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ABSTRACT

Frequent sequence mining in large population is important for economics, engineering, genetics
and many other databases analysis. Exact algorithms are designed to search for frequent
sequence, they repeatedly re-selects the entire population. If the population is large, the search is
slow or requires very large computer resources. The paper proposes a new probabilistic
frequencies sequence finding algorithm which analyze a randomized sample of the primary
population concluded in a specific way. Based on this analysis, statistical inferences are made
about frequent sequence in the primary population. This algorithm is not accurate, but it runs much
faster than the exact algorithms and is suitable for exploratory statistical analysis. Probabilities of
errors are estimated by statistical methods. The probabilistic algorithm can be combined with the
exact algorithms of frequent sequences search.
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1. INTRODUCTION

As machine learning progresses, many exact algorithms have been proposed for the analysis of
frequent sequence. The most popular exact algorithm is GSP (Srikant and Agrawal, 1995a; Srikant
and Agrawal, 1995b), other popular exact algorithms are SPADE (Zaki, 2001), SPAM (Ayres et al.,
2002), PrefixSpan (Pei et al., 2001), FreeSpan (Han et al., 2000). If the population is large, searching
for frequent sequences using precision algorithms is slow or requires large computer resources. In
some problems, the ascertainment of frequent sequences with certain estimated error is acceptable,
which makes it possible to apply less accurate probabilistic algorithms. Probabilistic algorithms are
much faster than exact algorithms because, instead of performing multiple scans of the primary
population, they analyse a smaller sample of data generated in certain way. Based on this analysis,
statistical inferences are made about frequent sequences in the primary population. ProMFS (Hryniow
and Dzielinski, 2012) is one of the approximate probabilistic frequent sequence finding algorithms.
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This algorithm generates a new shorter sequence based on the statistical characteristics of the main
sequence. Another approximate algorithm is ApproxMAP (Kum et al., 2003). The basic idea behind
the ApproxMAP algorithm is to find the sequence used in many other sequences instead of the exact
sequence search. The iBiRM (Seki and Yoon, 2019) algorithm includes a new computational method

adapted for obtaining recurrent sequences in order to reduce the number of population scans.

The probabilistic algorithm for finding frequent sequences proposed in the paper analyses specific
random sample of the primary population. Based on this analysis, statistical inferences are made
about frequent sequences in the primary population. The probability of errors are estimated by

statistical methods.

2. ALGORITHMS

2.1. Generalized sequential pattern algorithm
Generalized sequential sattern (GSP) algorithm is an exact algorithm for detecting frequent sequence

at a selected frequency threshold = & {. I3. Suppose the original population is a numbered data set
F = (§p82 m. 80 Set S elements 5; may gain m different values x, xc;...... 2. Sequence g .o, g,

is called frequent, if

1
F{“I’r’“‘l’:" e """I"r;} = ;Z l[."'-l'-ﬁ’gl '\.}-"|-'H'.'""\".f—i':|-l'xl}; =o

i
jml

Alternatively, this sequence is called rare.

GSP algorithm selects the entire primary population, determines which sequences are rare and
doesn’t investigate them further. During the first re-election of data GSP algorithm reads the first level
(one character) sequences x %z and determines which sequences are frequent. The second
level (two character) candidates are then formed from the determined frequency sequences
A e Ky K, e ns Koy, Empon X%, Which may be common. Potential candidates for
frequent sequences do not include sequences that have already been identified as rare sequences.
Evidently, if a sequence is rare, then all sequences that have that rare sequence will also be rare, for
instance, if x, 2 is rare, then sequence xyx=xy, x %%y and so forth as well are rare. Similarly, common
sequences are set for other levels. The algorithm ends when there are no more candidates in ordinary
level for frequent sequences. The GSP algorithm determines exactly which sequences are frequent at
the selected threshold ¢, however, it makes multiple primary sample scans. If the primary sample is
large, then the calculation time of the GSP algorithm is high because many population scans are

needed.

2.2. Probabilistic algorithm
The probabilistic algorithm is much faster than the GSP because it doesn’t analyse the entire primary

data sequence, but rather its shorter random sample. The probabilistic algorithm is approximate, but

its probability of error can be estimated.
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The random sample U of primary sequence is constructed as follows:

. Generate a random variable Y, which gains values 1, 2, ... , g with equal probabilities 1/q,

sequence of realizations ¥y, ¥z Fy.

. When looking for first level (one character) frequent sequences, a random sample of U
elements x; are simpy Uy ... U . The second level of random sampling of element pairs xyx; is
(e B and, (WA Bhe o, oo, (B BAp,) ). kdlevel random sample for elements sets xpx; is
ﬁiﬁ.—l,..”afﬂ..,-;_._), CLfLr_.,...,EE_-_...,-,__,_J, qaf,?...;aaw-m_,_) and so forth. Such a sample is made up of a
return sample because some of the numbers ¥; may be repeated. A non-return random sample is
formed from the recurring numbers ¥; by eliminating all recurring numbers and additionally generating

new numbers until a set of non-recurring numbers is obtained ¥;.F:..... ..

Using the GSP algorithm, we determine the sequence x; .xy,..... x;, empirical frequencies in a random
sample U:
It

1
:&{xrl .'-"C'r._..- s xl'p;} = EE lfL?:i'.L.xH-L?:i'_rl -.t’i._.....,l.?r.:_tq-.t’ik;

Choose a number & = 0 (0 = ==& + = + & = 1). Classify sequences =y, . &, &7, in to three classes:
a) if ﬁ{xl (g e ,xlh} Zc & then sequence g ... 5y, IS Classified as rare sequence class;
b) if ﬁ{x,-,,.r,-,,... ,x,-l_} =z + & then sequence x¢ .x¢,... %y, is classified as frequent sequence class;

c) if e=—& -c:;?-{x,-l,.ec,-:,...,x,-h}-c: z+4, then sequence xy.%p....%;, is classified as intermediate

sequence class;

We will discuss error probability estimation for the probabilistic algorithm. Let's fix any sequence
%0 ¥, There are two types of errors: 1) a sequence that is assigned to a class of frequent
sequences, however actually it is rare; Il) a sequence that is assigned to a class of rare sequences,

however actually it is frequent.

Let's mark g = p‘-{x.-l,x.-:,...,x,-h}, p= p{x,-l,x,-:,...,x,-h}. Then the probability of the first type of error
does not exceed Fig —p = &, and the probability of the second type of error does not
exceed Fi@F —p = ={. It is convenient to use such scheme to estimate these probabilities. Let's

define random variables 2y = 1, if ¥y, = ay, Wy, = &y, .o, Pirpggey = %, £ =1 0w, otherwise &y = 0.

Because of the way of sequencing ¥.¥=.... ¥, the random variables Z,, Z,, ..., Z, are independent
and equally distributed, the mean E4; = p, and dispersion D.d; = #{1 — 7). Probabilities of error can be
estimated by standard mathematical statistics methods: based on the properties of the binomial
distribution for the refundable sample and the properties of the hypergeometric distribution for the

non-refundable sample.

Let's define a random variable & = Z + =+ Z;. If the sample is non-refundable, then the distribution

function of the statistics 6 is
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FiE, M) = Z e “‘"“,.s_ul,...x

where E:j‘-l-lf-"'_i'i\’q -. Let's fix w = {0.1}) and define the numbers A and B as follows:

Hpaumuggret pap-1miid
A is the smallest integer satisfying the inequality Fif — L.A) = 1 —w; B is the largest integer satisfying

the inequality Fig — 1. Bl = ¢.

The integers A and B are the lower and upper (1 =) confidence limits corresponding to the

parameter M. Thus, the following inequalities are satisfied:

&
Pizdl= F{;’r{.&crl;xrr... ,x',-h:!E;] zl-a

B
Fiy =B} =F(r(xr,;xr:;...;xrh}5 E] zl-a

If the sample size n is large enough, asymptotic estimators of the probabilities of error can be used,
based on a normal approximation of the normalized sums of independent random variables. Based on

the central limit theorem with all v & { -, &

-ig
F(EF,_ =) = @bl + 8,00
= ) o)
where % is a function of the standard normal distribution and

&y = supléy vl = O — =
(H

After marking w#y {g) = m, we get representation for error probability estimator

P -p> D=1-Plp-p5 8 =1-PimG-p s =1-F(= 5 w.600)
= 1 = $lw, (1A + &, (w, (015 = 1 = Dl (2,)0)

where # = min {:r, 5:1 , and

Flp —p = —&l= Pl — p) = —wp @)@ = @l—wy ()] + S (—wi (P18 = Rl (o,)8)
where 7, = max t:m J—':I .

The Berry—Esseen inequality can be used to estimate the error of the normal approximation

& = CEla,—5a,F C(l-pl+y
Py (BE R v JSpil—g

here the universal constant C = 0.7655. The actual frequency p is usually unknown. Thus, applying

this inequality requires an additional evaluation of the lower boundary {1 —#].

If 2= & = g = 2+ & then the decision of assigning sequence is not accepted, since the likelihood of
assigning sequence error may be high. The probability of error depends on how much the true

frequency p differs from €. Suppose that # = =. Based on the central limit theorem, Fi = #) = -‘ and
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Plp = o) = -: when u — @, Therefore, only by re-electing the entire primary population will we be able

to determine whether the sequence sy, . % ... 2, is frequent or rare.

On the other hand, whatever g (0.1} is, it is close to the empirical probability # when n is large
enough because once again based on the central limit theorem with all & = §: Fillg —pl = #F = 0,
m-=@. The probability of an event #— & « §# « = & & can be reduced by reducing 9§, but then the
probabilities of the first and second type of error increases. They can be reduced by increasing n.
Thus, the compatibility between & and n is necessary, and their connection can be expressed with

equality &+x = const.

3. EMPIRICAL EXAMPLE

Brent crude oil prices USD/bbl. hourly data from January 3, 2010 to January 31, 2020 (data taken
from Bloomberg). Number of population elements g = 88392, and its elements may acquire these
different meanings {A, B, C}: A — if the hourly end price i is higher than the hourly start price; B — if the
hourly end price of i is lower than the hourly start price; C — f the hourly end price i is equal to the

hourly start price.

To analyse the primary data sequence S, we will apply GSP and probabilistic algorithms and compare
the real frequencies determined by the GSP algorithm with the empirical frequencies determined by
the probabilistic algorithm. A sequence is considered to be frequent if its true frequency is not lower
than 0.2, i.e. €=0.2.

We choose the size of the random sample 100 and 2000 along with 5=0,02.
Evaluating the likelihood of the first type error, we obtain:
Ve
Dryd om I — @(—S}
yoil - €]
where Erpit = 1 — (0.5 = 0,3085, when = = 100 and By s (L0127, when m = 2000,

When evaluating the likelihood of a second type error, we obtain:
B = ﬂ*{—?ﬁ\-‘?}
where Eppial = @i —0,4) v 0,2446 , when m = 100 and Epe'=l & 0,0368, when i = 2000 .

Normal approximation error 4., based on Berry-Esseen inequality and assumption pil = pJ 2 0,13,
satisfies inequality
& 1 adi4
== z—
"\*FL‘.’;:EI - p-f ¥

Thus &, = 0.3424 when n = 100 and &; = (L0786 when a = 2000

The results of the empirical study are presented in table 1.
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1 table. Results of GSP and probabilistic algorithms

GSP n =100 n = 2000

level | subsequence true class empirical class empirical class
probability probability probability

1 A 0.548 frequent 0.48 frequent 0.53 frequent
1 B 0.451 frequent 0.51 frequent 0.46 frequent
1 C 0.001 rare 0.01 rare <0.01 rare
2 AA 0.253 frequent 0.23 frequent 0.24 frequent
2 AB 0.258 frequent 0.21 intermediate | 0.27 frequent
2 BA 0.259 frequent 0.33 frequent 0.26 frequent
2 BB 0.204 intermediate | 0.17 rare 0.21 intermediate
3 AAA 0.115 rare 0.1 rare 0.10 rare
3 AAB 0.121 rare 0.10 rare 0.12 rare
3 ABA 0.128 rare 0.08 rare 0.14 rare
3 ABB 0.114 rare 0.1 rare 0.11 rare
3 BAA 0.121 rare 0.15 rare 0.12 rare
3 BAB 0.118 rare 0.15 rare 0.11 rare
3 BBA 0.113 rare 0.1 rare 0.12 rare
3 BBB 0.086 rare 0.08 rare 0.09 rare

4. CONCLUSION

The paper presents a probabilistic algorithm for finding frequent sequences in a given sample that
analyses a random sample of the primary population and draws statistical inferences about the
frequent sequences in the primary population. The probabilistic algorithm is not accurate, but it runs
much faster than the exact algorithms and is suitable for exploratory statistical analysis. The
probabilities of errors of probabilistic algorithm are estimated by statistical methods. When increasing

the random sample, it reduces the probability of error.
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