn+i) for n >0,
2. [kai—1  — koi]M™ generates all integer solutions (z2gn—i+1, Y2gn—i+1) for n > 1.

Thus O = {(2k2; By +koi—1Ch, ki1 Br+k2Cr) 0 > 0YU{(—2ko; Bp+koi—1Cn, 4k2i—1 B —ko;
Cp):n>1}. O

Finally from Theorem 2.8,
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Theorem 2.9. Foreveryk > 1, the general terms of k—almost balancing numbers and k—almost
Lucas-balancing numbers of second type are

phes _ 2k2; By + koi—1Cy,
2qn+e 2

Cﬁ;ﬂ = 4koi_1Bp + k2 Cp,

forn > 0 and

—2koi By, + k210,
2
Cg;;_i+1 - 41{521'71311 - k'QZCn

Kook _
B2qn—i+1 -

forn > 1, where ks;_1, ko; are positive integers such that 2k2, | — k2, = 8k — 1 for1 < i < q,
ky <ks<--- </€2q71 andk2 <ks<- < kgq.

Proof. It can be easily seen from Theorem 2.8. O

Remark 2.2. For some values of k, from (2.4), 8n?> —8k+1 is a perfect square for some positive
integer n, but in this case r can be negative or zero. For example, for & = 10, 8> — 79 is a
perfect square for n = 4 and n = 5. But in this case » = —1 and r = 0, respectively. But we
accept 4 and 5 to be 10—almost balancing numbers of second type. As long as n is positive,
we accept it to be a k—almost balancing numbers of second type not considering r is negative
or zero.
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