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ABSTRACT

In this paper we prove the strong consistency and asymptotic normality of the least square

estimator of the parameter of autoregressive models, with the noise sequence driven by a

ARCH model, in the presence of missing data. Simulation experiments are presented. .
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1 Introduction

Autoregressive conditionally heteroscedastic (ARCH) models were introduced by Engle, R.F.

(1982). Their GARCH (generalized ARCH) extension is due to Bollerslev, T. (1986). In these

models, the key concept is the conditional variance, that is, the variance conditional on the past.

In the classical GARCH models, the conditional variance is expressed as a linear function of

the squared past values of the series. This particular specification allows to capture the main

stylized facts characterizing financial series, as described in Francq, C., Zakoian, J.M. (2010).

The presence of ARCH type effects in financial and macroeconomic time series is a well-

established fact. The combination of the ARCH specification for the conditional variance and

the autoregressive specification for the conditional mean has many appealing features, includ-

ing a better specification of the forecast variance and the possibility of testing the presence of

momentum in stock returns in a well-specified model. Recently AR-ARCH type models have
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been used as basic ”building blocks” for Markov switching and mixture models see, e.g., Lanne,

M., Saikkoun, P. (2003). Asymptotic inference in the AR-ARCH model is also considered in

Francq, C., Zakoian, J.M. (2004) and Lange, T. et al. (2011).

In many practical situations, the values of a time series are not observed at equally spaced

times either because some data are missing or because prudent statistical analysis of the

data leads to discard some observed suspect values. Missing data in economic time series

can be attributed to certain events in the economic or social environment, such as the stock

market crash of October 1987, or the events in USA in September 2001. Likewise, it can

be considered that holidays or weekends are days when there are no measurements of the

variable under consideration, although economic activity continues as a product of political

and social phenomena that will have a direct influence on the next value of the studied index.

Therefore, major differences can be observed in the values of certain economic indexes after a

weekend or a public holiday. On the other hand, in financial markets, transaction-by-transaction

data are examples of high frequency data that occur at irregular times.

This paper is organized as follows. In section 2, the model and some technical tools are pre-

sented. Strong consistency and asymptotic normality of an preliminary estimator are derived

in section 3. In section 4, we use the preliminary estimator to construct an improved estimator.

A simulation study is undertaken to assess the performance of the improved estimators.

2 Preliminaries

In this section, we present the model and discuss the application of a law of Large Numbers

to functions of the processes, which is a critical tool in the asymptotic inference. We denote

by (Ω,A, P ) the probability space in which all the random variables considered in the following

are defined. Consider the following autoregressive model with ARCH(p) errors:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Xt = αXt−1 + εt

εt = σtηt

σ2
t = ω +

p∑
i=1

φiε
2
t−i, t ∈ N

(2.1)

where α ∈ R, ω > 0, φi ≥ 0, and {ηt, t ∈ N} are independent and identically distributed (iid)

random variables with mean zero and variance one, and X0 is independent of {εt, t ∈ N}.

Asymptotic inference in the AR-ARCH model is considered in Francq and Zakoian (2004), Ling

and Mcaleer (2003). The parameter vector is denoted θ = (α, φ, w)′ with φ′ = (φ1, · · · , φp)
′.

We assume that |α| < 1. In this case, the unique stationary solution is given by the causal
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representation Xt =

∞∑
j=1

ψjεt−j where the coefficients {ψj} are determined by the relation:

ψ(z) =

∞∑
j=0

ψjz
j =

1

1− αz
, |z| ≤ 1. (2.2)

The numerical calculations of the coefficients ψj is discussed in Brockweel, P.J., Davis, R.A.

(1991).

The proof of the consistency and asymptotic normality of the least square estimator rests on

the ergodicity of the underlying time series. Recall that a stationary sequence is said to be er-

godic if it satisfies the strong law of large numbers. A standard example of a stationary ergodic

sequence of random elements is an i.i.d. sequence. General transformations of ergodic se-

quences remain ergodic as shown by the following result. Its proof can be found, for instance,

in Billingsley, P. (1995).

Theorem 2.1. If (Zt)t∈Z is an ergodic strictly stationary sequence and if (Yt)t∈Z is defined by

Yt = f(· · · , Zt−1, Zt, Zt+1, · · · ),

where f is a measurable function from R∞ to R, then (Yt)t∈Z is also an ergodic strictly station-

ary sequence.

The ergodic theorem for stationary sequences

Theorem 2.2. If (Zt)t∈Z is strictly stationary and ergodic, if f is measurable and if

E |f(· · · , Zt−1, Zt, Zt+1, · · · )| < ∞

then
1

n

n∑
t=1

f(· · · , Zt−1, Zt, Zt+1, · · · ) → Ef(· · · , Zt−1, Zt, Zt+1, · · · ) a.s.

In particular, if (Xt)t∈Z is the causal stationary solution of the AR(1) equation Xt = αXt−1 +

ut, |α| < 1, (ut) iid (0, σ2), then Theorem 1 shows that (Xt)t∈Z, (Xt−1ut)t∈Z and (X2
t−1)t∈Z are

also ergodic stationary sequences.

Consider the least-squares estimator α̂LS of the parameter α, that is

α̂LS = argminα

n∑
t=2

(Xt − αXt−1)
2.

From the first-order condition, we obtain

α̂LS =

n∑
t=2

Xt−1Xt

n∑
t=2

X2
t−1

.
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The ergodic theorem shows that the numerator tends almost surely to γ(1) = Cov(Xt, Xt−1) =

αγ(0) and that the denominator tends to γ(0). It follows that α̂LS → α almost surely as

n → ∞. Note that this result still holds true when the assumption that ut is a strong white noise

is replaced by the assumption that ut is a semi-strong white noise, or even by the assumption

that ut is an ergodic and stationary weak white noise.

3 The estimation procedure and asymptotic theory

Let (Xt) be the AR(1)-ARCH(p) time series defined by equation (2.1) where |α| < 1. Follow-

ing Bondon, P. and Bahamonde, N. (2012), a time series with missing observations can be

regarded as an amplitude-modulated version of the original time series, i.e.

X∗
t = AtXt, (3.1)

where Xt is assumed to be defined for all time, At is given by

At =

⎧⎨
⎩ 1 ifXt is observed

0 ifXt is missing
(3.2)

and X∗
t represents the actually observed value of Xt, with 0 inserted in the series whenever

the value of Xt is missing.

In equation (2.1), if we replace Xt by X∗
t , we obtain

X∗
t = αX∗

t−1 +Atεt 1 ≤ t ≤ n. (3.3)

One can obtain a preliminary least square estimator of α as

α̂LS,0 =

[
n∑

t=2

X∗2
t−1

]−1 n∑
t=2

X∗
t X

∗
t−1. (3.4)

3.1 Assumptions

To show the consistency and the normality of the α̂LS,0, with the presence of the missing data,

we base on the following assumptions:

(H1): Processes (At) is an independent and identically distributed processes.

(H2): Processes (At) and (Xt) are independent.
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3.2 The main results

We are in position to state our first main result.

Theorem 3.1. Let (Xt) be the AR(1)-ARCH(p) processes defined by (2.1) and (At) be a {0, 1}
processes satisfying (H1) and (H2) and A0 �= 0, a.s. Then, as n → ∞,

α̂LS,0
a.s−→ α. (3.5)

Proof. The least square estimator is

α̂LS,0 =

(
1

n

n∑
t=2

X∗2
t−1

)−1(
1

n

n∑
t=2

X∗
t X

∗
t−1

)

=
1

n

(
n∑

t=2

A2
t−1X

2
t−1

)−1(
1

n

n∑
t=2

AtXtAt−1Xt−1

) (3.6)

Since (Xt) is strictly stationary and ergodic and (H1) and (H2) are satisfied, it follows from

Theorem 1 that combined processes (Xt, At) is strictly stationary and ergodic. Then (A2
tX

2
t )

and (AtAt−1XtXt−1) are stationary and ergodic. The ergodic theorem (Theorem 2) entails that

1

n

n∑
t=2

A2
t−1X

2
t−1

a.s−→ E[At]
2E[X2

t
] = E[A0]

2E[X2
0 ]

1

n

n∑
t=2

AtAt−1Xt−1Xt
a.s−→ E[AtAt−1]E [Xt−1 (αXt−1 + εt)]

It follows from (H1) and the causality of (Xt) that

E[AtAt−1]E [Xt (αXt−1 + εt)] = E[A2
t ]αE[X2

t−1] + E[A2
t ]E[εtXt−1]

= E[A2
0]αE[X2

0 ]

(3.7)

Hence, (3.5) is established.

In order to establish the asymptotic normality of α̂LS,0, one often needs to recall the following

elementary result about difference martingale. We refer to Billingsley, P. (1995) for details.

Lemma 3.2. If (ν,Ft)t is a stationary and ergodic sequence of square integrable martingale

increments such that σ2
ν = Var(νt) �= 0, then

1√
n

n∑
t=2

νt
L−→ N (0, σ2

ν).

Theorem 3.3. Let (Xt) be the AR(1)-ARCH(p) processes defined by (2.1) and (At) be a {0, 1}
processes satisfying (H1) and (H2) and A0 �= 0, a.s. Then, as n → ∞,

1√
n
(α̂LS,0 − α)

L−→ N
(
0,Var(A0)

2
{
E[Xt]

2
}−2

E
[
σ2
tX

2
t−1

])
, when E[ε4t ] < ∞. (3.8)
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Proof. Recall that

α̂LS,0 =

(
1

n

n∑
t=2

X∗2
t−1

)−1(
1

n

n∑
t=2

X∗
t X

∗
t−1

)

which is equivalent

√
n (α̂LS,0 − α) =

(
1

n

n∑
t=2

X∗2
t−1

)−1
1√
n

n∑
t=2

AtεtX
∗
t−1.

If E(ε4t ) < ∞ the sequence (AtAt−1εtXt−1)t is integrable ergodic stationary difference, with the

variance

Var (AtAt−1εtXt−1) = V ar(AtAt−1)E[σ2
tX

2
t−1].

Developing the product

σtX
2
t−1 =

(
ω +

p∑
i=1

ε2t−i

)( ∞∑
i=0

αiεt−i−1

)2

,

by Lemma 1
1√
n

n∑
t=2

AtAt−1εtXt−1
L−→ N (

0,Var(AtAt−1)E[σ2
tX

2
t−1]

)
.

By the previous arguments, we have

1

n

n∑
t=2

A2
t−1X

2
t−1

a.s−→ E[A0]
2E[X2

0 ].

Thus, the conclusion follows.

Remarks

1. Comparing the asymptotic variances of α̂LS,0 and α̂LS , when (At) is a sequence of inde-

pendent Bernoulli trials with q = P (At = 1), we see that the missing data increases the

variance with multiplicative factor Var(A0)
2.

2. As q → 1, the asymptotic variance of α̂LS,0 tends to the asymptotic variance of the α̂LS with

no missing data.

3. The asymptotic variance of α̂LS,0 increases as q decreases.

4 Performance of the improved estimator by a simulation study

When the values of a time series are not observed at equally spaced times, several methods

of replacement of the missing values were developed in the literature. Pourahmadi (1989)

proposed a complete solution of estimating the missing values of a stationary time series
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obtained by decomposing it into a prediction plus regression problem. He obtained the best

linear interpolator (LI) of the missing value with respect to the mean square error.

An improved estimator α̂LS,I of α can be obtained by using the interpolation method of missing

data. If we assume that there is no existing two consecutive missing data, the method consists

of replacing a missing value Xk by the well-known formula, see Pourahmadi, M. (1989),

X̂
′
k =

⎧⎨
⎩

α

1 + α2
(Xk−1 +Xk+1) if Xk is missing

Xk if Xk is observed.
(4.1)

The improved estimator α̂LS,I =

[
n∑

t=1

X̂
′
t−1X̂

′
t−1

]−1 n∑
t=1

X̂
′2
t−1 is obtained by replacing α by the

preliminary estimator α̂LS,0 in (4.1).

In order to assess the performance of the improved estimators, we examine the finite sample

properties. For (At), we take a sequence of independent Bernoulli trials with q = P{At = 1}.

All the experiments are based on 1000 ×N replications of AR(1)-ARCH(1) processes defined

by (1)-(3) where ηt ∼ N (0, 1) and θ = (0.5, 0.2, 0.4)′ and then θ = (0.5, 0.6, 0.3)′. Using the

notations of the previous sections, we investigate the impacts of varying the sample size q,

among 1− q = 0%, 5%, 10% and n = 50, 100, 250, 500, 1000, 2000.

Table I: Sample mean (s.e) of the different estimators when θ = (0.5, 0.2, 0.4)′

1− q 0% 5% 10%

N=50 α̂LS,0 0.478(17.10e-3) 0.453(132.22e-3) 0.428(135.65e-3)

α̂LS,I 0.478(17.10e-3) 0.475(130.34e-3) 0.472(132.48e-3)

N=100 α̂LS,0 0.488(08.81e-3) 0.463(95.43e-3) 0.437(96.92e-3)

α̂LS,I 0.488(08.81e-03) 0.487(94.28e-3) 0.483(96.18e-3)

N=250 α̂LS,0 0.495(03.55e-3) 0.470(60.70e-3) 0.445(61.29e-3)

α̂LS,I 0.495(03.55e-3) 0.494(60.37e-3) 0.492(63.02e-3)

N=500 α̂LS,0 0.497(01.73e-3) 0.472(43.33e-3) 0.448(43.55e-3)

α̂LS,I 0.497(01.73e-3) 0.495(43.64e-3) 0.494(47.60e-3)

N=1000 α̂LS,0 0.498(00.80e-3) 0.473(30.01e-3) 0.448(31.19e-3)

α̂LS,I 0.498(00.80e-3) 0.497(31.80e-3) 0.494(37.64e-3)

N=2000 α̂LS,0 0.499(00.43e-3) 0.474(21.12e-3) 0.449(21.65e-3)

α̂LS,I 0.499(00.43e-3) 0.497(23.89e-3) 0.494(31.18e-3)
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Table II: Sample mean (s.e) of the different estimators when θ = (0.5, 0.6, 0.3)′

1− q 0% 5% 10%

N=50 α̂MC,0 0.467(17.19e-3) 0.444(134.10e-3) 0.426(139.03e-3)

α̂MC,I 0.467(17.19e-3) 0.466(130.12e-3) 0.477(131.65e-3)

N=100 α̂MC,0 0.487(09.02e-3) 0.462(97.10e-3) 0.442(95.31e-3)

α̂MC,I 0.487(09.02e-3) 0.485(95.41e-3) 0.491(95.87e-3)

N=250 α̂MC,0 0.495(03.43e-3) 0.470(59.92e-3) 0.444(61.81e-3)

α̂MC,I 0.495(03.43e-3) 0.494(58.95e-3) 0.492(62.22e-3)

N=500 α̂MC,0 0.498(01.17e-3) 0.473(42.82e-3) 0.447(43.52e-3)

α̂MC,I 0.498(01.17e-3) 0.496(43.52e-3) 0.494(47.72e-3)

N=1000 α̂MC,0 0.498(00.86e-3) 0.474(30.04e-3) 0.448(30.33e-3)

α̂MC,I 0.498(00.86e-3) 0.497(31.69e-3) 0.495(63.81e-3)

N=2000 α̂MC,0 0.499(00.40e-3) 0.474(21.26e-3) 0.449(21.81e-3)

α̂MC,I 0.499(00.40e-3) 0.498(23.73e-3) 0.495(31.32e-3)

From Table I, it can be observed that the biais of αMC,0 increases severely as 1− q increases.

On the contrary, the biais of the αMC,I is much less sensitive to the percentage of missing

observations.

As seen from Table I, the empirical standard errors of αMC,0 are slightly better than the standard

error of α̂MC,I . Moreover, as n increases, the preciseness of α̂MC,I increases. From Table II,

it can be observed that the results are similar for another values of (φ, ω). For these reasons,

α̂MC,I has better performances than α̂MC,0.
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