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ABSTRACT

In this work, we determine the general terms of k−almost balancing numbers and k−almost
Lucas-balancing numbers of first and second type in terms of balancing and Lucas-balan-
cing numbers for some integer k ≥ 1.
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1 Introduction

A positive integer n is called a balancing number (see [2]) and is denoted by Bn if the Diophan-
tine equation

1 + 2 + · · ·+ (n− 1) = (n+ 1) + (n+ 2) + · · ·+ (n+ r) (1.1)

verified for some positive integer r which is called balancer. Similarly a positive integer n is
called a cobalancing number (see [11]) and is denoted by bn if the Diophantine equation

1 + 2 + · · ·+ n = (n+ 1) + (n+ 2) + · · ·+ (n+ r) (1.2)

verified for some positive integer r which is called cobalancer (see also [9, 10, 13, 14]).
Recently many authors studied on several type of balancing numbers (see [5, 6, 7, 8, 15, 16,
18]). In [12], the authors defined that a positive integer n is called an almost balancing number
if the Diophantine equation

|[(n+ 1) + (n+ 2) + · · ·+ (n+ r)]− (1 + 2 + · · ·+ n− 1)| = 1 (1.3)

verified for some positive integer r which is called almost balancer. If (1.3) equals to 1, then
n is called an almost balancing number of first type and is denoted by B∗

n, and equals to −1,
then n is called an almost balancing number of second type and is denoted by B∗∗

n . Thus from
(1.3), we get

C∗
n =

√
8(B∗

n)
2 + 9 and C∗∗

n =
√

8(B∗∗
n )2 − 7

are integers which are called the almost Lucas-balancing number of first type and second type,
respectively.
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2 k−Almost Balancing Numbers.

Let k ≥ 1 be an integer. Then by considering (1.2) and (1.3), a positive integer n is called a
k−almost cobalancing number if the Diophantine equation

|[(n+ 1) + (n+ 2) + · · ·+ (n+ r)]− [1 + 2 + · · ·+ n]| = k (2.1)

holds for some positive integer r which is called k−almost cobalancer. If (2.1) equals to 1,
then n is called a k−almost cobalancing number of first type and is denoted by bk∗n , and equals
to −1, then n is called a k−almost cobalancing number second type and is denoted by bk∗∗n .
Hence

ck∗n =
√
8(bk∗n )2 + 8bk∗n + 8k + 1 and ck∗∗n =

√
8(bk∗∗n )2 + 8bk∗∗n − 8k + 1

are integers which are called k−almost Lucas-cobalancing number of first type and second
type, respectively. In [17], we determined the general terms of k−almost cobalancing numbers
and k−almost Lucas-cobalancing numbers of first and second type.
Similarly in this section, we determine the general terms of k−almost balancing numbers and
k−almost Lucas-balancing numbers of first and second type.
Again let k ≥ 1 be an integer. Then by considering (1.1) and (1.3), a positive integer n is called
a k− almost balancing number if the Diophantine equation

|[(n+ 1) + (n+ 2) + · · ·+ (n+ r)]− [1 + 2 + · · ·+ (n− 1)]| = k (2.2)

holds for some positive integer r which is called k−almost balancer. If (2.2) equals to 1, then n

is called a k−almost balancing number of first type and in this case

r =
−2n− 1 +

√
8n2 + 8k + 1

2
. (2.3)

If equals to −1, then n is called a k−almost balancing number second type and in this case

r =
−2n− 1 +

√
8n2 − 8k + 1

2
. (2.4)

Let Bk∗
n denote the k−almost balancing number of first type and let Bk∗∗

n denote the k−almost
balancing number second type. Then from (2.3) and (2.4), we get

Ck∗
n =

√
8(Bk∗

n )2 + 8k + 1 and Ck∗∗
n =

√
8(Bk∗∗

n )2 − 8k + 1 (2.5)

are integers which are called k−almost Lucas-balancing number of first type and second type,
respectively.

2.1 k−Almost Balancing and k−Almost Lucas-Balancing Numbers of First Type.

In this subsection, we will determine the general terms of k−almost balancing numbers and
k−almost Lucas-balancing numbers of first type. We see in (2.3) that n is k−almost balancing
number of first type if and only if 8n2 + 8k + 1 is a perfect square. So we set 8n2 + 8k + 1 = y2

for some integer y ≥ 1. Then 2(2n)2−y2 = −8k−1 and taking x = 2n, we get the Pell equation
(see [1, 4])

2x2 − y2 = −8k − 1. (2.6)
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For the set of all (positive) integer solutions of (2.6), we have F = (2, 0,−1) of discriminant
Δ = 8, τ8 = 3 + 2

√
2 and

M =

[
3 4

2 3

]
(2.7)

(see [3]). Let Ω∗ denote the set of all integer solutions of (2.6), that is, Ω∗ = {(x, y) : 2x2− y2 =

−8k − 1}. Then we have three cases:

1. 8k + 1 is a perfect square and #Rep = 1

2. 8k + 1 is a perfect square and #Rep = 2q + 1

3. 8k + 1 is not a perfect square and #Rep = 2q

for some integer q ≥ 1.

Theorem 2.1. If 8k + 1 is a perfect square and #Rep = 1, then Ω∗ = {(2hBn, hCn) : n ≥ 1},
where h =

√
8k + 1.

Proof. If 8k + 1 is a perfect square and #Rep = 1, then the set of representatives is Rep =

{[0 h]}, where h =
√
8k + 1 and in this case [0 h]Mn generates all integer solutions (xn, yn)

of (2.6) for n ≥ 1, where M is defined in (2.7). It can be easily seen that the nth power of M is

Mn =

[
Cn 4Bn

2Bn Cn

]

for n ≥ 1, where Cn =
√

8B2
n + 1 is the Lucas-balancing number. So

[xn yn] = [0 h]

[
Cn 4Bn

2Bn Cn

]
= [2hBn hCn].

Therefore Ω∗ = {(2hBn, hCn) : n ≥ 1} as we wanted.

From Theorem 2.1, we can give the following theorem

Theorem 2.2. If 8k+1 is a perfect square and #Rep = 1, then the general terms of k−almost
balancing numbers and k−almost Lucas-balancing numbers of first are

Bk∗
n = hBn and Ck∗

n = hCn

for n ≥ 0, where h =
√
8k + 1.

Proof. We proved in Theorem 2.1 that Ω∗ = {(2hBn, hCn) : n ≥ 1}. Since x = 2n, we get

Bk∗
n = hBn.

Thus from (2.5), we deduce that

Ck∗
n =

√
8(Bk∗

n )2 + 8k + 1 =
√

8(hBn)2 + 8k + 1 =
√

h2(8B2
n + 1) = hCn

as we claimed.
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Theorem 2.3. If 8k+1 is a perfect square and #Rep = 2q+1, then Ω∗ = {(x(2q+1)n+i, y(2q+1)n+i) :

n ≥ 0} ∪ {(x(2q+1)n, y(2q+1)n), (x(2q+1)n−i, y(2q+1)n−i) : n ≥ 1}, where

(x(2q+1)n+i, y(2q+1)n+i) = (2k2iBn + k2i−1Cn, 4k2i−1Bn + k2iCn)

(x(2q+1)n, y(2q+1)n) = (2hBn, hCn)

(x(2q+1)n−i, y(2q+1)n−i) = (2k2iBn − k2i−1Cn,−4k2i−1Bn + k2iCn)

and k2i−1, k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q, 0 < k1 < k3

< · · · < k2q−1, h < k2 < k4 < · · · < k2q and h =
√
8k + 1.

Proof. If 8k + 1 is a perfect square and #Rep = 2q + 1, then the set of representatives is

Rep = {[0 h], [±k2i−1 k2i]},

where k2i−1 and k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q, 0 <

k1 < k3 < · · · < k2q−1, h < k2 < k4 < · · · < k2q and h =
√
8k + 1. In this case

1. [0 h]Mn generates all integer solutions (x(2q+1)n, y(2q+1)n) for n ≥ 1,

2. [k2i−1 k2i]M
n generates all integer solutions (x(2q+1)n+i, y(2q+1)n+i) for n ≥ 0,

3. [−k2i−1 k2i]M
n generates all integer solutions (x(2q+1)n−i, y(2q+1)n−i) for n ≥ 1.

Thus Ω∗ = {(2k2iBn + k2i−1Cn, 4k2i−1Bn + k2iCn) : n ≥ 0} ∪ {(2hBn, hCn), (2k2iBn − k2i−1Cn,

−4k2i−1Bn + k2iCn) : n ≥ 1}.

From Theorem 2.3, we deduce that

Theorem 2.4. If 8k + 1 is a perfect square and #Rep = 2q + 1, then the general terms of k−
almost balancing numbers and k−almost Lucas-balancing numbers of first type are

Bk∗
(2q+1)n = hBn

Ck∗
(2q+1)n = hCn

Bk∗
(2q+1)n+i =

2k2iBn + k2i−1Cn

2

Ck∗
(2q+1)n+i = 4k2i−1Bn + k2iCn

for n ≥ 0 and

Bk∗
(2q+1)n−i =

2k2iBn − k2i−1Cn

2

Ck∗
(2q+1)n−i = −4k2i−1Bn + k2iCn

for n ≥ 1, where k2i−1, k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q,

0 < k1 < k3 < · · · < k2q−1, h < k2 < k4 < · · · < k2q and h =
√
8k + 1.

Proof. It can be derived from Theorem 2.3.

 International Journal of Applied Mathematics and Statistics

85



Remark 2.1. Note that balancing numbers and balancers should be positive integers from
definition. But Behera and Panda ([2]) accepted 0 and 1 to be balancing numbers since 8(0)2+

1 = 12 and 8(1)2+1 = 32 are perfect squares. In this case from (1.1), we get r = −1 and r = 0,
respectively which are not positive integers. Nevertheless, Behera and Panda accepted 0 and
1 to be balancing numbers. Here we have same condition. Of course k−almost balancing
numbers must be positive from definition. But when n = 0, for some values of k from (2.3),
8n2 + 8k + 1 = 8k + 1 is a perpect square. For instance, 8k + 1 is a perfect square for k = 1,

3, 6, 10, · · · . Therefore for these values of k, we assume that 0 is a k−almost balancing number
of first type, that is, Bk∗

0 = 0. So in Theorems 2.2 and 2.4, we accept 0 to be a k−almost
balancing number of first type.

Theorem 2.5. If 8k+1 is not perfect square and #Rep = 2q, then Ω∗ = {(x2qn+i, y2qn+i) : n ≥
0} ∪ {(x2qn−i+1, y2qn−i+1) : n ≥ 1}, where

(x2qn+i, y2qn+i) = (2k2iBn + k2i−1Cn, 4k2i−1Bn + k2iCn)

(x2qn−i+1, y2qn−i+1) = (2k2iBn − k2i−1Cn,−4k2i−1Bn + k2iCn)

and k2i−1, k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q, k1 < k3 <

· · · < k2q−1 and k2 < k4 < · · · < k2q.

Proof. If 8k + 1 is not perfect square and #Rep = 2q, then the set of representatives is

Rep = {[±k2i−1 k2i]},
where k2i−1, k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q, k1 < k3 <

· · · < k2q−1 and k2 < k4 < · · · < k2q. In this case

1. [k2i−1 k2i]M
n generates all integer solutions (x2qn+i, y2qn+i) for n ≥ 0,

2. [−k2i−1 k2i]M
n generates all integer solutions (x2qn−i+1, y2qn−i+1) for n ≥ 1.

Thus Ω∗ = {(2k2iBn + k2i−1Cn, 4k2i−1Bn + k2iCn) : n ≥ 0} ∪ {(2k2iBn − k2i−1Cn,−4k2i−1Bn+

k2iCn) : n ≥ 1}.

From Theorem 2.5, we deduce that

Theorem 2.6. If 8k + 1 is not perfect square and #Rep = 2q, then the general terms of k−
almost balancing numbers and k−almost Lucas-balancing numbers of first type are

Bk∗
2qn+i =

2k2iBn + k2i−1Cn

2

Ck∗
2qn+i = 4k2i−1Bn + k2iCn

for n ≥ 0 and

Bk∗
2qn−i+1 =

2k2iBn − k2i−1Cn

2

Ck∗
2qn−i+1 = −4k2i−1Bn + k2iCn

for n ≥ 1, where k2i−1, k2i are positive integers such that 2k22i−1 − k22i = −8k − 1 for 1 ≤ i ≤ q,

k1 < k3 < · · · < k2q−1 and k2 < k4 < · · · < k2q.

Proof. It can be easily derived from Theorem 2.5.
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2.2 k−Almost Balancing and k−Almost Lucas-Balancing Numbers of Second
Type.

In this subsection, we will determine the general terms of k−almost balancing numbers and
k−almost Lucas-balancing numbers of second type. We see in (2.4) that n is a k−almost
balancing number of second type if and only if 8n2 − 8k + 1 is a perfect square. So we set
8n2 − 8k+1 = y2 for some integer y ≥ 1. Then 2(2n)2 − y2 = 8k− 1 and taking x = 2n, we get
the Pell equation

2x2 − y2 = 8k − 1. (2.8)

Let Ω∗∗ denote the set of all integer solutions of (2.8), that is, Ω∗∗ = {(x, y) : 2x2−y2 = 8k−1}}.
Then we have only one case: #Rep = 2q for some integer q ≥ 1 since 8k − 1 is not a perfect
square, indeed,

Theorem 2.7. 8k − 1 is not a perfect square for every k ≥ 1.

Proof. Conversely, let us assume that 8k − 1 is a perfect square, then 8k − 1 = t2 for some
positive integer t. Then k = t2+1

8 . If t is even, say t = 2u for some integer u �= 0, then k = 4u2+1
8 .

If u is even, say u = 2j for some integer j �= 0, then k = 4(2j)2+1
8 = 2j2 + 1

8 /∈ Z and if u is odd,
say u = 2j + 1, then k = 4(2j+1)2+1

8 = 2j2 + 2j + 5
8 /∈ Z. If t is odd, say t = 2u + 1 for some

integer u �= 0, then k = (2u+1)2+1
8 = 2u2+2u+1

4 . If u is even, say u = 2j, then k = 2(2j)2+2(2j)+1
4 =

2j2 + j + 1
4 /∈ Z and if u is odd, say u = 2j + 1, then k = 2(2j+1)2+2(2j+1)+1

4 = 2j2 + 3j + 5
4 /∈ Z.

Therefore 8k − 1 is not a perfect square for every k ≥ 1.

For the set of all integer solutions of (2.8), we can give the following theorem.

Theorem 2.8. Ω∗∗ = {(x2qn+i, y2qn+i) : n ≥ 0} ∪ {(x2qn−i+1, y2qn−i+1) : n ≥ 1} for every k ≥ 1,
where

(x2qn+i, y2qn+i) = (2k2iBn + k2i−1Cn, 4k2i−1Bn + k2iCn)

(x2qn−i+1, y2qn−i+1) = (−2k2iBn + k2i−1Cn, 4k2i−1Bn − k2iCn)

and k2i−1, k2i are positive integers such that 2k22i−1−k22i = 8k− 1 for 1 ≤ i ≤ q, k1 < k3 < · · · <
k2q−1 and k2 < k4 < · · · < k2q.

Proof. For the Pell equation 2x2 − y2 = 8k − 1, the set of representatives is

Rep = {[±k2i−1 k2i]},

where k2i−1, k2i are positive integers such that 2k22i−1 − k22i = 8k − 1 for 1 ≤ i ≤ q, k1 < k3 <

· · · < k2q−1 and k2 < k4 < · · · < k2q. In this case

1. [k2i−1 k2i]M
n generates all integer solutions (x2qn+i, y2qn+i) for n ≥ 0,

2. [k2i−1 − k2i]M
n generates all integer solutions (x2qn−i+1, y2qn−i+1) for n ≥ 1.

Thus Ω∗∗ = {(2k2iBn+k2i−1Cn, 4k2i−1Bn+k2iCn) : n ≥ 0}∪{(−2k2iBn+k2i−1Cn, 4k2i−1Bn−k2i

Cn) : n ≥ 1}.

Finally from Theorem 2.8,
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Theorem 2.9. For every k ≥ 1, the general terms of k−almost balancing numbers and k−almost
Lucas-balancing numbers of second type are

Bk∗∗
2qn+i =

2k2iBn + k2i−1Cn

2

Ck∗∗
2qn+i = 4k2i−1Bn + k2iCn

for n ≥ 0 and

Bk∗∗
2qn−i+1 =

−2k2iBn + k2i−1Cn

2

Ck∗∗
2qn−i+1 = 4k2i−1Bn − k2iCn

for n ≥ 1, where k2i−1, k2i are positive integers such that 2k22i−1 − k22i = 8k − 1 for 1 ≤ i ≤ q,

k1 < k3 < · · · < k2q−1 and k2 < k4 < · · · < k2q.

Proof. It can be easily seen from Theorem 2.8.

Remark 2.2. For some values of k, from (2.4), 8n2−8k+1 is a perfect square for some positive
integer n, but in this case r can be negative or zero. For example, for k = 10, 8n2 − 79 is a
perfect square for n = 4 and n = 5. But in this case r = −1 and r = 0, respectively. But we
accept 4 and 5 to be 10−almost balancing numbers of second type. As long as n is positive,
we accept it to be a k−almost balancing numbers of second type not considering r is negative
or zero.
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