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ABSTRACT

We present a new result concerning existence of solutions to some nonconvex autonomous
Lagrange problems of the calculus of variations.
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1 Introduction

In this paper we consider the problem of existence of minimizers — let’s call them true mini-
mizers — for the nonconvex integral

b
I(m(-))::/ L(x(t)y,z'(t)) dt on X}p, (1.1)

where the so-called lagrangian function may freely take the oo value,

L:R" xR" — (—00,00];

and X} is the subclass of absolutely continuous (AC) functions given by

XX,B = {w(-)er’l([a,b].,R”): z(a)=A, x(b):B}.

Since we allow L (s, -) to be nonconvex, we also consider the associated convexified integral
b
L(z()) = / L™ (x(t), o' () dt  on XJp,
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where L**(s,-) is the bipolar of L (s, -). Any minimizer of I.(-) will be called a relaxed
minimizer.

Assume L (-) is a Borel function bounded from below having L**(-) also Borel, and that
there exists a closed set S C R™ such that L (s, -) is almost convex lower semicontinuous
(Isc) Vs € S. Suppose, moreover, that L(-,0) islscon S. It was proved in (Carlota and
Ornelas, 2007) that, in this case, if there exists a relaxed minimizer y.(-) with . ([a,b]) C S
then also exists another relaxed minimizer y(-) which is a true minimizer. The proof of this
result consists in reducing problem (1.1) into a 1-dimensional problem of the calculus of
variations — where the integral is defined on a particular class of reparametrizations of the
interval [a,b] — with the aim of finding a good reparametrization 7 (-) in the sense that
y () =y (7(:)) isa (relaxed and) true minimizer.

In this paper we show that the hypothesis of L (-,0) to be Isc may be replaced by an extra
hypothesis on the relaxed minimizer y.(-). The proof is done by showing that a special
reparametrization of [a,b], defined by the same formula (but using different sets) as the one
build in the paper (Cellina and Ornelas, 2003) to obtain existence of solutions to nonconvex
inclusions and time optimal control problems, also yields — in this case we are considering
calculus of variations general problems with almost convex lagrangians — a solution to the
original nonconvex problem.

2 Almost convex functions

The concept of ‘almost convex set’ was introduced in the paper (Cellina and Ornelas, 2003);
and was then adapted in (Carlota and Ornelas, 2007) to define ‘almost convex function’.

Definition 2.1. (See (Carlota and Ornelas, 2007, Def. 1).) A function F : R"™ — (—o0, ] is
said to be almost convex if satisfies the following hypothesis :

foreach ¢ where F*({)<F(§{)  there must
IN=Ap(6)€[0,1] FA=Ap(§) €[l,00) Ja=ar(€)e]0,1]
such that
Fr(€) = (1—a) F(A +aF(AE)
£=(1—-a) (A +a(Af)

(weset A\=1=A=a where FF** () =F(§) anduse 0 -oc0:=0).

Notice thatif F'(-) is almost convex, then
(1) F(-) is 0—convex, i.e. F**(0)= F(0), and

(i7) forevery € e R", F'** (\) = F(\¢) & F* (A& = F(A¢).
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In this paper we consider lagrangians L : R" x R" — (—o0, 00| having L (s, -) almost convex
for each s on some adequate closed set S. Next we present our basic hypothesis on the
lagrangian.

Definition 2.2. Let S C R™ be a closed set. We will say that L : R" x R" — (—o00,00] is
a BHyp-function on S if it is a Borel function bounded from below, having L**(-) Borel and
L (s, -) almost convexIsc Vs e S.

Proposition 2.1. Let S C R" be aclosed set, L :R" x R" — (—o00,00]| a BHyp-function on
S and y.(-) € Xi'p having y.([a,b]) C S. Then there exist measurable

A=AL (ye,v.) : a,b] = [0,1] and A =Ar (ye,y.) : [a,b] = [1,00)
such that

L (3 (). (1) = o)
= (=) L(w 0. A0 1) +a ) Liv0). A0 (1) ae on .

where « : [a,b] — [0,1] is given by
1 ifFAXE)=A(t)=1

otherwise.

3 Main result

Our main result is the following
Theorem 3.1. Let S C R™ beaclosedsetandlet L : R"xR" — (— oo, 0] be a BHyp-function
on S. Assume the following extra hypothesis (EH ) :

there exists a relaxed minimizer y.(-) having y. ([a,b]) C S and
either the set Ey := {t € [a,b] : A(t) =0} has zero measure

orelse: Ey \ Ey isanullset (with Ey the closure of Ey)
and
It € [a,b] suchthat L(yc(tm),0) < L(y.(t),0) VteEla,b].

Then there exists a true minimizer y (). Moreover,

min [(xz(-))= min I.(z(:)).
L Te()= mip (e ()
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Proof. (Generalizing the proof of (Cellina and Ornelas, 2003, Theorem 2).)

In case

b
/ L™ (e () 4. (1)) dt = oo

a

we have I (xz(-)) = oo, therefore every z (-) € X1 is @ minimizer for the nonconvex integral

/bL(x(t),a:'(t)) dt  on Xip.

So, in what follows we will assume that

b
/L**@C(t),yg(t))dmw

a

hence
L (ye(t),y. (t)) < oo a.e. on [a,b].

Let 1 € R be such that

(a) Suppose, in this part of the proof, that | Ey | = 0, where |-| denotes Lebesgue measure,
sothat A(¢) #0 a.e.on [a,b].

Define ¢ : [a,b] — [0, ),

1 L(ye(t), (1) yo(t)) —
P0= 13w T A NG

where
T:={tela,bl: Tyl (t), L™ (ye(t),yl (t)) < oo, A(t) #0and (2.1) holds true}
and xr (-) is the characteristic function of 7':

1 forteT
xr (t) =

0 otherwise.

For n=1, 2,..., set
C":={tea,b: n—1<¢(t) <n}.

Obviously
o()eL'(C™) YneN.
Moreover,
[a> b] = U cr
n=1
and

nl#nz = OoMNnCc™ :m
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Let p1, p2 : [a,b] — [0,1] be the weight functions
pr(t) =1 —a@®)A(t), p2(t) =a(t)A).

By (2.1) and the Liapunov’s theorem on the range of vector measures (see e.g. (Cesari, 1983,
16.1.v)), foreach n € N there exist two disjoint measurable subsets C*, C3* of C'™ such
that C™" =C*uUCy and

fcn (1>L**(yc(t)7yc/(t))_u) dt

Jou (P1(®) S5 + P2 (0) by p () HeAQUEOI ) 1) LOSGUO) )
Ly () A1)yl () — L(ye(t),A() y!(t) )—
= fon [pl(t)(ﬁ7W)+p2(t)(ﬁt),%g)”()>“)]dt

L(ye () ) yl(t))— L(ye(t),A) yl(t))—
= [ [Xcln(t)(ﬁt)v W) +XCQ”(t)(ﬁt)v W)] dt .
Hence, in particular,

Jon [L7 (ye ()9l (1)) — p] dt =
(3.1)
— fC” |: L( yC(t)ﬁA)Eég)yC(t) )= xXop (t) + L(?JC(t%/}\(Ez)Zlc(t))_N xXoy (t)i| dt .

Let

a=or o=
n=1 n=1

Clearly,
ClﬂCQ ={ and ClUCQ = [a,b].

Using these sets C; and C; itis possible to construct — see (Cellina and Ornelas, 2003)
for details of such construction — a strictly increasing AC function 7 : [a,b] — [a,b] with

r@=a, T(b)=b
and derivative
() = AT (1) xcu (7 (1) + AT (1) xc (7 (1) € (0,00) ae. on [a,b].
As in (Cellina and Ornelas, 2003), we define a new AC function y : [a,b] — R™ by
y () =y (7 (1)),

so that
y(a)=A, y() =B

and
y' )=yl (r ) 7' (t) a.e. on [a,b].
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Notice that the sets
{t €la,b]: 7(t)eC1} and {t€a,b]: 7(t) € Co}
also constitute a measurable decomposition of [a, b].

We obtain, by (3.1) and the Lebesgue’s monotone convergence theorem,

— Jom [ L(:uc(t)«\A(Eg)yc(t) )=k xcp (t) + L(yc(t)»/\/\(z)yc(t) )=k xcg (t)] dt

n=1

b X ye(t), A —u ye(t),A(t) y/! —u
= [ ngl [%ch (t) + %X@l (t)} dt

a

o [ M0 o (1) 4 MusQMOUO s )] at

a

Hence, using the theorem of change of variables in the integral,

JPIL™ (ye (t), 5l (1)) — ] dt

[ Lyc(T@)AE®) yl(r (1)) —p -/ (t) Xc, (7_ (t)) +

b A7 (t)
= [ dt
+ L(yC<T(t))J>\(Z—7EE2)))yC(T(t)))_” ! (t) XCs (T t))

fb L(yu(T(t))v\)EZ'T(g;)yc(T(t)) )=k X7 (@) xe (T (1) +
= dt
+ L(yc(‘f(t)),/\[\((T:Ez)))yc(T(t)) )=k A (T () x&, (T (1))

= [PULy@®).v' @) = nl xor () + [L(y @) ,y' () — n] xc, (7 ()] dt
= JPIL(y ).y 1) — ] (xc, (T () + xc, (7 (1)) dt
= [PIL(y(®),y" (1) = n] Xap) (7 (1)) dt

= fab [L(y(t),y' (t))—p]dt.
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This proves that y () minimizes the nonconvex integral. Indeed, since

b b b
/L**(yc@),yg(t))dt:/ L(y@),y/(t))dtz/ L™ (y(t).y' (1)) di

a

and y. (-) is a relaxed minimizer, we have
b b
[ e wemwio)a= [ 1 (0.0 ©) .

Thus y(-) is also a relaxed minimizer and

forevery x(-) e X1 p.

(b) Along the remaining of this proof, we will consider the case | Ey| > 0.

Let
C() = ET)

By hypothesis | E; \ Ey | =0, so we certainly have, for a.e. t € Cy,

A(t)=0
hence (y/(t) #0, A(t) >1 and)

L™ (ye (1), yl(t)) = <17ﬁ

1 i
t)> L(ye(t),0) + mL(yc(t),A(t) Yo (t)).

Moreover, we may assume, without loss of generality, that

L(yc(tm),O)zminL(yc([a,b}),()):().

(c) Let us consider the interval [a, t,,].

Since (a,tn)\ Co is open, there exists a countable family of disjoint open subintervals (a; , b;)
of (a,t,,) such that

oo

(a,tm)\ Co = U (a;,07) -

i=1
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Asin (a), foreach i we can obtain a measurable decomposition of (a; ,b; ) into two subsets
Cy; and Cy,; for which

S (L L (e (), 9l (1) — ) dt =

a;

L(ye () H) yl(t))—
XCI;(t)(%t)’ (ye(t) /\((2)&1()) u) + (3.2)

=/t dt .
L(ye(t),A) y/(t))—p
+X02:(t)<ﬁv %)

Let
CO_ = [a,tm] N Cy
and
' +/ L gt + |[atn] \Co| <t
m— = a — y lm Sim-
o M) ’
There exists — see (Cellina and Ornelas, 2003) — an AC function 7_ : [a,tm] — [a, tm]

which is strictly increasing on [a, t,,—] with

T (a)=a, T—(tm—) =tm

and derivative

oo

(1) = A (1) Xg (= () + D0 (M= (1) ey, (= () + A7 (1) Xy, (- (1))
fora.e. ¢ € [a,t,—], while

T_(t) =tm ON [ty tm] .

Consider — as in (Cellina and Ornelas, 2003) — the AC function y_ : [a,t,,] — R™ defined
by

Therefore

and

L(y—(t),y. (t)) =L (yc(tm),0)=0 fora.e. t€ [tm,tm]. (3.3)
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(d) Let us prove that

/ UL (e (), (1) dt > / T Ly ),y (1)) dt. (3.4)

Dueto (3.3), on C, we obtain

Jor T (e ()90 (1)) dt

= " [(1—ﬁ) L(yc(t),0) + %jﬁy“”] Xo- (1) dt

0

- (“W) L(ye(r(£),0) + |

= [ 7L (t) X (7 (1)) dt

+ Llye(r- )M (1) ye(r— (1)) ’
L Alr- (1)

[ (1—M) L(ye(m—(t)),0) + |

= L A7 (1) Xq (7 (1) dt
" L(y-()’ (1))
L A(r_ (1)

= I A G- () = D) L (e (= (9),0) + L (3= (). ()] X (r— (1) dit

0

Vv

S I (= () = 1) L(e (tm) ,0) + L (y- (6) 5" (1))] xg- (7 (1)) dt

0

= I L(y-(),y" () xo- (7= (1)) dt

= " L(y- 0.yl () xo (- 0) dt + [ L(y—(8) .92 (1) xep (7 (1)) dt

= [ L(y- ()L ) xgp (- (@) dt.

On the other hand, using (3.2) and proceeding as in (a), we obtain for each (a;,b;) C
(a,tm)\ Co:

ST (e (8) 0l () — ] de

i

b [ L{ye(®) ) yl(t))— L(ye(t),A() yl(t))—
I [ (ve(®) A(g)y ®) “ o (1) + (ve(t) A<(2)y<)> uXC_(t)] dt

21

T8 T2 (- @02 ) = 1] X (7- ()

= [ [ (s=®.920) = 1] Xar i) = O) X(r1(ar) o100y ()

= o L (v (0,2 (1) = 1] X(om 4y (7 (1)) dt.

9
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Moreover,
i —ar = FO e - 0) + xeg (- )] ar
= " X(arar) (7= @) dt,
hence
I 3 X = 0) dt = 55 7 () (- ()
= 3 (0~ o) =l tu)\Col
Then

= L L (y- 0.yl 1) =] ;fIIX(a;,b;) (r (1)) dt

= L (@0 0) Nanaey = () =1 X X ) (7= ()|

= [ L(y= 0. yL () Xagwp oo (— (1) dt = p | [atw] \ Co |,

which implies that

Sty 0o L (ye (8) 9l (2)) dt
= [ L (= (0.5 () X oo (- (1) dt
= [ L(y- (8,52 (1)) Xamp o (7= (V) dt+
L L (e (1) 9L (8) X o (7 (1) dt

= S L (y- (1,92 (1) Xjanh o (7 (1)) dt.

10



International Journal of Applied Mathematics and Statistics
We are now in conditions to prove (3.4):

S L (ye (1), 9l (1)) dt

= Jor L™ (ye (), 9/ () dt + [0 nop L7 (3e ()52 (1) dt

Y

L (y= (0,92 (1) Xop (7= (8) dt + [ L (y= (1), 52 (1)) Xjapn oo (7 (1)) dt
= L L (- 052 ) (xop (- (0) + Xagah oo (- (1)) dt

= L L(y- ),y (1) dt.

(e) Ontheinterval [t,,,b] we proceed in a similar way to what we did on [a,,,] .

Let (a;,b]), i=1,2, ..., be the disjoint subintervals of (t,,b) whose unionis (t,,b)\ Co
and, for each i, let Cy;, CJ; be the measurable decomposition of (a;",b;") for which (3.2)
holds true with a; , b, , Cy;, Cy; replaced by o) , b}, C/%, C,. Moreover, set

LR LR A

Cot = [tm, 0] N Co

and
P / gt |t B\ Co| > ¢
m+ - C0+ A(t) ms 0] Z btm -
Define y4 : [tym,b] — R™ by
Y+ (1) == ye (74 (1)),
where 74 : [tim, b] — [tm,b] is the AC reparametrization of [t,,,b] having

T+ (t) = tm on [tfm7 tm+]

and is strictly increasing on [t,,+,b] with

T+ (b) = b
and derivative
() = A(r () Xgp (7 0) + D2 (A () Xyt (74 0) + A(m (1) Xy (74 (1))
i=1

fora.e. t € [tm,b].

1
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Then y, () is AC,

Y+ (tm) = Ye (tm) s Y+ (b) =B

and

b b
/tL**(yc(t)vyc’(t))th/t L(ys (£), 9l (1) dt.

(f) Finally, let us joint together y_ (-) and y4 () so as to obtain our aimed true minimizer. Let
y : la,b] — R™ be the AC function given by

y— (t)  for t € [a,tm]
y(t) = (3.5)
y4+ (t)  for t € [t,b].
Clearly,
yla)=A, y(b)=B (3.6)

and, moreover,

b b
/L**(yc(t),yc’(t))dtzf L(y(t),y'(t)) dt. (3.7)

Therefore y (-) is a minimizer for the convex integral

b
/ L (2 (t).2' (1) dt, @ () € Xfp,

a

as well as for the nonconvex integral

b
/ L(x().2/ () dt, =() € X]p.

This completes the proof of our main result.

The next corollary concerns the scalar n =1 case.
Corollary 3.2. Assume L :R xR — (—oo,00] is a Borel function bounded from below with

L**(-) also Borel, L(-,0)=L*(-,0) and L(s,-) Isc Vs.
Assume, in addition, the following extra hypothesis (EH,) :

there exists a relaxed minimizer y.(-) for which

the faces of epi L** (y. (t), -) are bounded V't € [a,b] and

12
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Yyl (t) ¢ interior (co{0,8 (y.(t))}) fora.e. te |a,b
(3.8)
whenever L** (s, -) is affineon co{0,5(s)} Vs € y.([a,b]).

(Here epi L** (y.(t),-) is the epigraph of L**(y.(t),-) and co{0,5(s)} denotes the
convex hull of {0,5(s)}.)
Then there exists a true minimizer vy (-).

Proof. Under the hypotheses on L(-) and L**(:), L(s,-) is almost convexlIsc Vs € S =
Ye ([a,b]) . Furthermore,

(3.8) = A(t) #0 forae. te[a,bl.

Thus
|Eo| =0.

Remark 3.1. Notice that when n =1 and we know that some relaxed minimizer y. () is, or
can be transformed into a, bimonotone relaxed minimizer y.(-) — see (Ornelas, 2007) for
details on bimonotone minimizers — then . (-) will satisfy (3.8) hence the Extra Hypothesis
(EH).

Conclusion

We did attain the goal of proving our main result, whose main feature is the complete liberty
for the lagrangian to take the oo value — provided our Extra Hypothesis on the given
relaxed minimizer is satisfied — thus allowing constraints on positions and/or velocities to
be automatically incorporated into the lagrangian. Notice also that in some cases, e.g. as in
Remark 3.1, our Extra Hypothesis is automatically satisfied. In such cases, absolutely no lower
semicontinuity hypothesison L (-,¢) is needed.
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