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ABSTRACT
Fitting a logistic regression model to a given data starts from the likelihood function. Typically, the 
regression parameters are solved by maximizing the likelihood function. In general, there is no 
analytical solution since these regression parameters fall into a set of nonlinear equations. So far, 
only two cases have been known to have an analytical closed-form solution for univariate logistic 
regression: a dichotomous variable and a categorical variable. In this paper we study the existence 
of an analytical solution for multiple logistic regression. We discover 3 types of data that yields an 
analytical solution: Partially balanced data; Perfectly balanced data; Quasi-saturated data. We show 
that the 2 known cases for univariate logistic regression are special cases to ours with quasi-
saturated data. 
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quasi-saturated data, overlap.
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1. INTRODUCTION

Logistic regression is a popular statistical and mathematical models for predicting a binary outcome
(Siddiqi 2006; Refaat 2011; Zeng 2013; Zeng 2014; Zeng 2015; Wang and Zhu 2015; Habshah et al. 
2016; Zeng 2017a; Zeng 2017b; Zeng 2017c; Zeng 2018; Zeng 2019a; Zeng 2019b).

Fitting a logistic regression model to a given data starts from the likelihood function. The parameters
(including the intercept) of independent variables are then solved by maximizing the likelihood function. 
The values of such parameters are called the maximum likelihood estimates (MLEs). For convenience, 
we also call the MLEs a solution to the logistic regression model. 

Albert and Anderson 1984 completely characterized the existence and uniqueness of MLEs using
the configuration of the data points: complete separation, quasi-complete separation and overlap.
Consequently, the MLEs exist and are finite and unique if and only if there is overlap of the data points.
Since the equations to determine the MLEs are nonlinear, in general, there is no explicit solution or 
closed-form solution to logistic regression (Albert and Anderson, 1984; Agresti, 1996). Rather, a
numerical solution can be found by numerical methods such as Newton-Raphson iterative method. 

In mathematics, there is no standard definition for explicit solution or closed-form solution. Typically, an
explicit solution or closed-form solution solves a given equation with a finite number of standard 
functions (radical root, exponent, logarithm, trigonometric functions, etc.) and well-known mathematical 
operations (+ − × ÷, etc.) (Borwein and Crandall, 2013). Nevertheless, the set of operations and 
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functions may vary with authors, mathematical branches and context. In this paper we extend the
definition of an explicit solution or a closed-form solution by including matrix operations.

So far, the literature about the analytical solution of logistic regression has been very limited. Hosmer 
and Lemeshow (2000) indicated a closed-form formula for the parameter of a single dichotomous 
variable. Allison (2004 and 2008) gave a closed-form expression for the parameter of a single binary
variable with values of 0 and 1. Lipovetsky (2015) improved the result by finding a closed-form formula 
for both the intercept (often labeled the constant) and the parameter of a single dichotomous variable. 
He also found a closed-form formula for a single categorical variable. However, Lipovetsky (2015) only 
covers a single variable.

In this paper we study the existence of an analytical solution to multivariate logistic regression. We 
discover 3 types of data that yields an analytical solution: (1) Partially balanced data; (2) Perfectly 
balanced data; and (3) Quasi-saturated-like data. 

This paper is structured as follows. Section 2 briefly introduces logistic regression and its maximum 
likelihood estimates. In Section 3, we show that three types of data in multiple logistic regression have
an analytical solution: (1) Partially balanced data; (2) Perfectly balanced data; and (3) Quasi-saturated
data. In Section 4, numerical examples are provided for the 2 known cases of Lipovetsky (2005) to 
demonstrate how to find the analytical closed-form solution by using our result and methods for 
saturated data. The paper is concluded in Section 5.

2. MAXIMUM LIKELIHOOD ESTIMATES

Let be the vector of independent variables and be the binary dependent variable 
with values 0 and 1. Note that cannot be all 1’s or all 0’s. Let is consider a sample of independent 
observations where is the value of and the values 
of for the -th observation.

Let be the row vector for and denote the matrix,
called Design Matrix, with as rows. Let us denote the -dimensional column vector with all elements 
of 1 by For convenience, we also denote the -dimensional vectors 

by respectively, where superscript is matrix transport. The following log likelihood is used 

in logistic regression

�

� � (2.1)

where is column vector , and � represents matrix multiplication.

The MLEs are the values of the unknown parameters that maximize (2.1). By 
algebraic manipulation, we see that the MLEs satisfy the following (p + 1) nonlinear equations
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(2.2)

as in Hosmer and Lemeshow (2000), where 
�

� represents the conditional 

probability that is equal to 1 given for

Clearly, (2.2) can be written into the matrix form: 

(2.3)

where and are -dimensional column vectors with and 

According to Albert and Anderson (1984), the MLEs exist and are finite and unique if and only if there
is overlap of the data points. In this case, all the probabilities will be in the open interval (0, 
1). 

In general, the (p +1) nonlinear equations in (2.2) cannot be solved explicitly. Rather, they can be
approximately solved numerically by Newton-Raphson algorithm (See Refaat 2011)

(2.4)

where and is the diagonal matrix with elements 

.

In addition, and are evauated at in (2.3).

Although (2.2) holds no matter whether , the relationship between and is ignored in
literature. Albert and Anderson (1984) assumed and has a full column rank  which 
have since been implicitly assumed in literature, say, Hosmer and Lemeshow (2000) and Refaat (2011).

However, if , then is singular and so Newton-Raphson iteration (2.4) is not applicable. 
Indeed, the vectors are linear dependent according to Zeng (2019b). Therefore,
one of is a linear combination of others. Let us assume is a linear combination of 

without loss of generality. Then, there are constants such that 

Now if is a solution to (2.2), then 

(2.5)

That is, is also a solution. This is not generally acceptable.
In practice, it is rare that .

3. THREE TYPES OF DATA WITH AN ANALYTICAL SOLUTION

As in Albert and Anderson (1984), we make the 3 basic assumptions: 
� C1: N > p + 1.
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� C2: has Full column rank 
� C3: There is overlap in the data points. 

Let us assume all categorical variables have been already converted into continuous variables.

3.1. Partially balanced data
Definition 3.1. The data is partially balanced if

(3.1)

Theorem 3.2. There is a closed-form solution if the data is partially balanced. Specifically,
and

(3.2)

Proof. It suffices to prove that defined by (3.2) and satisfy (2.2).

Since , we have

Hence, which is the first equation of (2.2). Since , the 

equations in (3.1) are the second to the last equations of (2.2).                                                                
                                                                                                              

                                                                                                                   
In particular, if p = 1, then (3.1) reduces to 

where and are numer of records with and respectively. That is, the sample average 
of for observations with equals the sample average of for observations with . Thus, 

by Owen and Roediger (2014). Indeed, the right-hand side of (3.1) can be written as

By some algebra manipulations, we obtain
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It should be not confused with intercept-only model in which there are no independent variables. 

3.2. Perfectly balanced data
Definition 3.3. If all the observations exist in pairs with respect to and

, that is, if is one observation, so is and vice versa. 

Theorem 3.4. There is a closed-form solution if the data is perfectly balanced. Specifically,
.

Proof. It suffices to show that satisfy (2.2). If
then

Since the data is perfectly balanced, 

which is the first equation of (2.2). Next, for since exist in pairs with 
respect to and there exists a such that 

and Hence, Therefore, for 

,

which are the second to the last equations of (2.2).                                                                       

There is no need to assume data configuration of overlap for perfectly balanced data. Indeed, if
otherwise there is quasi-complete separation in the data points, then there is a vector 

such that 

Since each pair of the observations has one y = 0 and y = 1, Hence,  

are linearly dependent, which is contradictory to the assumption that has a rank of . We also
note that perfectly balanced is partially balance.

3.3. Quasi-Saturated data
If then it is a saturated model by Hosmer et al. (2000).  The design matrix becomes a 
square matrix. If the square matrix is singular, then the solution is not unique as in the case of 
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Again, this is not generally acceptable. Let’s assume is nonsingular. Rather than solving the 
nonlinear equations (2.2) for , we solve 2 sets of linear equations, first for probabilities  

and then for regression parameters . Let us rewrite (2.2) into a matrix-vector 
format:

(3.3)

Since is nonsingular, is too.  Then (3.3) has a unique solution 

(3.4)

Next, if  for all then
(3.5)

Rewriting the linear equations in (3.5) about into the matrix-vector format:

(3.6)

Solving for we obtain

(3.7)

However, it follows from (2.3) that , when is nonsingular. This is a 
limit case for for all Therefore, if , there is no finite solution, not to 
mention an analytical closed-form solution unlike stated by Allison (2008). 

Although a saturated model does not have a finite solution, it gives us an idea: If we can reduce to 
square matrices in (2.2) then we can solve 2 set of linear equations, first for probabilities and then for 
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regression parameters, rather than solving nonlinear equations. This motivates us to seek a saturated 
kind model. 

Definition 3.5. The data is quasi-saturated if the observations fall into groups such that 
have the same values in each group.

Theorem 3.6. There is an analytical solution if the data is quasi-saturated. 
. Instead of solving a set of nonlinear equations, we solve 2 set of linear equations, first for 

probabilities and then for regression parameters. 

Let denote the set of indices of group j and the cardinal number of set and the probability 
for group for j = 1, 2, …, p + 1 so that Let us rearrange the observations 
to make observations together in group for j = 1, 2, …, p + 1 such that

�

�

� …
�

�

Rewrite (2.2) as

                                            … (3.8)

Writing into the matrix-vector form

(3.9)

The coefficient matrix of (3.9) is          
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Note that

(3.10)

is part of design matrix . Indeed, if its first row is repeated times, the second row is repeated 
times, …, the (p+1)-th row is repeated times, it becomes . Since the column rank of is p + 1, 

and the column rank equals the row rank in any matrix (Strang, 2006), the square matrix is 
nonsingular. Hence, (3.9) is solved 

(3.11)

Next, we set up a set of linear equations for as in (3.6)

(3.12)
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Again, since the square matrix is nonsingular, can be solved from (3.12) as

Hence, (3.13) combined with (3.11) is the analytic closed-form solution for regression
parameters This concludes our proof.                                                                        

(3.13)

Remark 3.7. If there is at least one y = 0 and at least one y = 1 for each group in the saturated data, 
then there is overlap in the data points. Indeed, if otherwise there is quasi-complete separation in the 
data points, then there exists a vector such that

Since each group of the observations has at least one y = 0 and at least one y = 1, 

Hence, are linearly dependent, which is contradictory to the assumption that has a 
rank of 

4. NUMERICAL METHODS

Lipovetsky (2015) presented 2 cases in which univariate logistic regression has an analytic closed-form 
solution for

� Case 1. A single dichotomous variable.
� Case 2. A single categorical variable. 

Both cases are related to a single independent variable. In particular, Case 1 is an extension of a single
binary continuous variable by Allison (2004 and 2008) and Hosmer and Lemeshow (2000).

4.1.Case 1 - A single dichotomous continuous variable
For Case 1, let us consider data with only a single dichotomous continuous variable with 2 different 
values and Let us use a contingency table (Table 1) of and as in Lipovetsky (2015). 
Then, the model has an analytical closed-form solution

(4.1)
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4.2.Case 2 - A single categorical variable
Assume a categorical variable has levels Consider a contingency table of 
counts of all the combinations of and as in Lipovetsky (2015). 

To convert into a continuous variable,  dummy (or design) variables, denoted by
are needed: if and if Then, there is an 

analytical closed-form solution:

Remark 4.1. Both Lipovetsky’s cases are quasi-saturated. In Case 1, the observations 
can be divided into 2 groups: Group 1 when and Group 2 when In Case 2, the 

observations can be divided into groups: Group when for

Remark 4.2. Due to denominators and logarithms, (4.1) may not be defined when any of  
are 0. This can be prevented if we assume overlap in the data points. 

Indeed, if we assume none of are 0, then (4.1) is well defined. In this case, 
each group of and has at least one y = 1 and at least one y = 0. By Remark 
3.7, there is overlap in the data points. 

Remark 4.3. Similarly, (4.2) may not be defined when are 0. 
This can be prevented if we assume overlap in the data points. Indeed, if we assume none 
of are 0, then (4.2) is well defined. In this case, each group 
of when for has at least one y = 1 and at least one y = 0. By Remark 3.7, 
there is overlap in the data points. 

(4.2)

In the following we will demonstrate how to find the analytical closed-form solution for the 2 known 
cases in view of Theorem 3.6 and its proof. 

4.3. Numerical examples
Example 4.4. For Case 1, referring to Table 1, we have

Denote the probability when by and the probability when by The inverse of is 
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Since from Table 1, it follows from (3.11) that 

Since and from Table 1, it follows from (3.13) that 

whose 2 components and are identical to and in (4.1).

Example 4.5. For Case 2, referring to Table 2, we have

The submatrix of  resulting from removing the first column and the last row is a unit matrix of 
dimension .

The inverse of is

The submatrix of  resulting from removing the first row and the last column is a unit matrix of 
dimension .
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The submatrix of  resulting from removing the last row and the first column is a unit matrix of 
dimension .

Let’s denote the probability when by for It follows from (3.11) that 

Above we have used the fact that from Table 2. 

Since for we have 

from Table 2.  

By (3.13), we have 

 International Journal of Applied Mathematics and Statistics

64



whose components are identical to those in (4.2).

Table 1. Contingency table for predictor and target 
y = 0 y = 1 Row Totals

Column Totals N

     Table 2.  Contingency table for predictor and target 
y = 0 y = 1 Row Totals

4

Column Totals N

5. CONCLUSIONS

In this paper, we studied the existence of an analytical solution for multivariate logistic regression. We 
discovered three types of data that yields an analytical solution: (1) Partially balanced data; (2) Perfectly 
balanced data; and (3) Quasi-saturated data. We showed that the 2 known cases for univariate logistic 
regression are each a special case to ours with quasi-saturated data. Future research may focus on 
finding if there are any other types of data that have an analytical solution. 
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