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ABSTRACT

In this paper, we study the interval availability of a repairable system through
a system of integral equations. A new nonparametric estimator of interval sys-
tem availability is proposed. This estimator is asymptotically consistent. Multiple
numerical simulations are presented to demonstrate the efficient numerical perfor-
mance of the new estimator.
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1 Introduction

Consider a repairable system that has two states, namely ‘up’ if it is properly func-
tioning and ‘down’ if it is under repair. Let the binary random variable X (¢) denote
the state of the system, that is X (¢) = 1 means that the system is in ‘up’ state, and
X(t) = 0 otherwise. Suppose that a new system with a random lifetime U, starts
working at time ¢ = 0 until it fails and it will be repaired immediately taking a random
time D;. Upon completing the repair, the system resumes functioning with a random
lifetime U, and a random repair time D,, and so on and so forth. The instant avail-
ability of the system is the probability that the system functions properly at time ¢, i.e.,
A(t) = P(X(t) = 1). The instant availability and its limit have been studied extensively,
for example see, (Barlow and Proschan, 1975), (Biswas and Sarkar, 2000), (Huang
and Mi, 2015), (Mi, 2006).

Suppose that a certain mission will be implemented at time ¢ and will take w time units.
It is important to explore the probability that the system is able to complete the mission
successfully. That is, we want to find the probability IP(X(u) =Lt<u<t+ w) which
will be denoted as A, (t). A repairable system can be repaired in two ways. One is
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perfect repair which repairs a failed system as good as new. The other one is non-
perfect repair that a failed system can not be repaired as good as new. Perfect repair
means the system is restored back to a level equivalent to a new system. However,
it is often difficult to be implemented due to technical limitation, or it may require very
long time, and it is usually more costly. Therefore, non-perfect repair is practically more
feasible.

In this paper we consider a repair policy that allows k£ > 0 imperfect repairs on suc-
cessive failures before a perfect repair or replacement by a new unit is used. This
policy has the advantage of saving time and expenses and was studied in (Biswas and
Sarkar, 2000), (Huang and Mi, 2013).

Let the lifetimes of the system be Uy, - - -, U, and the imperfect repair times be Dy, - -,
Dy. Suppose that U;, D;,i > 1 are independent, U; and D; have distribution F; and
G, foreach 1 < ¢ < k. From the repair policy stated in the above obviously (U, D)
and (Ugi1, Dry1) are i.i.d.. With these notations, the evolution of a k-system defined
in (Mi, 2020), can be described as follows. A k-system has lifetime U, at time 0 and
the associated repair time D;. At the time U; + D, the system resumes functioning
with lifetime U, and repair time D,, respectively, and so on until the time Zf;ll(Uj +
D;) + U, then a perfect repair or replacement with a new unit is applied. We will use
{(U;, D;),1 <i < k} to denote a k-system as described above.

In (Huang and Mi, 2013) the authors derived the equation which determines the inter-
val availability A, (¢) as shown below.

1 < k are continuous CDF with
the unique bounded solution of the

Theorem 1.1. Suppose that F;(t) and G;(t), 1
support set [0, 00). The interval availability A, (t)
renewal equation

<
is

Au(t) = c(t)—s—/otAw(t—s)dH(s) t>0 (1.1)

k=Lr i k
F; x G; is the convolution of F; and G;. The availability function A, (t) is of bounded
variation Vi’ (A) < 400 on any finite interval [0, x].

Let 1 < i < k be fixed. Suppose that in the first cycle of the k-system the lifetime
and repair time are U; and D; respectively, and then the system evolves in the same
manner as the original k-system until time Z;?:Z.(Uj +D;). We may call the new system
as the ith delayed k-system and denote its interval availability as A;,,(¢). Note that
A, (t) mentioned in Theorem 1.1 is actually A, (¢). By introducing A, (¢) we are able
to reformat the problem in the form of an integral system shown below and then solve
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it numerically.

t
Aiw(t):ﬁ-(t+w)+/ Asralt — $)dHi(s), ¢>0, 1<i<k—1,
0
t (1.2)
Ak,w(t):E(tva)Jr/ Ay (t — s)dH(s), t>0,
0

where F(t) = 1 — Fi(t).
If we denote A1, = A1, then the integral systems can be in the following form:

t
Ap(t) = Fi<t+w>+/0Aiﬂ,w(t—s)dHi(s), t>0, 1<i<k  (1.3)

If F;(-) and G;(-) belong to a certain parametric family, one can first try to estimate the
pertinent parameters for estimating F;(-) and G,(-), and then get an estimate of A,,(¢)
by solving (1.1) or (1.3). However, in many situations either the parametric forms of
F;(-) and G;(-) are unknown or the knowledge about them is rather limited. Thus,
nonparametric methods become necessary.

2 The Kernel Estimator of Interval Availability And Its Properties

It is obvious that the availability A;,(t) = 0 when ¢ < 0. Hence, if we define

Fi(w+t), t>0,

then, for any ¢ € (—oo, +00), the integral system (1.3) can be rewritten as
t
0

In this section, we want to explore the steady interval availability of A;,(¢),1 <i < k
when t — oo. Actually the expression of lim; ., Ay, (¢) was derived in (Huang and
Mi, 2013). In this article, we will derive lim; o, Ay(t), 2 < i < k.
It is known that in the case of k£ = 1 this limit exists and is given by
Ay(o00) = lim A, (t) = M
t—00 n+v

where A, (t) = Ay,(t), p = E(U,),v = E(D,), and U, ~ F provided E(U?) < oo (See,
for instance, (Aven and Jensen, 2013)). If further w = 0, then A, (c0) becomes the
steady instant availability
I F(x)dx _

n+v nw+v
in which the denominator is the mean length of cycle (0, U; + D), and the numerator
is the mean functioning time in a cycle. With the same observation we see that A,,(o0)
is actually the proportion of the contribution due to lifetime U to the mean length of a
cycle.

A(c0) =
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2.1 Steady Interval Availability

In order to derive the steady interval availability A;,(c0),1 < i < k, the Tauberian
Theorem (see (Feller, 1991)) will be applied, and the unilateral (one-sided) Laplace-
Stieltjes (LS) transform is needed. This transform is defined as follows.

Let £(t),—o00 < t < oo be a function of bounded variation on any finite interval. Its
unilateral LS transform £(s) is given by

£(s) = lim /OO e St dE(t),

e—0t

if there exists a constant sq > 0 and the integral converges for all s > —sq. It can be
shown that

E(s) = —£(07) + 5 /0 (o) dr

and in particular if £(07) = 0 then

£(s)=s /0 h e~SE(t) dt. (2.2)

We will use the unilateral LS transform only, so LS transform always means the unilat-
eral LS transform whenever it is involved throughout the rest of this article.

If X is a random variable with cumulative distribution function F, then its Laplace-
Stieltjes transform is given by the expectation:

ro = e ‘ (2.3)

%E(X?’) Fo e (CD)PEE(XT) 4

2
1. T R(X?) —
= 1 sE(X) + 5E(X?) ~

if '(s) is well-defined in a neighborhood of s = 0.

It was shown in (Mi, 2006) that A,,(¢) has at most countable discontinuity point. This
ensures that its LS transform A, (s) exists.

Let K(t) be a CDF with K(0) = 0. For any non-negative function ¢(¢) of bounded
variation with g(t) = 0,Vt < 0, we define the convolution of K and g as:

wra)t) = [ gt —ayar(@, 120

It can be verified that the LS transform of the convolution K x g(¢) equals to the product
of the LS transforms of the two functions K () and g¢(t), i.e., K * g(s) = K (s) - §(s).
Applying the LT transform to both sides of the integral equations (2.1) and then repeat-
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ing substitution, we obtain
Az‘(s) =

Ti(s) + H - Ay (t)
Ji(s) + Hi (Jixa(s) + Hipr - Aigo(1))

= Jis) + Hi-Jina(s) + Hi- Hipo- Jio(s) + -+
+ HiHy o - Ju(s) + Hy--- Hy - Ti(s) +
+ Hi : HH—l : "Hk—l : I:Ik : Hl : "Hi—Q : jz'—l(s)
+ H; - Hipy - Hyy - Hy - Hyo--Hip - Hiy - Ay(s), 1 < i <k,
here the dependence of A;,(s) and Jm( ) on w is omitted for simplicity of notations.
With (2.2), we have:

(1 — ﬁHm(s)> Ai(s) = 5/0%o et J(t) dt + H;- < /Om et i (t )df)

+ H; Hiyy - <5/+OO e Jia(t) dt) 4+ -
k ' +o0
# L e (s [ )
it ’
Next, with (2.3)

éZ/Lm+Vm (5) + O(s?)

400
S

+00 +oo
0 0

wh

= s /+oo o (t) dt + O(s?)

m=1

then,

SZ/O h T (t) dt + O(s%)

AZ(S) _ m=1

$ i (Um+Vm)

m=1

Therefore, from Tauberian Theorem (see (Feller, 1991) ) as s — 0T, we have

Theorem 2.1. For1 <i <k,

Ajw(+00) = hm An(t) = lim A;(s) = m=1kw (2.4)
s—0+
5 (i + )
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When i = 1, (2.4) was proved in (Huang and Mi, 2013). The result of Theorem 2.1 not
only shows that the i-th (2 < i < k) delayed k-system has the same steady interval
availability as the original k-system but also has important application in the numerical
computations developed in the last section of this article.

2.2 Large Sample Property And Steady Behavior of Kernel Esti-
mator

In general, the closed expression of A,,(t) for k-system is not available even in the
simple case of k = 1. It is thus natural to seek for its estimator. Note that A;,(¢) is
a function of time ¢ satisfying Eq. (1.3). This observation leads us to the following
approach. First, the kernel method will be applied to estimate the CDFs F;(¢) and
H,(t) appearing in (2.1). Then we solve the system of integral equations obtained
from substituting these CDFs in (2.1) by their kernel estimators for the non-parametric
estimators of A;,(¢). For more details about kernel estimation the readers are referred
to (Li and Rachine, 2011).

Our procedure is described as follows. Consider a k-system {(U;, D;),1 <i < k}. Let
{ (UY, DY), 1 <i<k 1<j<n}besamples of {(U;,D;),1 <i < k}. According
to the method of kernel estimation we can obtain the kernel estimators Fl.(”)(t) and
H™(t) of CDFs F,(t) and H,(t) as

I~ [t—UY
F(t) = - K( i ) 1<i<k

n 4 hy, -
J=1 )
. 1 (t—UY DY
j=1 "

here the selected kernel function K(t) is a CDF and satisfies = [, K (t)dt < oo, and
h,, > 0 is the selected bandwidth parameter satisfying h,, — 0 as n — +oo.

Our study will focus on A,,(t) = Ay, (¢) at this moment. Using Fi("’)(t) and Hf’”(t), we
further define ¢ (¢) and H™ (t) as estimators of c(t) and H(t) in Theorem 1.1. Finally,
let A,ﬁ?)(t) be the solution of the corresponding system of integral equations obtained
from replacing all other functions in (1.1) by their estimators mentioned above. The rest
of this section is devoted to the discussion on lim,, .., A" (00) = limy, 00 limy o0 Aiﬁ”(t).
We will see later on that the result is exactly the same for any other A,E;? (t),i=2,-- k.
In order to derive the desired limit some auxiliary results are needed. First, in the same
manner as Lemma 2 of (Huang and Mi, 2018), the following inequality can be proved.
The outline of its proof is given in Appendix.
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Lemma 2.2.
)¢ g
i [AD(1) ~ A (B][L — HO(z)
< max (1) = ()] + [14 V' (Aw)] max [H™(t) = H(1)],

where Vi (A,,) is the total variation of A, (t) on interval [0, x].

Theorem 2.3. Suppose that for any = € [0,00) and 1 < i < k, F\"™(t) and H™(t)
satisfy

Dax |F( >( t)— Fi(t)] =0 a”d&lf‘} |H§")(t) — H;(t)| — 0, a.s. respectively, as n — o,

then lim max \A< )( t)— Au(t)] =0, a.s.

n—oo0 0<
Proof. Since max |F"™(t) — Fi(t)] — 0 and max |H™(t) — Hy(t)] — 0, it is true that
() — cft) and H®™(t) — H(t),a.s. and the convergence is uniform on any finite
interval of t. The result hence follows from Lemma 2.2. O

In the discussion of the following lemmas it is assumed that {X; > 0,i=1,...,n}isa
random sample from a population with CDF Fx () that satisfies [ Fx(x)dxz < cc. The
proofs of these lemmas are quite technical and are therefore given in the Appendix.

Lemma 2.4. Forany w > 0,

e~ —(w—X;
— ZX,LK <w > ](Xi<w) — 0,a.s.
n hy, -

i=1

whenn — +oo.

Lemma 2.5. The following limit is true

w—X; Foo
nZXK( ) / ydFx(y) = E(XI(x>w)),a.s

Lemma 2.6. /t holds that
+00 +00
lim FO @) dt = / Fx(t)dt, a.s.

n—-+00
Now we can establish the following result.

Theorem 2.7. Suppose that the kernel function K (t) satisfies n = [ ydK (y) < oo,
and window width h,, — 0 as n — +oo, then

A,(+o00) = lim hm Ayt hy) =

n—+oo t—+

>[n
z::uﬁ%
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Proof. From Theorem 2.1 it follows that

ko ptoo
Z/ FO) (1) dt
A (+00) = lim AD(E) = 2= , (2.5)
Z( (n) 'rL))

j=1

where o 00
b = / F{"(t)dt and v{") = / G (1).

According to Lemmas 2.4, 2.5, and 2.6, we see that as n — oo

+oo +oo_
/ F(n)()dt — / (y)dy as,j=1,... k.

Therefore, the claimed result holds. O

3 Numerical Method

Suppose that F"(t) = F™(t, h,) and H™(t) = H™(t, h,,) have been obtained based
on sample {(u,d?), 1 <i < k+1,1<j<n} Let A1) = A"(t h,) be the

availability function determined by £ (t) and H™(¢). Thatis, A" (t, h,,) is the unique
solution of the integral equations

AN = T+ Y« AD (1), 1<i<k,

In order to avoid heavy computation of convolutions, we will not use (1.1) for computing
values of A4,(t). Instead, we will use the Block-by-Block method for solving the renewal
integral equation (2.1) directly to obtain values of AE”)(t). The quadrature rule for the
Stieltjies integral used in the Block-by-Block method is described as follows. Consider
the following Stieltjes integral on an interval [a, b]

/ab x(t) dy(t).

Denote the values of the function z(t) at ¢t = a, (a +b)/2, and b by 21 = z(a), 15 =
z((a+1b)/2), and z, = x(b). Similar notations will be used for y(t) and other functions
involved later. The Stieltjes integral is approximated by

b
T+ 4215+ To — X
/x(t)dy(t)z%(yg—ylwr 23 Sy — 2515 + 1) (3.1)

In the following section, we will denote A\ (t), F™)(t) and H™(t) as A,(t), Fi(t) and
H;(t) respectively for simplicity of notations. Let m be an even number, the interval
[0, ¢] is divided into m subintervals of equal size by

0:t0<...<tj:l7‘5<...<tm:7n5:(;’
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and the value of A;(t) at grid point ¢; (or half-grid point ¢;,,/,) will be denoted by A; ;
(or A;j+1/2). The same notation will be used for F;(t;) and H;(t;). From the integral
equation (2.1) clearly

to

to
With ty =t =0, we have Ai,O = JZ(O)
Applying the quadrature rule (3.1) with nodes ¢, = 0,¢; = § and t, = 26 on the interval
[t()a tQL
Aipro+ 440 + A

Aio = Jio+ 6 (Hi,z - Hi,o)
A; — A
JF%(HL? —2H;; + Hi,O)
Rearranging the equation, we have
2(H;2 — H; Hio—4H;, + H;
Ao — MAiH,l + 3Hip 11 i Aii12
3 6 (3.2)
Hio—4H;1 +3H,9
=Ji2 6 Aitip.

Next, we apply the quadrature rule (3.1) to the interval [ty, ;] with nodes ty = 0,1/, =
d/2 and t; = 0, and from

Az(tl) = Jz(t1) -+ l ] Ai+1<t1 - S)dH1($),

we have

Aipro+4Ai12 + A
6

A; — A
+ B S (i — 2y + Hio)

To deal with the unknown value A4;,,,, we approximate it by quadratic interpolation,
using values A;, A;; and A;,, that is, we replace A; ;/, by

Ain = Jin+

Ly

(Hi,1 - Hi,())

3 3 1
Ajije = gAz',o + ZA“ - gAz‘,m
so that we have
3H; o — 2H; /5 — H; H;, — H;,
Apr — 0 3,1/2 ’1A¢+1.,1 n %Awm
Hio+8H;1/2 —9H; 1 (3.3)
=dJi1 — 1'2 Ai,O

Combining the (2k) linear equations from (3.2) and (3.3), we have a linear system on
(2k) unknowns A; 1, A;2,1 <1 < Ek.
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It is clear that the coefficient matrix in this linear system is diagonal dominant and
nonsingular for sufficiently small 0 > 0. Hence the system of equations (3.2) and (3.3)
has a unique pair of solutions A4;; and A, », i.e., we can obtain the values of A;(t;) and

A;(ta).
The general procedure for computing A; 2,41 and A, »;.» is similar. Assume that the
values A, , A;1, ---, A;»; are known. We then treat the interval [to;, t2;4] With nodes

to;, t2;+1 @nd to;40 in the same way as we did for the interval [to, to] with nodes ¢, t; and
to. Moreover, the same procedure is used in [to;, to;41] With nodes ty;, taj41/2 and o) 1.
The value A; 5;.1/2 @t ty11/2 = (t2; +12541)/2 is approximated by quadratic interpolation
interms of A, 55, A; 2511 and A; 55, just like what was done for approximating A; 1, i.e.

3 3 1
—Aig + ZAi,2j+1 — <A 42 (3.4)

Ai,2j+1/2 = 3 )

The above process will yield the same linear equations for A; 55,1 and A; 5540, 1 <@ < k
similar to (3.2) and (3.3). In fact, the coefficient matrix of the new system of linear
equations is exactly equal to that in previous steps, with different right hand sides.
This property can significantly improve computation time ( See (Huang and Mi, 2012)
and (Linz, 1985) for details). By solving this system, we can obtain the values A; ;11
and A; 5j49.

The integral system (2.1) can be transformed into Laplace type integral system where
h; is the pdf corresponding to the random variable U + D.

t
A u(t) = Ji(t +w) +/ A1t —s)hi(s)ds, 1<i<k (3.5)
0
For simplification, we consider only an integral equation, not an integral system here:
t
A(t) = F(t) + / A(s)h(t — s)ds
0

Att =ty =26, §
A(ﬁz) = F(tg) + /0 A(S)h(ﬁQ — S)dS

By Simpson’s rule, with nodes ¢ = ¢y, t; and ¢, we have

— 4
Ay = Foy+ 3 [Aoha + 4A1hq + Ashy]

) — 9
—é4h1 Ai+(1—=2ho | Ay = Fy+ 5 Aphs, (3.6)
3 3 3
here by convention A, = 1 since A(0) = F(0) = 1. Att =t, =6,
t1
Alt)) = F(t) +/ A(s)h(t; — s)ds
0
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we use Simpson’s rule with nodes t = t,, ¢, and half-node ¢/, = /2,

— 0
A = Fi+ 6 [thl + 4A1/2h1/2 + Alho] .

To approximate the unknown A4, , at half-node ¢,,, = §/2, we apply quadratic interpo-

lation using values at t = ty,t; and t,:
3 3 1
Aip=-Ag+ -4, — -A
1/2 % g 4o + AT gt

and consequently

— 0 3 3 1
Al = F1 -+ 6 |:A0h,1 +4 <8A0h0 -+ zAlhl — 8A2h2> -+ Alh():|

F) 5 — 3
(1 — g - 6h0> A+ <12h2) Ay =T+ <h1 + 2h0> Ao, (3.7)

From (3.7) and (3.6), we have the following linear system,

1 —6hy/2 — 6ho/6  Ghy/12 A\ [ Fi+6(hi+3ho/2) Ay/6 (3.8)
—40hy /3 1 —0ho/3 Ay | Fy + 6hyAg/3 S

It is easy to see that this system has a unique solution for A;, A, when ¢ is sufficiently
small.

The general procedure to compute the approximate values A,,,,.1 and Ay, is similar
as before provided Ay, A;, As, - -, Asp_1, Asy, are available.

4 Example

Here we will illustrate the algorithm described above and show the performance of the
proposed estimator A, (t) with the following examples.

In the first two examples, A, (¢) has a closed-form expression, while in the last one it
does not.

The procedures described previously are applied to estimate the values of A, (¢) on
the time interval [0, 7] where T = E(U + D) is the average length of a cycle of the
corresponding alternative renewal process. We use 101 nodes on the interval [0, 7] to
solve the integral equation in the Block-by-Block method.

Figures show the curves of the average of k = 1000 repetitions of A, (t). In addition, we
also show the values of the mean integral squared error (MISE) on the interval [0, 7]
defined by MISE = b | [ |AZ(t) — A, (t)[?dt/(kT), where each A% (t) is the j-th
repetition of the non-parametric estimate of A, (¢) based on the j-th simulated sample
data (u,d"),1 < i < n, A,(t) is the analytic solution in the first two examples, and
is the numerical solution of integral equation (2.1) given CDFs F(t) and H(t) in the
last example. The value of MISE measures the accuracy of the estimation of the value
[T E(|A,(t) — A, (1)[?)dt/T when  is large.
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h Gamma Pareto  Loglogistic Log-normal Uniform  Weibull
1/y/n 0.002964 0.003011 0.002819  0.002878 0.003074 0.003035
1/n 0.003005 0.002889 0.002888 0.003015 0.003054 0.003047
1/ny/n 0.003131 0.003098 0.003099 0.003134 0.003141 0.003140

Table 1: Example 1— MISE with Different i for 6 Other Kernels

4.1 Example 1

Suppose U ~ Gamma(p,«) and D ~ Exp() with probability density functions
f(t) = aPe™*=1/T(p) and  g(t) = Be ™.

A, (t) can be derived by using Laplace transforms.
In the case of p = 2 and o = §3, it can be obtained that

Fit)=1—(at+1)e ™, Gt)=1—eP H(t)=1— (a*#*/2+at +1)e "

This example was studied in (Huang and Mi, 2018) for instant availability (w = 0).
Moreover, in this case, the system availability A(t) has analytical expression given by

y V3sin (V3at/2) + (1 4 2aw) cos (V3at/2) 24 aw
w(/) = 3€a(3t+2u})/2 + 36(1111 .

The values w = 0.25 and a = 0.25 are used in this example. The mean length of
lifetime and mean repair time are E(U) = 8, E(D) = 4, and consequently the mean
length of a cycle is T'=E(U + D) = 12.

In the left panels of Fig.1, sample size n = 16, and in the right panels n = 64. From the
top to the bottom, the bandwidth parameters are h = n~'/2, n=' and n~3/? respectively.
From Fig.1, we observe that bandwidth » = n~! gives the best results independent of
the sample size, which can be as small as 16 or as large as 64.

Additionally, we tried six other kernel functions: Gamma with shape parameter = 3 and
scale parameter = 1, Pareto with shape parameter = 1, Log-logistic with both shaper
and scale parameters = 1, Log-normal LN(u, o) with p = 0 and ¢ = 1, Standard
Uniform ( lower-endpoint = 0, upper-endpoint = 1), and Weibull with scale parameter
= 1 and shape parameter = 2 in order to compare the effect of different kernels on
the estimation accuracy. Table 1 lists the MISEs with the three different choices of
bandwidth: » = n='/2, n=', n=%/2, and n=2 with n = 50. Overall their MISEs are of the
same order.
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n=16; h=n"2z 025

SCMISE= 00079759

N
N
S . —bxact
oo = = Esimale

S

| | | | |
2 4 6 8 10

n=16; h=n'= 00625

12

TSNISE - 0009225

— bt
= = Estimate

| | | |
2 4 6 8 10

n=16; h=n"%2 0015625

MISE = 0,010573
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n=64 h=n"2:01%
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| NUSE 0004104
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= = Eslinate
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MISE=00021928
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n=64 h=n2= 00019531

MISE = 0.002614

—Bract
= = Eslinate

Figure 1: Example 1; Standard Exponential Kernel
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4.2 Example 2

We consider the case k = 2 and let U; ~ Exzp(2a), Uy ~ Exp(3a), D1 ~ Exp(5a),
D,y ~ Exp(4a) with the following densities:

fi(t) =207 fo(t) = 3ae™®  gi(t) = 5ae "™, go(t) = dae .

This example was used in (Huang and Mi, 2013) to verify the statement of Theorem
2.1 when i = 1. We can see that the conclusion is true forany 1 <i < k.
The interval availability can be obtained by LS transform as

30 20 12e*" + 15
Alw(t) 77 e20w + 7T7e3aw 77 eTat+3aw
539 cos(v/39at/2) (e — 1)]  5[v/39sin(v/39at/2)(3e™ — 1)]
+ 429e7at/2+3aw + 429€7at/2+3aw ?
30 20 12e*” + 15
AQ“’(t) 77€2aw + 7763(110 77€7at+3aw

~ 2[39cos(v39at/2)(e™ —1)]  2[v/39sin(v/39at/2) (3™ — 1)]

143¢70t/2+3aw 143¢7at/2430w

From this expression the limit lim; ., A, (t) is

30 20

Aru(00) = Ap(00) = ot + oo

(4.1)

On the other hand, this can also be verified by Theorem 2.1 as follows. Clearly

o 1 o 1

In addition, we have p; + ps + 11 + v» = 77/(60a). Then formula (2.4) gives:

1 1 60 30 N 20
Qae20w | 3pedaw |77 Te20w T 77w’

A = (

which is the same as the one in (4.1).

When the densities f1, f2, g1 and g, are known, this example was used to show the ac-
curacy and efficiency of the Block-by-Block algorithm for Laplacian type integral equa-
tions (3.5) in (Huang and Mi, 2013).

Now we compute the interval availability with simulated sample data (1!, d"),1 < i <
n by solving the Stieltjes type integral equations (2.1) via estimating the cumulative
distribution functions F1, Fy, H; and H,. The numerical results are shown in Figure 2.
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w= 0.2, m= 16 w= 0.2, m= 64

Exact Exact
Non-P-Sol Non-P-Sol

o7 MISE = 0.0050498 1 07 MISE = 0.001168

Figure 2: Example 2; w =0.2; m = 16 (left), m = 64 (right)

4.3 Example 3

The integral system (2.1) can be transformed into Laplacian type integral system where
h; is the pdf corresponding to the random variable U + D.

t
0

Similarly, the h; can be obtained by kernel estimate from the data u; + d;, 1 <i < k.
In general, the CDF of a random variable has nicer properties than the PDF, and then
it is easier to have reliable estimate of a CDF than a PDF.
Suppose that lifetimes Uy, U, follow Log-normal distribution, and repair times Dy, D,
follow Weibull distribution with densities
1 _(nt=pm? k ra\k-1 o e

f=m =5 (5) e
Let w = 2.5 and the parameters be p; = 1.5, ps = 1.25; 07 = 0.3, 00 = 0.6; k; = 1.25,
ko = 1.5; Ay = 1, A2 = 1.5. The numerical solutions of A, (t) for (2.1) and (3.5) obtained
by using the Block-by-Block method are shown in Figure 3-5.
Compare the estimate by the numerical solutions of (2.1) and (3.5), it is clear that the
estimate of A, (¢) based on the estimations of CDF is more reliable than that based on
the estimations of PDF.

4.4 Discussions and Conclusions

The selection of the bandwidth » = h,, is always an issue in the kernel estimation
method. That is, too small i results in undersmoothed estimator which causes much
roughness; on the other hand, too large A will result in oversmoothed estimator which
cannot catch the structure of the function to be estimated. In Example 3, we can see
that the estimate of A, (¢) based on the estimations of CDF is more reliable than that
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Figure 3: Example 3; m= 16; Stieltjes (left) and Lapalace (right) Integral Equation
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Figure 4: Example 3; m = 32; Stieltjes (left) and Lapalace (right) Integral Equation
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Figure 5: Example 3; m = 64; Stieltjes (left) and Lapalace (right) Integral Equation
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based on the estimations of PDF. There has not been much work on the bandwidth
selection for estimating CDF, but there were considerable studies on the topic for kernel
estimation of probability density function (pdf). In practice, the so-called normal scale
bandwidths described in (Wand and Jones, 1995) are often applied.

In this paper, our goal is to estimate the interval availability function A, (¢). We study
the interval availability A, (¢) of a repairable system through the system of integral
equations. To achieve this goal we need to estimate F'(¢) and H (¢).

In our numerical studies, we simulated many other lifetime and repair time distribu-
tions and sample sizes, with other kernel CDFs. The same pattern that appeared in
Examples 1 and 2 is always observed. The magnitudes of the MISEs are of the same
order. Among the three simulated bandwidths, », = 1/n has the best result: the ob-
tained curve of A,(t) is pretty smooth, the magnitude of the bias of the estimation is
acceptable, and the MISE on [0, 7] can always compete with that using h = n~'/2 or

h, = n 32,

A Proof of Lemmas 1-4

Lemma A.1.

max |AM (1) — A, (t)|[1 — H™ (2)]

0<t<zx
™) (4) — v (") (4) _
< @ax |cV(t) —c(t)] + [1+4 Ve (Aw)] max [H™(t) - H(),

where Vi (A,,) is the total variation of A, (t) on interval [0, z].

Proof. From Eq. (1.1) it holds that
AP = Ault) = () = clo)] + | AP~ 5) — Ault - ()

+ [/Ot Ayt — s)dH™ (s) — /t Ay(t —s)dH(s) | .

0

Then the desired result can be obtained by following the same way as the proof of
Lemma 2 in (Huang and Mi, 2018). O

Lemma A.2. Forany w > 0,

I —(w—X;
Y XK <“’ ) Iix <) — 0, a.5.
n hn S

i=1

whenn — +oo.

Proof. For any given ¢ > 0, 3t,, such that K () < ¢, Vt > t,

w —T; w — x;
D>ty = x; < w— hyty and !
ha, hy,

<ty <= x; > w — hyty
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For the same ¢ > 0, 30 € (0, w) such that / ydFx(y) <e.
w—4
Let N be such that w — h,tg > w — 0, VYn > N.

) (X;<w)

) (Xi<w [(X <w—hnto)

1 - X;
— X, K Iix, <o d(x,>w—
+nz ( I ) (Xi<w)L(Xi>w—hnto)

Consider the first term in the above expression, it is true that

le— . —(w—2X; 1 «
0<— ;XK ( - ) Ix<w L (xcwono) S €~ Y X = B(X), as.

n i=1

As for the second term,

1 —(w—-X;

— E X, K < 2 ) Iix,<w) L (w—hato<x)
I~ . — (w—2X;

— :fE:X,»K ) T <w
"2 < I ) (w—hnto<X;<w)

i 1<
>I(w—6§X,¢§w) < 52Xil<w_5§Xi§w)

=1

A
S
NaE
>
=
7 N
g
=
>

then,

w— X,
lim sup — ZXK( 5 >[(X <w)L(w—hnto<X;)

n—+oo 1

< limsup — ZX](w ,5<X<w)—/ ydFx(y) <e a.s.
-5

n—+oo N

Combining all of these, we obtain

X;
lim sup — ZXK <w - > Iix,<w)y S €E(X) + € a.s.

n—4oo T

Due to the arbitrariness of € > 0, it is therefore proved that

X;
lim ZXK(wh )I(X<w)_0 a.s.

n—+oon

Lemma A.3. The following limit is true

1 - — [ W — Xz oo
- > XK ( - ) - / ydFx(y) = E(XI(xsu)),a.5.
i=1 " w
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Proof. Since

—(w—X, X; X;
XJ((wh )—XiK(wh )I(X>w)+XK<wh )I(X<w)

X,
) Tixocn
h'n > (Xzs )

— (w
= Xil(x,>w) +XiK<

and

I~ y—(w—X; w— X
-y XK : Xil(x;>w XK I x,<w
n; ! < I, > nz (Xi>w) + Z ( h ) (Kiz)-

i=1 n

It is clear that the first term
1 n
EZXiI(X,L>w) = E(X[ixsw) as.
=1

and the second term converges to 0 a.s. by Lemma A.2, hence the desired result is
proved. O

Lemma A.4. It holds that
+00 _ +00 _
lim / FU(t) dt :/ Fx(t)dt, a.s.

n——+oo .

Proof. With the integration by parts,

et — X, — X\ | teo - X
K Vdt = tK ! — tdi !
/1:) < hn ) ( hn )t:w L) < hn )
X; oo t—X;
Yy gl i / tdK
hy, w hy,

From the definition of non-parametric kernel estimators F{" (t),

+oo 1 n +oo _Xi
/ F@t)ydt = EZ/ K(th >dt

i=1
W — [ w— X 1 e [F® t
= —n;K( . )+nz;/w tdK<

For the first term in (A.1), it is clear that

I~ (w—X; _
_w.nZK<wh ) — —wFx(w) a.s. n— +o0o

i=1 n

;f) (A1)

For the second term in (A.1), we have

+oo _ i
/ tdK (t XZ)
w h"ﬂ

+00 +oo
= / (X + hyy) dK (y X/

w—X

+00
/WX_ ydK (y)

hn hn
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1l [T t—X;
- tdK

BN —(w—X; 1L oo
= a2k ) o~ dK A2
n ; ( h., ) + - ; /”hx"' ydK(y) (A.2)

1 [T
0 S hn T ydK Yy S hnna
n 4 1 w—X;
i= hn

+o00
By the lemma A.3, the first term in (A.2) has Iimit/ ydFx(y) = E(XI(x>w)) and the

second term in (A.2) has limit 0.
Combining the above, we conclude that

Foo I~ [T (t—X;
/ Ftydt = EZ/ K( - )dt

i=1

+o0
— —wFX(w)+E(X[(X>w)):/ Fx(t)dt, a.s.

w
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