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ABSTRACT

In this study, authors have established two-dimensional quaternionic fractional Mellin trans-
forms in a distributional sense. The testing function space and some properties are studied.
The analyticity, boundedness, and inversion formula are analyzed. Operational properties
and Mellin-type convolution properties are established. The applications related to Mathe-
matical Physics are given in the concluding section.
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1 Introduction

W. R. Hamilton developed quaternions in 1853. The necessity of enlarging the operations on
three-dimensional vectors to include multiplication and division led Hamilton to introduce the
four-dimensional algebra of quaternions. In 1998, authors (Akay and Boudreaux-Bartels, 1998)
established fractional Mellin transform as an extension of the fractional frequency concept
for scale. Digital computation of the fractional Mellin transform was analyzed in (Biner and
Akay, 2005). In (Klimek and Dziembowski, 2008), authors developed right-sided derivative
and variable potential to fractional differential equations. In (Sharma and Deshmukh, 2009),
a two-dimensional fractional Melin transform was extended to the distribution of compact sup-
port. Extensions of the distributional Mellin transform to Boehmian spaces were studied in
(Al-Omari, 2011). Generalized functions were represented in (Al-Omari and Kilicman, 2013).
The author in (Hitzer, 2012) introduced the quaternionic Fourier-Mellin transform. The class of
quaternions was investigated by (Al-Omari and Baleanu, 2016) for Mellin transform. In (Nefzi,
Brahim and Fitouhi, 2018), the finite Mellin transforms in quantum calculus and application
was established. In a recent study (Lakshmi Gorty and Parmar, 2019), the two-dimensional
quaternionic fractional Mellin transform is defined and various results were derived.

In this study, the authors have defined generalized two-dimensional quaternionic fractional
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Mellin transforms. The testing spaces, analyticity, boundedness, and inversion formula are es-
tablished. Operational properties are also proved. In the concluding part of the study, Mellin-
type convolution properties and applications are studied.

2 Preliminary results

Let ¢ be a quaternion defined in
H = {q = xo + iz + jro + ka3 : o, 1, 22, 3 € R} (2.1)

be the division ring of quaternions, where i, j, k satisfy Hamilton’s multiplication rules (see,
e.g. (Ell, 1993))

ij=—ji=k, jk=—kj=1i, ki=—ik=j, i’ =j> =k =ijk=—1. (2.2)
The quaternion conjugate of ¢ is defined by
q=xg —ir1 — jro — kx3; w0, 1, T2, T3 € R. (2.3)
The norm of ¢ € H is defined as
23+ a? + 22 + 22 (2.4)
If f € L?(R2;H), then the function is expressed as
f@,y) = fo(z,y) +ifi(z,y) + i f2(@,y) + kfs(z,y). (2.5)

Definition 2.1. For every f ¢ L?(R2?, H), two-dimensional quaternionic fractional Mellin trans-
form (2D-QFrMT) of particular order «, j is defined in (Lakshmi Gorty and Parmar, 2019) as

M, g [f (u, v); 50, 5p] = // soLf (u, v) v dudv (2.6)
0 0

1 3 .
where s, = a — iwy"; sﬁ:b,ngﬁ with a1 < a < as, by <b < by and

0<a, <1

3 Main Results

Testing Function Space: B(e, d) is the space of infinitely differentiable quaternion-valued
smooth function ¢(z, y) on R™ such that for each compact set I C S., K C Sy;
where Se ={z:z € R", |2| <¢, ¢>0}, Sg={y:y eR", |z] <d, d> 0}

YD, g, A (& (z, y)) = sup DgDZ’J\M:n, y)| < oc. (3.1)
zel, ye K

B(e, d) is alinear space under the usual definition of addition and multiplication. Thus B(c, d)
will denote the space of all ¢(x, y) with support contained in S, and S;. Each vp 4 » is a
seminorm on B(c, d) and the collection {yp 4 A} is @ multinorm. The topology of B(c, d) is
generated by {7p, 4, A}. By lemma 3.2-1 of (Zemanian, 1968) B(c, d) is complete and therefore
a Fréchet space. Let B*(¢, d) denote the dual space of B(c, d).
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Definition 3.1. The generalized 2D-QFrMT of f(z, y) € B*(¢, d) can be defined as

F’!’AIT{f(J}, y)} = Fa, 5(500 8,3) = <f(l',y), Koz,ﬁ (1}, Y, Sa, Sﬁ)> (32)

where K, s (z, y, Sa, sg) = %~ 1y*~1is the kernel of the transform and
Ka,ﬂ ((E, Y, Sa, 55) € B(Ca d)

Theorem 3.1 (Analyticity Theorem). Let f € B*(¢, d) and its quaternion fractional Mellin
transform be defined by (3.2). Then F,, 3(sa, sg) is analytic on C". Moreover F,, g(sa, $3) IS
differentiable and

DI, DL, Fo g(sa, 56) = ( (2, ), DI DL, Ko g, 9, 50, 53)) - (33)

Proof. For fixed s,; # 0 choose two concentric circles C and C; with centre at s,; and radius
r and r, respectively. Let As, be a small increment. Also for fixed sg; # 0 choose two
concentric circles C” and C with centre at sg; and radius ' and rg respectively. Let Asg be a
small increment.

Consider

Fo, (805 + Dsay 587) — Fa, 3(Sagy 887) Fa, 8(Saj, S5+ Asg) — Fo, p(Saj, 585)

Asgy Asg

1) LK (@, 5, 50 58) ) = (£ 1), Dsases(@s 1)
5 Y 785&]’ asﬁj a, B Y, Sa, S Yy AsaAsg\Ly Yy
where
1 (3.4)

wAsuAS/g(w> y) = E {Ka,ﬂ (xv Y, Saj + Aszh Sﬂj) - Ka,ﬁ (xv Y, Saj, Sﬁj)}

1

X E{Ka,ﬂ(x’ Ys Saj, Sgj +Asp) — Ko, 5 (%, Y, Sajs 5pj)}
o 0

-2 %K : .
asaj asﬁj a.,,B(:Ca Y, Sa, S,B)

For all z € C; w € C; and for any fixed integer ¢ and [, D%DéKMg (%, y, S, $3) is analytic
inside and on C, C respectively.
By Cauchy’s integral formula, we have

DqD Q/)ASQA55 z, y

471' Z] / / Ka ﬁ 'T y» SOH Sﬁ)

1 1
{Asa (z — Saj — Asq - Saj - (z — saj)2>}

X {L < ! — ! — 1 >} dzdw
Asg \w—sg; —Asg  w—s; (w—sp;)?
~ AsaAsg DgDéKmB (z, y, 5a, 83)dzdw
o Antg / /CJ Saj — Asa)(2 = 50;)*(w — s5; — Asg)(w — s5;)*

Let DID! K, 5 (x, y, 5. 53) be bounded by a constant Q.
Also |(z — saj — ASa)| > ra — 7 > 0, |2 — Saj| = Ta, |(w — sg; — Asg)| > rg —r > 0 and
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|w — sgj| = ra.

_ Bsal 12 Qdz)fdul
DID}pas sy (€, y 7//
sodss ()] < ¢ (ra = 1)y = )73

|Asal |Asp| Q
T (ra=7)ra(rs —r)rg

Thus as |As,| — 0 and |Asg| — 0, D%DéwAsaAsﬁ (z, y) tends to zero uniformly. Hence we
conclude that (3.4) also tends to zero.
Therefore F,, s(sa, sp) is analytic and hence the proof. O

Theorem 3.2 (Boundedness Property). Let f € B*(¢, d) and its quaternion fractional Mellin
transform be defined by (3.2)

g h
|Fo g(5a; $3)] < T max 2 Z (Z) <:1> sup ‘e(sa)T(SB)I*nyfmxsaflysgfl| . (35)
m=0

<g, |h|<I
lgl<a. [hl<1 2=

Proof. By the boundedness property of the generalized functions, there exists a constant T’
such that

|F057ﬁ(5a7 8/3)‘ = ‘(f(l’, y)7 Ka”fj(l', yv 5047 S,@)>|

<T max sup DngKa,ﬁ(Iv Ys Sa, Sﬁ))

l91<q, |h|<l zeRrn, yeRn

As given in (Zemanian, 1968, note Ill, p. 53),

STm\gszl,afﬁKlZZ( ) ()

n=0m=0

['(sq — 1) I'(sg —m)

g h
g\ [h o

T o Ty~ MygSe SB
< lg‘gﬂ’}f‘qz Z (n) <m> sup |e(sa)r(sg)z "y Mat Ty }

— n=0m=0
where e(s,) and r(sg) are functions of s, and sg respectively. O

Theorem 3.3 (Inversion Formula). Let M{f(u, v)} = Fy g(sa, 53)
fora; < a < as, by <b < by. Also, letr, and ry be real numbers. Then

a+iry b+jro
flu,v) = lim i ”/ / Fo (S0, sg)u" v *0ds,dsg. (3.6)
a— b

71—00 7"2—)00 i ]TZ

Proof. We have to show that

a+tiry  pb+jre
lim lim < Zj/a /b M{f(u, v)}u**v "0 dsydsg, d(u, v)> ={f, ¢).

71 —00 T2 —+00 ir 7o

By definition of inner product, we get

1 atiry  pbtjre
< / / M{fruv P dsqdsg, ¢>
27 ) a—1iry b—jra
l

+r1 o ptr2
(/ M{f}u_s"“v_sﬁdwldw2> du dv.

—r9
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By changing the order of integration, we get

a+iry b+jra
< / / M{flu* v ds.dsg, ¢>
2 7'.7 a—iry b—jro

+r1 +r2 oo oo
(2n)? / / (f, x“"“_lys’s_1>/ / ou" v du dv dwidws
7T —o00 J —00

and by lemma 3.5-1 of (Zemanian, 1968),

—+7r1 “+7ro 00 [e'e]
< / / giel y*r= 1/ / ou"** v *du dv dwldw2>
27T 0o J —0o0
—+7r1 —+rg o'} ge's}
< / / (;3/ / gLyl TSy T8 duy do dwldw2> .
—00 —00

Substituting > = e*tl7 y=e 2 u=e¢", v=_cmitfollows

+r1 +72 00 oo
f e*(safl)tl 67(5371)t2€5a7—1 e58T2o Tl o™ T2
' 27r o Jo

dTl de d’wldﬂ)g

—+ry +7ro [e%e] [e'e)
= < , 2 / / / / 6(5“71)(7—17751)e(sﬁfl)(TgitQ)dTl dro dwldw2>
) Jo Jo
—+r1 —+7ro [e%e] [e'e}
< s / / p / / pla=iwn)(ri—t) y(b—juz)(ra—t2) (71 —12) g—(r2—t2)
’ 271' 0 0

d7'1 dTQ d’wldUJQ>

_ f7 1 00 oo 5 e(afl)tle(bfl)tZ sinrity sinragts dry dry ) .
2
(m)?2 Jo Jo t1 (2

By lemma 3.5-2 of (Zemanian, 1968), the second term of the inner product tends to ¢ as
T1, T2 — OQ.
Hence

1 a+iry b+jra
flu, v) = lim lim 7/ / Fo, 8(Sa, sg)u v *Fdsydsg.
a b

T1re0 2300 (27()27/.7 —iry —jra

Theorem 3.4 (Uniqueness). If M{f(z, y)} = F, 3(sa, $3),
M{g(z,y)} = Gag(sa, sg) and supp f C ScN Sq, supp g C SN Sq.
IfFo g(sa, sg) = Gap(sa, sg), then f = g in the sense of equality in B*(c, d).

Proof. By inversion formula, we get

a+iry  pbtjre
= i S —Say, 56 s dsa.
f-g= A o U/a . /bﬂ2 [Fo5(sa:88) = Gap(sa, sp) u™** v P dsadsg
f—9=0.
Thus f =g.

Hence the proof.
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4 Operational properties

Property 4.1. For f, g € B*(¢, d) and A1, A2 € R then

<>\1f+)\2.g7 K(%/j(l', Y, Sa, 5/3)>

= )\1 <f7 Koz,ﬂ (fE, Y, Sa, 85)> + )‘2 <97 Ka, B ($7 Y, Sa, Sﬂ)> .
Proof. Let A1, A2 be any real numbers and f,g € B*(¢, d), then

(ALf + X2g, Ko (2, Y, Sas $5))

= <)\1f7KOé,5(1.7 U? SCU 55)) + <)\297 KO&,B("L.7 U7 SQJ 65))

=\ <f7 Ka, B (Iv Y Sas 3/3)> + A2 <gv Ka, B (IL', Y, Say 5[7’)> .

Property 4.2. Let p, g be quaternion numbers and f € B*(¢, d), then

(@ f(z, y)yl, Ko, g, ¥, sa, 55)) = (f(7, y), Ka, (2, ¥, 850 +D, 55+q)) -

(4.1)

(4.2)

Proof. Let p, q be quaternion numbers. Analogous to (Zemanian, 1968, Sec. 2.5), the operator

[ aPf(z, y)y?is defined on f € B*(¢, d) by

<$pf(x7 y)yq> Kaﬁﬂ(l'v Ys Sa 5/3)> = <f($7 y)weroz,ﬂ (*11'7 Y, Sa, sﬂ)yq> .

(4.3)

Here K, g — 2PK, gy? and f — aP f(x, y)y? are isomorphisms. Now for any given s, and sg,

we may choose s, + p and sg + ¢ such that

(@ (e, y)y’a® "ty ™) = (f(e, y),a® Py

(f(z, y), Ko, p(x, ¥y, Sa+Dp, $3+q))-

Hence the proof.

Property 4.3. For f € B*(¢c, d), D = aawn,D;” = aaym and from (Zemanian, 1968)
(Sa =N =(Sa —N)(Sa —n+1) (50 —1);
(sg —m)m = (sg—m)(sg —m+1)---(sg— 1) wheren, m=0, 1, 2, ---.

The operational property is given by:

<ID:7L’Lfa Koz,ﬂ ([L'7 Y, Sa, Sﬂ)> = <f7 (_1)n(804 - n)nKaA,,B (1'7 Y, Sa — N,y Sﬁ» .

<D;nf7 Ka,ﬁ (Ia ya Sou 55)> = <f’ (_1)7’1(5[3 - m)mKoz [3 (ZE, y7 5(17 Sﬁ - m)> ’

(DD f, Ko, p (2, Y, Sa; 58))
= <f: (_1)n+m(5a - n)n(sﬁ - m)mKa, B (Iv Y, Sa — N, Sg — m)> .
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Proof. Let the operator K, 3 — (—D.)"K,, 3 be a continuous linear mapping. Define an
adjoint operator f — D2 f(x, y) on f € B*(c,d) as

<D;Lf7 Ka.,ﬁ(xa Y, Sas Sﬁ)) = <fa (_Dac)nKa,B (x7 Y, Sa, 55)>- (47)

This is also a continuous linear mapping. Now for any given s, and sg, we may choose s, — n
and sg such that

(P2, 2 = (1 (Dt
—1)™ (80 — n), 2% n71y5ﬁ71>
=(f, (=1)" (sa = 1), Ka, (%, Y, 50 =1, 53))
where (sq —n)p = (Sa —n)(Sq =N+ 1) (sq —1)forn=1,2,3,---

Similarly, let the operator K, g — (—D,)"K,, g be a continuous linear mapping. Define an
adjoint operator f — D, f(z, y) on f € B*(c, d) as

<ID;nf7 Ka,,B(xv Y, Sa;, 8/3)> =(f, (7,Dy)mKa7B (%, ¥, 5as 3B)>' (4.8)

This is also a continuous linear mapping. Now for any given s, and sz , we may choose s, and
sg —m such that

<D;nf7 ZL’So‘_lysﬁ_1> _ <f7 Dy)m Sa—1 sﬁ 1>
= (2 (=1)" (s = m),, 2Ty )
=(f, (=1)"(ss =m),, Ko, 5 (2, Y, 5a; 55— m))
where (sg —m);,m = (sg —m)(sg —m+1)---(sg — 1) form =1,2,3,---
On combining the operators (4.7) and (4.8) of (4.4) and (4.5), the result (4.6) is obtained. [

Property 4.4. For f € B*(¢c, d), DI = % Dyt = aa—m and from (Zemanian, 1968)
€z ’ Y

(8a)n = 8a(Sa + 1)+ (sa+n—1); (sg)m = (sg)(sg+1)---(sg + m—1)
wheren, m =0, 1, 2, ---
The operational property is given by:

<Z‘n'DZf, Ka,ﬂ(xv Y, Sas Sﬂ)) = <f7 (71)n(sa)7lKﬂ,[3($7 Y, Sas Sﬁ)) (49)

<y’HLD;fo7 Koz,ﬁ (I7 y7 SOM Sﬁ)> = <f7 (_]‘)"L(SB)mKa,ﬂ (I7 y7 SOH SB)> N (410)

Proof. By combining the operators (4.3) for p = n, ¢ = 0 and (4.7), we define the operator
fr>a"Drf(z, y)on f € B*(c, d) as

("D f, K a, B (z, y, Sa, 5B)> =(f, (_Dm)n anoz,B (T, ¥, Sa; 56)>‘ (4.11)
This is a continuous linear mapping. So for any s, and sg we have

<xnngf7 $su71y3371> _ <f> (71DI)n $8“+n71ys/€71>
=(f, (=)™ (sa),z™ "y )
= <f7 (71)’”(5&)"[(0, B ('Tv Y, Sa, 8,3)>
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where (sq)n = Sa(Sa+1) - (sa +n—1)forn=1,2,3,---.
Similarly, by combining the operators (4.3) for p = 0, ¢ = m and (4.7), we define the operator
f=y"Dy f(z, y)on f € B*(c, d) as

(Y" Dy f, Ko, 5 (2, Y, sas 58)) = (f. (=Dy)" y" Ko, 5 (2, Y, Sas 55)) - (4.12)
This is a continuous linear mapping. So for any s, and sg we have

<ym'D;nf, msa—ly55—1> _ <f7 (_Dy)m mS“_1y55+7n_1>

<f7 (71)771 (Sﬁ)m xsafly,9ﬁ71>
<f7 (_l)m(sﬁ)m/KOé,ﬂ(lla Y, Sa, ‘55)>

where (sg)m = (sg)(sg+1)---(sg+m—1)form=1, 2,3, ---. O

Example 1. Consider a partial differential equation

ou ou
L + ta =pu(t—1) (4.13)

where p(t — 1) is a unit step function with » and ¢ having its usual meaning.

When applying generalized 2D-QFrMT, it follows:
Uap(5a: 55) = (ulr, 1), Ko, (7, t, 50, sp)) = (u(r, 1), re= 157, (4.14)

On applying generalized 2D-QFrMT and using property 4.4 on (4.13), we get

1
(—=1)saUqg(Sas $8) + (—1)sgUa, g(Sa, 55) = 75.
Thus

1
Ua, p(Sas 88) = ———F——-
8(5a; 55) 58(8a + 53)
Applying the inversion formula (3.6),

1 a+tiry  pb+jra 1
L t) = i lim ——— — %t %8s, ds
u(T ) T11—1>noo Tzl—r>noo (27r)2ij /1 A—jrz 55(5a + 55) adSg

—iry

which is the required solution of (4.13).

5 Mellin-type convolution theorem

Definition 5.1. If f and g are well-behaved functions, then the Mellin-type convolution from
(Zemanian, 1968) is defined as
o z\ d
rra= [ rwa(2)% 5.1)
0 Yy, v

fog= /0 ” fw)gley)dy. (5.2)

and
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Theorem 5.1 (Convolution theorem). For f, g € B*(c, d);

<f*g7 Ka”(j(l', ?J: SOH Sﬁ)> = <f7 Ka,ﬂ(xv y7 SCH Sﬂ)> <g7 Ka’[j(l‘, y7 80&7 Sﬁ)> (53)

<ng7 KO&,B(£7 y7 Saa SB)> = <f7 Ka,ﬂ(‘rv y7 ]-_SCH 1 _SB)> <g7 Ka,ﬁ(xa ya Sou SB)>
(5.4)

Proof. For f, g € B*(e, d), we define the functional f x g on B*(c, d) as given in (Zemanian,
1966)

<f*g7 Ka,ﬁ(xa Y, Sa, Sﬁ)) = <f(1a y)’ <g(u7 'U), Ka,ﬁ(‘ru’ Yv, Sa, SB)>>

If f and g are convergent in B*(¢, d), f * g is continuous and convergent in B*(¢, d). For any
5o and sg we have

f z, y), < mu sa—l(yv)ss—l»

<f*g, oo lyss- 1> < )
<f z, y), zPo "y 1<gu v), ute~lys— 1>>
(@ v)

=

fx,y, Sa—1 55 1>< u ’U), ’U,S“ 1U3ﬂ 1>
f7 KO( ﬂ(T 77 9Ou 9ﬁ)> <gv Ka,,@(ma ya 8047 S,@)>-

Now we define the operator f — z~! fy~! which is an isomorphism.
For f, g € B*(¢, d), we define the functional f o g on B*(¢, d) as given in (Zemanian, 1966)

<f097 Ka,ﬁ(wa Y, Sa, sﬁ)) = <9371f($71a yil)yilv (g(uw), Ka,ﬁ(fmh Yu, Sa, 35)>>
= (f(z, v), (9(u, v), 27" Ko, g (u/z, v/y, sa, s5)y~")).

Now for any given s, and sz , we may choose 1 — s, and 1 — s such that

(fog, z Yy 1) = (f(x, y), (g(u, “Lufa) e wfy) ey )
R )
= (f(a, y), 277y 7 (g(u, v), we Tl )
= (fla, y), 277y 77 (g(u, v), u* o)
=/, Ka.p (@ 4, 1= 50, 1= 55)) (9, Ko 5 (7, §> S0 55)) -
Hence the proof. .
6 Application

Consider the Dirichlet’s problem for a wedge as given is (Zemanian, 1968)

2%u o 9%
r? — G A
32+r87'+80 =0;0<r<oo, 0<fO<vy (6.1)
where 0 < v < 27.
The boundary conditions are:

i) As @ — 0+, u(r, 0) converges to quaternionic Mellin transformable generalized function f(r).
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ii) As 6 — v—, u(r, 8) converges to zero uniformly.
Solution: When applying generalized 2D-QFrMT, we have
Uq, 8(Sa, sg) = (u(r, 8), Ko, g(r, 8, sa, 53)) = <u(r, 0), 7“5‘*_149‘9[3_1>. (6.2)

By using property 4.4, we have

2
Sa(8a + 1)Uq, (505 $8) — SaUa, g(Sa, Sg) + ETe) Ua, 8(5a, s) = 0.

On assuming that 9%/96? is interchangeable with M, we get
Us, (80, 55) = Ae'®? 4 Bemisaf, (6.3)
Considering the boundary conditions i) and ii), we get
A+ B = F(sq).

Aet®eY 4 Be e = (),

Further gives

A= Flsa)
1 — ei27Sa
o F(sq)
B
Substituting A and B in (6.3), we get
} _sin(ysq —0sa)
Uq, (50, 58) = 7sin(fysa) F(sq). (6.4)
Using the inversion formula (3.6), we get
a+iry b+jro _
u(r, ) = lim lim / / sin (75 esa)F(sa)rfsaefsﬁdsadsﬁ (6.5)
rimoorz—oo (2m)2%i5 Jo_ir Jo—jr sin(ysq)

This is the required solution to (6.1).

7 Conclusion

Authors have established a two-dimensional quaternionic fractional Mellin transform in a dis-
tributional sense. The testing function space and some properties are studied. The analytic-
ity, boundedness, and inversion formula are also demonstrated. Operational properties and
Mellin-type convolution properties are established. The theory of generalized functions is sup-
ported with applications related to Mathematical Physics.
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