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ABSTRACT

Under some conditions the proportion p of a certain trait can be estimated based on group
testing. The method of group testing has several merits such as saving costs, protecting
privacy etc. and has been applied to many fields. Its performance certainly depends on the
selected group size. In particular, it was observed from practice that too large group size
does not do a good job. There are lots of work on selecting the “optimal” group size. This
article studies the effects of group size on the performance of the MLE of p by considering
its bias and limiting distribution in the case of non-perfect group testing.
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1 Introduction

The history of group testing can be traced back to (Dorfman, 1943). A great deal of re-
search work appeared since then. We list just a few of them among others: (Thompson,
1962), (Swallow, 1985), (Gastwirth and Hammick, 1989), (Gastwirth and Johnson, 1994),
(Hughes-Oliver and Swallow, 1994), (Tu and Litvak, 1994), (Tu, Litvak and Pagano, 1995),
(Lui, 1995), (Gupta and Malina, 1999), (Tebbs and Swallow, 2003), (Hepworth and Watson,
2009), (Pritchard and Tebbs, 2011a), (Pritchard and Tebbs, 2011b), (Hepworth, 2013), (Tebbs,
McMahan and Bilder, 2013), (Huang and Mi, 2019), (Mi, 2019). Group testing has a long his-
tory of successful applications in various areas. To fix our idea let’s just consider a rare disease.
Let T be a screening test. Testing each individual (experimental) unit has a binary response:
positive or negative, for example. By group testing, however, the units are classified into groups
each of which includes k units, and then the test T is applied to the groups instead of each unit
individually. It is assumed in group testing that a group has a positive response, if and only
if, at least one unit in the group would have a positive response if it was tested individually.
This assumption holds in many areas such as human infectious disease and drug discovery.
In such cases, individual specimens such as blood or urine, can be combined together without
loss of test accuracy.
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Let ξ be a Bernoulli random variable, (ξ = 1) and (ξ = 0) denote the events that a rand-
omly selected unit has the disease or not, respectively. Our target parameter is the proportion
p ≡ P (ξ = 1), the proportion of units that have the rare disease in a population. Let D be
the event that a group selected at random includes at least one unit with the disease, and D̄

be its complement. Moreover, let + and − be the events that a group selected at random is
diagnosed as positive or negative, respectively. Note that the following two conditional pro-
babilities in performing test T are critical. One is the sensitivity of the test, the other is the
specificity. They are defined as π1 ≡ P (+|D) and π0 ≡ P (−|D̄), respectively. Practitioners
usually assume that both the sensitivity and specificity remain the same for different group si-
zes (see, for instance, (Tu et al., 1995), (Hung and Swallow, 1999)). Considering the above,
the probability that a group selected at random has positive response with the test T is given
as θ ≡ θk ≡ P (+) = π1 − r(1 − p)k. where k is the group size and r ≡ π1 + π0 − 1. In ge-
neral, both π1 and π0 are close to 1 and consequently r > 0. We will keep these assumptions
throughout the paper. It is easy to see that a perfect test with π1 = π0 = 1 can be characterized
by r = 1. Most research works on group testing focus on the MLE of p. It is obvious that the
performance of the MLE of p depends on the group size in addition to other factors. It sounds
reasonable intuitively to believe that the MLE would overestimate p when k is large since it will
make θ close to π1 and thus to 1, so most tested groups would show positive response. The
purpose of this article is to explore the effect of group size on the performance of the MLE by
considering its bias and limit distribution as k → ∞. It is hoped that the obtained results could
validate the intuitive thoughts.
This article focuses on non-perfect test T with 0 < r < 1. (Graff and Roeloffs, 1972) was
probably the earliest work considering non-perfect group testing. More works appeared since
then. For example, (Rogan and Gladen, 1978), (Gastwirth, 1987), (Lew and Levy, 1989),
(Gastwirth, Johnson and Reneau, 1991), (Tu et al., 1995), (Pfeiffer, Rutter, Gail, Struewing
and Gastwirth, 2002), (Liu, Liu, Zhang and Albert, 2012) among others. In Section 2 we will
study the case of binomial sampling. Ranges of the group size k, within which the MLE p

overestimates p, are given; and the limit distribution of the MLE of p is also derived there. The
similar results are established for the case of the negative binomial sampling in Section 3. A
summary is stated in the last section.

2 Binomial Sampling

Let n and k be two predetermined positive integers. Suppose N = nk experimental units
are classified into n groups each of which includes k units. Define binary random variable
Xi, i = 1, 2, . . . , n by

Xi = 1, if the test result of the ith group is +; Xi = 0, otherwise. (2.1)

Denote T ≡ ∑n
i=1Xi. Clearly, T follows binomial distribution, i.e., T ∼ B(n, θ) where θ =

π1 − r(1− p)k.
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2.1 When does the MLE of p Overestimate p ?

It is known that the MLE of p, denoted as p̂, is given as

p̂ = p̂(T ) = 1−
[
π1 −min{π1,max(1− π0,

T
n )}

r

]1/k

. (2.2)

See, for instance, (Tu and Litvak, 1994), (Tu et al., 1995), (Liu et al., 2012), (Ding and Xiong,
2015), (Xiong and Ding, 2015).
Obviously p̂(t) increases it t for any given k, n, π0, π1 and p. It means that larger observation of
T yields larger estimate p̂(t). It was known in the literature (see, for instance, (Hepworth, 1996))
that p̂(T ) overestimates p for any group size k ≥ 1 if both π0 = 1 and π1 = 1. We will show in
the following that the same result is true for the imperfect test when k is in a certain range.

Definition 2.1. A finite real sequence {ai, i = 0, 1, · · · , n} is a convex sequence if 2ai ≤ ai−1+

ai+1, ∀i = 1, 2, · · · , n− 1.

Lemma 2.1. Let ai = p̂(i), i = 0, 1, · · · , n defined by (2.2). Suppose that π0 ≥ 1− 1/n and

π1 ≥ 1−
(2k − 2

2k − 1

) 1

n
, (2.3)

then {ai, i = 0, 1, · · · , n} is a convex sequence.

Remark 2.1. Note the fraction

2k − 2

2k − 1

increased in k so if

π1 ≥ 1−
(2
3

) 1

n
,

then the assumption (2.3) will be true for all k ≥ 2.

Proof. From the expression of p̂(t) the following is true

p̂(t) =

⎧⎪⎨
⎪⎩

0, if 0 ≤ t < n(1− π0);

1− [π1−t/n
r ]1/k, if n(1− π0) ≤ t ≤ nπ1;

1, if nπ1 < t ≤ n.

(2.4)

Under the assumption

π1 ≥ 1−
(2k − 2

2k − 1

) 1

n

we have π1 > 1− 1/n and so nπ1 > n− 1. Hence the expression (2.4) can be rewritten as

p̂(t) =

⎧⎪⎨
⎪⎩

0, if 0 ≤ t ≤ j;

1− [π1−t/n
r ]1/k, if j + 1 ≤ t ≤ n− 1;

1, if t = n,

(2.5)

where j ≡ 	n(1− π0)
 is the largest integer part of n(1− π0).
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Further, we define function ψ(t) on the interval [j + 1, n− 1] as

ψ(t) ≡ 1− [
π1 − t/n

r
]1/k, j + 1 ≤ t ≤ n− 1. (2.6)

Obviously, ai = p̂(i) = ψ(i), i = j + 1, . . . , n − 1. The function ψ(t) is clearly increasing in
t ∈ [j + 1, n− 1]. Moreover, the second derivative of ψ(t) is given as

ψ
′′
(t) =

1− 1/k

k(nr)2
· [π1 − t/n

r

]1/k−2
> 0,

This shows that ψ(t) is a convex function of t ∈ [j +1, n− 1]. This immediately implies that the
sequence {ai, i = j + 1, 1, · · · , n− 1} is a convex sequence.
In order to prove the desired result we need to show (i) 2aj+1 ≤ aj + aj+2; and (ii) 2an−1 ≤
an−2 + an.
Case (i): Note that π0 ≥ 1 − 1/n implies n(1 − π0) ≤ 1 and so j = 	n(1 − π0)
 = 0 or 1. The
inequality 2aj+1 ≤ aj + aj+2 is equivalent to

2
(
1− [

π1 − j+1
n

r
]1/k

)
≤ 1− [

π1 − j+2
n

r
]1/k. (2.7)

The inequality is equivalent to

1 + [
π1 − j+2

n

r
]1/k ≤ 2[

π1 − j+1
n

r
]1/k. (2.8)

or

r1/k + (π1 − j + 2

n
)1/k ≤ 2(π1 − j + 1

n
)1/k. (2.9)

Let function f(x) ≡ x1/k. It is easy to see that f(x) is an increasing concave function of x > 0.
Taking x1 = r and x2 = π1 − (j + 2)/n > 0, we thus have

f(x1) + f(x2) ≤ 2f(
x1 + x2

2
) (2.10)

or

r1/k + (π1 − j + 2

n
)1/k ≤ 2

(
π1 − j + 2

2n
− 1− π0

2

)1/k

≤ 2
(
π1 − j + 1

n

)1/k
, (2.11)

where the last inequality is true because f(x) is an increasing function of x > 0, π0 ≥ 1− 1/n

and j = 0, 1. This shows that (i) is true.
Case (ii): The inequality 2an−1 ≤ an−2 + an is equivalent to

2
(
1− [

π1 − n−1
n

r
]1/k

)
≤ 1 +

(
1− [

π1 − n−2
n

r
]1/k

)
, (2.12)

or

π1 − n− 2

n
≤ 2k(π1 − n− 1

n
). (2.13)

The inequality (2.13) is true if and only if

π1 ≥ 1− 2k − 2

2k − 1
· 1
n

(2.14)

and therefore the result (ii) follows.
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Theorem 2.2. Suppose that π0 > 1− 1/n and π1 > 1− (2/3)n−1.
If further

k ≤ ln(r−1(π1 − (1− n−1))

ln(1− p)
, (2.15)

then p̂ overestimates p, i.e., E(p̂) ≥ p. In particularly if

k ≤ − ln(n− 5/3)

ln(1− p)
, (2.16)

then the inequalities (2.15) hold.

Proof. We keep using the notation in the proof of Lemma 2.1. Clearly j = 	n(1 − π0)
 = 0

and nπ1 > n − 1. Hence the function ψ(t) given in (2.6) is defined on the interval [1, n − 1].
Moreover, the domain of ψ(t) can be extended to [n(1 − π0), n − 1] and ψ(n(1 − π0)) = 0. To
see this note that 0 < n(1 − π0) < 1 since π0 > 1 − 1/n, hence π1 − t/n ≤ r and ψ(t) is well
defined for any t ∈ [n(1− π0), n− 1]. It is easy to see that the function ψ(t) is again convex on
the extended domain [n(1− π0), n− 1]. The expression (2.5) can now be rewritten as

p̂(t) =

⎧⎪⎨
⎪⎩

0, if t = 0;

1− [π1−t/n
r ]1/k, if 1 ≤ t ≤ n− 1

1, if t = n.

(2.17)

Denote the point with coordinates (t, at), t = 0, 1, . . . , n in (t, a)−plane as At, and denote the
line segment connecting points At and At+1 as �t,t+1, t = 0, 1, . . . , n − 1. Note that according
to Remark 2.1 the inequality (2.3) is true. Let g(t) be the function with the graph consisted by
�0,1, �1,2, . . . �n−1,n. Then g(t) must be a convex function of t ∈ [0, n] due to Lemma 2.1. It is
also obvious that g(t) = at = p̂(t), ∀t = 0, 1, . . . , n. Moreover, g(t) ≥ ψ(t), ∀t ∈ [n(1−π0), n− 1]

since g(t) = ψ(t), ∀t = 1, . . . , n − 1, ψ(n(1 − π0)) = 0, and ψ(t) is convex on the interval
[n(1− π0), n− 1].
By Jensen’s Inequality then we have Eg(T ) ≥ g(E(T )). Note that

E(p̂(T )) =

n∑
t=0

p̂(t)P (T = t) =

n∑
t=0

atP (T = t) =

n∑
t=0

g(t)P (T = t) = E(g(T ))

since at = g(t), t = 0, 1, . . . , n. Hence it holds that E(p̂(T )) = E(g(T )) ≥ g(E(T )).
The mean of T is E(T ) = nθ = n(π1− r(1− p)k). Below we are going to show that n(1−π0) <

E(T ) ≤ n− 1.
The inequality n(1− π0) ≤ E(T ) is equivalent to

n(1− π0) < n(π1 − r(1− p)k);

r(1− p)k < r.

It is certainly true.
On the other hand, E(T ) ≤ n− 1 is equivalent to

n(π1 − r(1− p)k) ≤ n− 1;

k ≤ ln(r−1(π1 − (1− n−1)))

ln(1− p)
.
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Thus from the assumption (2.15) it holds that n(1− π0) ≤ E(T ) ≤ n− 1. Therefore, E(p̂(T )) =

E(g(T )) ≥ g(E(T )) ≥ ψ(E(T )) = p, i.e., p̂ overestimates p.
In order to show that (2.16) implies (2.15) it is sufficient to show that

− ln(n− 5/3)

ln(1− p)
≤ ln(r−1(π1 − (1− n−1))

ln(1− p)
. (2.18)

It is obvious that n−1 ≥ π1−(1−n−1). Moreover, r = π0+π1−1 ≥ (1−n−1))+(1−(2/3)n−1)−1 =

1− (5/3)n−1. Thus we obtain

r−1(π1 − (1− n−1) ≤ n−1

1− (5/3)n−1
=

1

n− 5/3

and consequently

ln(r−1(π1 − (1− n−1)))

ln(1− p)
≥ − ln(n− 5/3)

ln(1− p)
.

Corollary 2.3. Assume that π0 > 1 − 1/n and π1 = 1. Then p̂ overestimates p for any group
size k ≥ 1.

Proof. Notice that under the assumptions r = π0, the domain of the function ψ(t) can be
extended from [n(1− π0), n− 1] to [n(1− π0), n], and the expression (2.17) can be rewritten as

p̂(t) =

{
0, if t = 0;

1− [1−t/n
π0

]1/k, if 1 ≤ t ≤ n.
(2.19)

Moreover, g(t) ≥ ψ(t), ∀t ∈ [n(1− π0), n]. Similar to the proof of Theorem 2.2 it can be shown
that

E(p̂(T )) = E(g(T )) ≥ g(E(T )) ≥ ψ(E(T )) = p

since n(1− π0) < E(T ) < n hold obviously.

Remark 2.2. The known result that p̂ overestimates p for any group size 1 ≤ k < ∞ in the case
of perfect group testing is certainly a special case of Corollary 2.3.

Remark 2.3. If π0 = 1, π1 > 1− (2/3)n−1 then p̂ overestimates p for any group size satisfying

1 ≤ k ≤ − lnn

ln(1− p)
. (2.20)

This holds since it is clear this time that r = π1 and

− lnn

ln(1− p)
≤ ln[1− π−1

1 (1− n−1)]

ln(1− p)
.

Remark 2.4. Let n = 20, π0 = 1, π1 = 0.97 > 0.9667 = 1 − (2/3)(1/n). If p = 0.1, then
k ≤ 28.43316; p = 0.01, then k ≤ 298.0729; p = 0.001, then the bound given in inequality (2.20)
is k ≤ 3, 980, if p = 0.0005 then k ≤ 7, 762, and if p = 0.0001 then k ≤ 38, 814.
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upper bound for k p = 0.1 p = 0.01 p = 0.001 p = 0.0005 p = 0.0001
− lnn
ln(1−p) 28 298 3,980 7,762 38,814

Table 1: Upper Bound (2.20) when n = 20, π0 = 1, π1 = 0.97

2.2 Limit of the Estimator when Group Size Goes to Infinity

It is easy to see that the MLE p̂ is a strongly consistent estimator of p, i.e., limn→∞ p̂ = p. In
this subsection we will explore the limit of p̂ when the group size k → ∞.
We will use the notations Tk to emphasize the dependence of T on the group size k. Accor-
dingly, we will use p̂k to show the dependence of the MLE p̂ on k.

Lemma 2.4. Suppose that π1 = 1 and 0 < π0 ≤ 1. Then Tk → n with probability one as
k → ∞.

Proof. For any ε ∈ (0, 1) obviously

(n− Tk ≥ ε) = (Tk ≤ n− ε) = (Tk ≤ n− 1).

Hence,

P (n− Tk ≥ ε) = P (Tk ≤ n− 1) = 1− P (Tk = n) = 1− θnk ≡ bk

and consequently

∞∑
k=1

P (n− Tk ≥ ε) =

∞∑
k=1

bk.

We have

bk+1

bk
=

1− θnk+1

1− θnk
=

(1− θk+1)[1 + θk+1 + · · ·+ θn−1
k+1 ]

(1− θk)[1 + θk + · · ·+ θn−1
k ]

.

Note that under the assumption π1 = 1 we have r = π0 + π1 − 1 = π0,

1− θk+1 = 1− [π1 − r(1− p)k+1]

= π0(1− p)k+1

and hence

1− θk+1

1− θk
=

π0(1− p)k+1

π0(1− p)k
= 1− p.

On the other hand, as k → ∞ it holds that

θk = 1− [1− π0(1− p)k] → 0

and thus

1 + θk + · · ·+ θn−1
k → 1.
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The above implies that

bk+1

bk
→ 1− p ∈ (0, 1)

as k → ∞. By d’Alembert rule it is true that

∞∑
k=1

P (n− Tk ≥ ε) =

∞∑
k=1

bk < ∞, ∀ε > 0.

Therefore, Tk−n → 0 with probability one as k → ∞ according to the Borel-Cantelli lemma.

Remark 2.5. In fact it can also be shown that Tk increases in k ≥ 1 according to the likelihood

ration order
lr≤.

Corollary 2.5. Let π1 = 1 and 0 < π0 ≤ 1. Then it holds almost surely that for each sample
point ω there exists k0 = k0(ω) such that Tk(ω) = n, ∀k ≥ k0.

Proof. Let Ω be the underlying sample space and Ω0 = {ω ∈ Ω : Tk(ω) → n as k → ∞}.
Clearly P (Ω0) = 1 due to Lemma 2.4. The fact that for any Tk(ω) → n for any ω ∈ Ω0 certainly
implies the desired result since Tk is integer valued random variable.

Theorem 2.6. Assume that π1 = 1 and 0 < π0 ≤ 1. Then it is true that

lim
k→∞

p̂k = 1 almost surely

Proof. From the assumption for any k we have

p̂k = 1−
[
1−max(1− π0,

Tk
n )

π0

]1/k

.

According to Corollary 2.5 for any ω ∈ Ω0 and sufficiently large k it holds that Tk = n and thus

p̂k = 1−
[
1−max(1− π0, 1)

π0

]1/k
= 1.

Theorem 2.7. Suppose that 0 < π1 < 1 and 0 < π0 ≤ 1. Then as k → ∞ it holds that p̂k
converges in distribution to a binary random variable ΔB with probability distribution

P (ΔB = 0) =
∑
i<nπ1

(
n

i

)
πi
1(1− π1)

n−i

and P (ΔB = 1) = 1− P (ΔB = 0).

Proof. Denote the value of p̂k when Tk = i as p̂k(i). From the expression (2.4) the following is
true

p̂k(i) =

⎧⎪⎨
⎪⎩

0, if 0 ≤ i ≤ n(1− π0);

1− [π1−i/n
r ]1/k, if n(1− π0) < i < nπ1;

1, if nπ1 ≤ i ≤ n.

(2.21)
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Clearly for any 0 < α < 1

(p̂k ≤ α) = (p̂k = 0) ∪ (0 < p̂k ≤ α)

= (Tk ≤ n(1− π0)) ∪ (n(1− π0) < Tk ≤ n(π1 − r(1− α)k)).

Hence

P (p̂k ≤ α) = P (0 ≤ Tk ≤ n(π1 − r(1− α)k))

=
∑

0≤i≤n(π1−r(1−α)k)

(
n

i

)
θik(1− θk)

n−i (2.22)

We consider two cases below.
Case 1: nπ1 is an integer. In this case it is true that nπ1 − 1 < n(π1 − r(1 − α)k) < nπ1 if k is
sufficiently large. Thus it implies that for sufficiently large k∑

0≤i≤n(π1−r(1−α)k)

(
n

i

)
θik(1− θk)

n−i =
∑

0≤i≤nπ1−1

(
n

i

)
θik(1− θk)

n−i.

Consequently,

lim
k→∞

∑
0≤i≤n(π1−r(1−α)k)

(
n

i

)
θik(1− θk)

n−i = lim
k→∞

∑
0≤i≤nπ1−1

(
n

i

)
θik(1− θk)

n−i

=
∑

0≤i≤nπ1−1

(
n

i

)
πi
1(1− π1)

n−i

=
∑

0≤i<nπ1

(
n

i

)
πi
1(1− π1)

n−i

since limk→∞ θk = limk→∞[π1 − r(1 − p)k] = π1. That is, limk→∞ P (p̂k ≤ α) = P (ΔB ≤ α) or
p̂k converges to ΔB in distribution as k → ∞.
Case 2: nπ1 is not an integer. Let 	nπ1
 denote the largest integer part of nπ. Similar to
Case 1 it is true that 	nπ1
 < n(π1 − r(1 − α)k) < nπ1 if k is sufficiently large and therefore
i ≤ n(π1 − r(1 − α)k) is equivalent to i ≤ 	nπ1
 or i < nπ1 if k is large enough. The desired
result thus follows.

Remark 2.6. Note that when π1 = 1 it follows that nπ1 = n,∑
i<nπ1

(
n

i

)
πi
1(1− π1)

n−i =
∑

i≤n−1

(
n

i

)
πi
1(1− π1)

n−i = 0,

and so the result of Theorem 2.7 becomes that of Theorem 2.6.

3 Negative Binomial Sampling

Suppose that there is a sequence of independent groups of size k. Define Xi, i ≥ 1 as in (2.1).
According to the negative binomial model, group testing is ended at the first time when the nth
group with positive response is observed. Denote the number of tests until this moment as S,
i.e.,

S = inf{m ≥ n :

m∑
i=1

Xi = n}.
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Clearly, S follows the negative binomial distribution with probability distribution function

P (S = s) =

(
s− 1

n− 1

)
θn(1− θ)s−n, s = n, n+ 1, . . . .

The MLE of p, denoted as p̃, is thus given as

p̃ = 1−
[
π1 −max{1− π0,min(π1,

n
S )}

r

]1/k

(see, for example, (Xiong, 2016)).
Obviously p̃ = p̃(s) is deceasing in s ≥ n and can rewritten as

p̃(s) =

⎧⎪⎪⎨
⎪⎪⎩

0, if s ≥ n/(1− π0);

1−
[
π1−n/s

r

]1/k
, if n/π1 ≤ s ≤ n/(1− π0);

1, if n ≤ s ≤ n/π1.

(3.1)

3.1 Conditions Causing Overestimation of the MLE

(Pritchard and Tebbs, 2011b) pointed out that p̃ always overestimates p for any group size k

when r = 1 by the Jensen’s Inequality. We will give sufficient conditions under which p̃ also
overestimates p when the test is imperfect.

Lemma 3.1. Let ci = p̃(i), i = n, n+ 1, . . .. Suppose that

π1 ≥ n(3n+ 7)

3(n+ 1)(n+ 2)
and π0 ≥ 2

n+ 2
. (3.2)

Then {ci, i ≥ n} is a convex sequence.

Proof. Let function ϕ(s) be defined as

ϕ(s) ≡ 1−
[
π1 − n/s

r

]1/k
,

n

π1
≤ s ≤ n

1− π0
. (3.3)

Clearly,

ϕ′(s) = − n

kr

[
π1 − n/s

r

]1/k−1

· 1

s2
< 0,

and

ϕ
′′
(s) = − n

kr

((
1

k
− 1

)[
π1 − n/s

r

]1/k−2 (n
r

)
· 1

s4
−

[
π1 − n/s

r

]1/k−1

· 2

s3

)
> 0.

These imply that ϕ(s) is a decreasing convex function on the interval [n/π1, n/(1− π0)].
From (3.2) we see that π1 > n/(n + 1) and so we have n/π1 < n + 1. Further, if n/(1 − π0) is
integer, we have ϕ(j) = ϕ(n/(1− π0)) = 0 where j ≡ 	n/(1− π0)
 is the largest integer part of
n/(1− π0). Thus we can rewrite (3.1) as

p̃(s) =

⎧⎪⎨
⎪⎩

0, if s ≥ j + 1;

ϕ(s), if n+ 1 ≤ s ≤ j;

1, if s = n.

(3.4)
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From π0 ≥ 2/(n+ 2) we see that

1− π0 ≤ n

n+ 2

j =

⌊
n

1− π0

⌋
≥ n+ 2 >

n

π1
. (3.5)

Hence, [n + 1, j] ⊆ [n/π1, n/(1 − π0)]. It indicates that the sequence {ci, n + 1 ≤ i ≤ j} is
convex since ci = p̃(i) = ϕ(i), n+ 1 ≤ i ≤ j and ϕ(s) is convex on [n/π1, n/(1− π0)].
To show the claimed result we will have to show

2cn+1 ≤ cn + cn+2 (3.6)

and

2cj ≤ cj−1 + cj+1. (3.7)

The inequality (3.6) is equivalent to the following

2
(
1− [

π1 − n/(n+ 1)

r
]1/k

)
≤ 1 +

(
1− [

π1 − n/(n+ 2)

r
]1/k

)
2k(π1 − n

n+ 1
) ≥ π1 − n

n+ 2

π1 ≥ 2k(n/(n+ 1))− n/(n+ 2)

2k − 1
. (3.8)

It can be verified easily that the right side of (3.8) is a strictly decreasing function of k for any
fixed n. This implies that

2k(n/(n+ 1))− (n/(n+ 2))

2k − 1
≤ 4(n/(n+ 1))− (n/(n+ 2))

3

=
n(3n+ 7)

3(n+ 1)(n+ 2)
.

Therefore, the condition (3.2) implies (3.8) and consequently (3.6).
In the case of π0 = 1 we have j = ∞, cj = c∞ = p̃(∞) = 0, and so (3.7) is certainly true.
Below we let 2/(n + 2) < π0 < 1. Under this assumption, j < ∞ and due to the fact that
cj+1 = p̃(j + 1) = 0, the needed (3.7) is equivalent to

2
(
1− [

π1 − n/j

r
]1/k

)
≤ 1− [

π1 − n/(j − 1)

r
]1/k

1 + [
π1 − n/(j − 1)

r
]1/k ≤ 2[

π1 − n/j

r
]1/k. (3.9)

Let
f(s) ≡ 1− ϕ(s) = [

π1 − n
s

r
]1/k.

Obviously, f(s) is an increasing concave function of s ∈ [n/π1, n/(1 − π0)]. If we let s1 =

n/(π1 − r), s2 = j − 1. Clearly, n/π1 < s1 = n/(1 − π0), s2 < n/(1 − π0), and s2 = j − 1 ≥
(n + 2) − 1 > n/π1, which is from (3.5). These show s1, s2 ∈ [n/π1, n/(1 − π0)]. Due to the
concavity of f(s) it follows that

f(s1) + f(s2) ≤ 2f(
s1 + s2

2
),
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or

1 + [
π1 − n

j−1

r
]1/k ≤ 2f(

s1 + s2
2

). (3.10)

It is not difficult to verify that
s1 + s2

2
≤ j

since j + 1 > n/(1− π0) = n/(π1 − r). Hence it holds that

f(
s1 + s2

2
) ≤ f(j) =

[
π1 − n

j

r

]1/k

. (3.11)

Combining (3.10 ) and (3.11), we obtain (3.9) and complete the proof.

Remark 3.1. It can be observed that if n ≥ 2, π1 ≥ 1 − (2n)−1 and π0 > 2/(n + 2) then the
assumption (3.2) holds and so {ai, i ≥ n} is a convex sequence. The difference of the two
expressions is pretty small. For example when n = 20, 30 we have 1 − 2n−1 = 0.975, 0.9833

and (3.2) gives 0.9668, 0.9778 respectively.

Theorem 3.2. Suppose that the inequality (3.2) holds. If the group size k satisfies

1 ≤ k ≤ ln
(
(r(n+ 1))−1((n+ 1)π1 − n)

)
ln(1− p)

(3.12)

then p̃ overestimates p.

Proof. Denote the point with coordinates (s, cs), s = n, n + 1, . . . in (s, c)−plane as Bs, and
denote the line segment connecting points Bs and Bs+1 as γs,s+1, s = n, n+ 1, . . ..
Let h(s) be the function with the graph consisted by γn,n+1, γn+1,n+2, . . .. Then h(s) must be a
convex function of s ∈ [n,∞) due to Lemma 3.1. It is also obvious that h(s) = cs = p̃(s), ∀s =

n, n+ 1, . . ..
By Jensen’s Inequality then we have E(h(S)) ≥ h(E(S)). Note that

E(p̃(S)) =

∞∑
s=n

p̃(s)P (S = s) =

∞∑
s=n

h(s)P (S = s) = E(h(S))

since cs = h(s), s = n, n+ 1, . . .. Hence it holds that E(p̃(S)) = E(h(S)) ≥ h(E(S)).
It has been shown in the above that ϕ(s) is a decreasing convex function on the interval
[n/π1, n/(1− π0)]. Note that ϕ(n/(1− π0)) = 0. Hence, it is easy to see that h(s) ≥ ϕ(s), ∀s ∈
[n/π1, n/(1− π0)].
Now, if it can be shown that n + 1 ≤ E(S) ≤ n/(1 − π0), then it follows immediately that
E(p̃(S)) = E(h(S)) ≥ h(E(S)) ≥ ϕ(E(S)) = p.
Below we are going to show that n+ 1 ≤ E(S) ≤ n/(1− π0). The mean of S is E(S) = n/θ =

n/(π1 − r(1− p)k). Hence, the inequality n+ 1 ≤ E(S) is equivalent to

n+ 1 ≤ n

π1 − r(1− p)k
;

r(n+ 1)(1− p)k ≥ (n+ 1)π1 − n;

k ln(1− p) ≥ ln
{(n+ 1)π1 − n

r(n+ 1)

}
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which is certainly true due to assumption (3.12). On the other hand, the desire inequality
E(S) ≤ n/(1− π0) is equivalent to

n

π1 − r(1− p)k
≤ n

1− π0
;

r(1− p)k ≤ π1 + π0 − 1 = r

which is trivial.
Therefore, it must be true that then p̃ overestimates p.

Corollary 3.3. Let π1 = 1 and π0 ≥ 2/(n+2). Then p̃ overestimates p for any group size k ≥ 1.

Proof. It is sufficient to notice that this time ϕ(s) is a convex function on [n, n/(1 − π0)] and
ϕ(n) = 0 = h(0).

3.2 Limiting Behavior of the MLE as k → ∞
To indicate the dependence of S and MLE of p on k we will denote S and p̃ as Sk and p̃k if it is
necessary.

Lemma 3.4. Suppose that π1 = 1. Then Sk → n, a.s. as k → ∞ for any π0 ∈ (0, ]. Particularly,
for all sample point ω except for a set of probability zero there exists an integer k0 = k0(ω) such
that Sk(ω) = n, ∀k ≥ k0.

Proof. We have θk = π1 − r(1 − p)k = 1 − π0(1 − p)k since π1 = 1. Denote the number of
tests needed until the first positive group is observed as Y1 and let Yi, 1 ≤ i ≤ n be iid random
variables. Clearly, Yi follows geometric distribution with P (Yi = y) = θk(1 − θk)

y−1 for any
integer y ≥ 1. Further, it is obvious that Sk =

∑n
i=1 Yi in distribution. We will use Y

(k)
i to display

the dependence of Yi on the group size k below.
For any ε ∈ (0, 1) it holds that

P (Sk − n > ε) = P (

n∑
i=1

Y
(k)
i > n+ ε) ≤ P

( n⋃
i=1

(Y
(k)
i > 1 + ε/n)

)

≤
n∑

i=1

P (Y
(k)
i ≥ 2).

From this inequality we have

∞∑
k=1

P (|Sk − n| > ε) ≤
∞∑
k=1

n∑
i=1

P (Y
(k)
i ≥ 2)

=
∞∑
k=1

nP (Y
(k)
1 ≥ 2) = n

∞∑
k=1

[1− θk]

= nπ0

∞∑
k=1

(1− p)K < ∞.

Therefore, by the Borel-Cantelli lemma Sk converges to n with probability one as k → ∞.

Theorem 3.5. Suppose that π1 = 1. Then limk→∞ p̃k = p with probability one.
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Proof. It follows from Lemma 3.4 immediately.

Theorem 3.6. Assume 0 < π1 < 1. Then p̃k converges in distribution to binary random variable
ΔNB that has distribution

P (ΔNB = 1) =
∑

n≤s<n/π1

(
s− 1

n− 1

)
πn
1 (1− π1)

s−n

and P (ΔNB = 0) = 1− P (ΔNB = 1).

Proof. It is sufficient to show that for any α ∈ (0, 1) it holds that

lim
k→∞

P (p̃k ≤ α) =
∑

s≥n/π1

(
s− 1

n− 1

)
πn
1 (1− π1)

s−n. (3.13)

From (3.1) we have

(p̃k ≤ α) = (p̃k = 0) ∪ (0 < p̃k ≤ α)

= (Sk ≥ n

π1 − r(1− α)k
).

Let
j ≡ 	n/(1− π0)
.

It then follows that

P (p̃k ≤ α) =
∑

s≥n/[π1−r(1−α)k]

(
s− 1

n− 1

)
θnk (1− θk)

s−n

= 1−
∑

n≤s<n/[π1−r(1−α)k]

(
s− 1

n− 1

)
θnk (1− θk)

s−n.

We consider two cases below.
Case A: n/π1 is an integer. In this case there does not exist integer between n/π1 and n/[π1−
r(1− α)k] if k is sufficiently large. Thus it implies that for sufficiently large k

∑
n≤s<n/[π1−r(1−α)k]

(
s− 1

n− 1

)
θnk (1− θk)

s−n =
∑

n≤s<n/π1

(
s− 1

n− 1

)
θnk (1− θk)

s−n

and further as k → ∞

P (p̃k ≤ α) = 1−
∑

n≤s<n/π1

(
s− 1

n− 1

)
θnk (1− θk)

s−n

−→ 1−
∑

n≤s<n/π1

(
s− 1

n− 1

)
πn
1 (1− π1)

s−n. (3.14)

Case B: n/π1 is not an integer. This case we clearly have the same conclusion as (3.14).
Therefore, at any rate the desired result is true.
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4 Summary

The present article studies the effects of group size on the estimators of proportion p based
on group testing in two aspects. One is the limit of the estimators when the group size goes to
infinity, the other is whether the estimators overestimate p.
In both binomial and negative binomial samplings we have shown that the MLEs p̂ and p̃

converge to 1 with probability one as the group size k → ∞ when the sensitivity of the test
π1 = 1 regardless of the value of the specificity π0 of the test. On the other hand, when
0 < π1 < 1 then p̂ and p̃ converge to a binary random variable in distribution.
As was pointed out, for instance, in (Hepworth, 1996), (Pritchard and Tebbs, 2011b) that if test
T is perfect, i.e., both π1 = 1 and π0 = 1 hold then both p̂ and p̃ overestimate p for any group
size k ≥ 1. In the present paper, for the imperfect test with π1 = 1 we can show that if π0
satisfies certain condition, then both E(p̂) ≥ p and E(p̃) ≥ p for any k ≥ 1. However, when
π1 < 1 we can only prove that under certain conditions there exits finite bound k∗ such that
E(p̂) ≥ p and E(p̃) ≥ p for any 1 ≤ k ≤ k∗. Note that in most applications of group testing
the proportion p is very small, and thus k∗ is quite large. Consequently, the group size k used
in practice are smaller than k∗, and hence both p̂ and p̃ overestimate p under these situations.
It is unclear at this moment whether p̂ or/and p̃ overestimate p for any k ≥ 1 without making
some assumptions on π0 and π1. This is certainly worthy of further study in the future.
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