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ABSTRACT

In this paper, we study the existence and combination of mean curvature equation with
Dirichlet boundary condition by the Nehari manifold method and some variational technique
and show that an elliptic equation has at least two positive answers.
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1 Introduction
In this work, we consider the following elliptic system

—div ]__A,_L \V4 T(w)*QV — s(z)—2 + t(z)—2 in D,
((1+ IV @2 0) = ()o@ 20 + g(@)|ol @20 in (1.1)

v=0 on 0D.

Where D is a bounded domain with smooth boundary oD in RY. Let M > 2,7,5,¢t € C(D)
such that 1 < 3r(z) < t(x) < r*(2), 1 < s(x) < r(2),(1*(2) = gyl if M > r(2), r*(2) = o0
it M < r(x), 1 <r” = essinfyepyr(z) < r(z) <rt = esssup,epyr(z) < oo, 0 < peR
and p,q € C(D) be the non-negative weight functions with compact support in D. We shall
prove the problem (1.1) has at least two positive answers.

An interesting feature of our study, is the use of the method of Nehari manifold, which allows us
to obtain existence results of the equation (1.1). Brown and Zhang has used Nehari manifold
for a semilinear elliptic system (Brown, 2005). This approachhas been used also by several
authors, see for example (Fan and Zhao, 2001), (Mashiyev and Avci, 2010), (Shi, 2008), (Wu,
2007).
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2 Notations an preliminaries

In order to discuss problem (1.1), we need some theories and basic properties. Define the
variable exponent Sobolev space W'"(*) (D) by

Wir@ (D) = {vGLT(’) (D); |Vo| € '@ (D )}

equipped with the norm

|lv|| = inf T>0/’

The space W1 "@(p D) which is the closure of C5°(D) in W(#)(D), is a separable and reflexive
Banach space.
Let us recall the proposition 2.9 in (Mashiyev and Avci, 2010)

)y, W( ) @)

T

do < 1}. 2.1)

Proposition 2.1 ((Mashiyev and Avci, 2010)). Assume that the conditions of the both theorems
2.7 and 2.8 in (Mashiyev and Avci, 2010) hold. Letv € W'"(@)(D), then there are positive
constants bz, by, bs, bg > 0 such that the following inequalities holds

bs|lo]|tT if||v|| > 1;

/q(x”vlt(aw)dxS s [o] . [[v]] 2.2)
D bal[v||t if|lv]] < 1.
: bs|lol|*F if||v]| > 1;
D bgl|v||* if]|v]] < 1.

Proof. It follows as a consequence of 2.7, 2.8 (Mashiyev and Avci, 2010). O

3 The main results

Assume K ¢ C'(X, R) be the Euler functional associated with an elliptic problem on Banach
space X. In many problems K is not bounded below, but is bounded below on an appropriate
subset of X and minimizer on this set (if there are)may give rise to solutions of the dependent
elliptic problem. This appropriate subset of X is Nehari manifold. The corresponding Euler
functional , as follows

o= [ L (@ o @Nde — [ PO @ gy - [ 1) @)
K, (v) /Dr(x)uvw 1+ (Vo) u./DS(l,)II a /Dt(z)H a

By theorems 2.1 (Fan and Zhao, 2001) , 2.7, 2.8 (Mashiyev and Avci, 2010)

1
Ku(v) = */ (IWIT“) /14 \VU\QT(’”))dJc - 7/ ()o@ dz
T’
- = [ @l @iz

2 " 1
s 2 r@ M s@) _ L / )
> = [ wor® - £ [ @l - = [ a@ol @

2 T /L 5 st bl - +
> lol™ = =ba(lloll™ +lloll*) = =[l +lol™)- (3.1)
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Since 1 < s= < st <r~ < 3r~ < 3rt <t < t, K, is not bounded below on whole
WOI’T(”(D). The Nehari manifold H,(D) , contains every nonzero solution of 1.1.

H,(D) = {v e W5 (D) \ {0} : (K}, (v),v) = 0}

Forv e H,(D)

Vv|2r(w)
(V) = V T(x)—l—'i dr — /pm o5 @) dy
2u(0) /D %4l o) pl

g()lo]" ) dz

OU\

(3.2)

v|2r (@)
(#(v),0) —/ r(z )\VU\T(’”)dx+ 2r(x)| Vo™

/1 ‘vv|2r )
|V,U|4'r(1) @ / a)
— W S\T xvszdx— t(x x Idl?.
/—1 |VU|2T<$> ( )p( )‘ | ( )Q( )|’U‘

We split H,,(D) into three parts:

Hf = {1} € Hu(D) : (g}, (v),v) > 0}
Hg = {1} € Hy(D) : (g, (v),v) = 0}

H, = {v € H,(D): (apL(U),U} < 0}
Lemma 3.1. The energy functional K,, is coercive and bounded below on H,(D).

Proof. Letv € H,(D) and ||v|| > 1. Then using propositions 2.1, (Fan and Zhao, 2001)
K,(v) = / Vo"@ 41 /1 + |Vo|2r@) ) dz — / M v[* @ dg
u(v) Dr()(\ 4L 902 dw = o | Tl

e
7/ |VU|T(m)+\/1+\Vv|2r(w)))dx——/ Yo" da

2r(zx)
- ([ ver@ae s T e [ pleol® o
3 D D

D1+ |VU\2’"(3”
2 1 1 1
> (2 @) gy — (— — s(z)
> (2 D) [V s -t - D) [ plapl @

—

2 1 1
- (= _ = = = (@)
= (2~ D)ol — (= )/D p(@) o] da
2t — 27t -5 s
B po—— oll*

> Yol — by

Therefore K, is coercive and bounded below on H,(D). O
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Lemma 3.2. There exists ji; > 0 such that for 0 < ju < 1, H(D) = 0.

Proof. It H)(D) # 0 for all u € R\{0} and v € H}(D) such that [v|| > 1. By proposition 2.1

and definition of H])(D),

0 = {¢(v),v)
|Vv|2r(w) B ( )lvv‘élr(x)

:/ ()| Vo] da + EC) U
D \/1 + |Vv\2’”(w D /(14 |Vu|2r(2))3
—M/ 3($)P($)|v|s(x)d$—/ t(z)q(x) v da

JD D

> o @ 42 [ TP o — st [ @l @z
- /1+|V |2r(m D
gt / q<w>|v|t<f)dx
D
2r:v
> ol @ 4+ 20~ Fwwm v — ol @ — s* [o] @
+ T m
|vv|2r(a:)
@)l da] ~ ¢ [ go)lol@da
\/1+|Vv|2”” D D

|V,U|2r(1)

D1+ \W\?r(w

> (1 =t — 5P o7 + (2 — s*)
(st —t7) / ¢(@)o]{@dz
D

2 (7 = =l 4 @ =) [ R - e

+ (5T 17 /D o) dz

-+ _ +
> =Tl + (2T = sTmllol” = ba(tt — s o]

= (=)o) = ba(tT = s ol <0
Since 0 < n < 1 and by propostion 2.1
77 1
[[v]l > b?(ﬁ)”‘”~

Also,

0= (py(v),v)
|vv|2r(a¢) 2r(@)| Vol T(x)‘vv|4r(x)

_ Vol @dz + @
/D ( )‘ | 1—|—V’U|2T(T D (1+|vv|27(r))5
iy / s(ﬂﬂ)p(x)lvP‘I)dr— / 4(@)[o]@dz

D D

4r(x)
<t ol 2t o) - [ gy / p(@) o] dz
D

DA (14 \VU\QT(@

_ Vo @) A
—t[||o|®) +/ |7dx— p(2)|v*® dz
1017+ e = [ oot ]
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By 2.1
0< @Bt —2t7)[l” + pbs(t™ —57) v+
= ol < bz —gr) (3.6)
v rT—s .
=W o
_ + 7‘_*5+
For s is sufficiently small (u < (32220 (2 =2 777 from 3.4, 3.6 , we get ||v]| < 1 which
contradicts . Thus H))(D) = @. O
By Lemma 3.2, for 0 <y < pu1, we can write H,(D) = H,f(D)U H, (D),
97 = inf  K,(v), 9 = inf K,(v
" uw€H; (D) u(v) " veH, (D) n(v)

Theorem 3.3. Let v is a local maximum or minimum for K,, on H,(D). If vy ¢ HB(D), thus
K,/L(’Uo) =0.

Proof. The proof can be obtained directly from the above lemmas. O
Lemma 3.4. /f0 < p < yu, then for allv € H,f (D), K,(v) <O0.

Proof. Letv € H,f (D)

K,(v) < i_/ <|V’U|T(x)dl'+ 14 |Vo|?r(@) )d:r _ 7/ Ms(m)dx

r
1
S / o() o] da. (3.7)
" Jp
Since v € H (D), then (¢),(v),v) > 0,
2r(x) 4r(z)
+/ Ivv‘r(x)dw + 27, |VU| — |V'U|
D /1 + ‘VUPT(I / 1+|vv|2r x)

—usf/ p(a)|v]*@dz — tf/ q(x)|v]"®dz > 0. (3.8)
D D

By combination 3.2 by (—s~) and 3.8

3rt — 25~
/ q()|v|"@dz < e NER (3.9)
D — S

By substituting 3.9 in 3.2,

IR . Vol (@)
Ku(v) < (TT*T o] "¢ >+ / /14 |[Vo|rr@)de — S+ 1|+|Vv|2”«‘
R i(a)
(= H)/un)m o
r(x r(x 1 x
<Gz DNl + = [ @ 9o+ (5= ) [ a@lel e

1
pes
1 DL+ )
il r(x) o L HEN _ i(x)
— el 4 LT ) [ ataol @z (3.10)

+

<(

ﬁ‘._l ﬁl‘)_l
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If |D| < ||v||” and assuming that 3.9 is holds in 3.10,

1 x 1 1.,3rt —2s
Kuv) < (2 = ol + (57 = ("

<0. (3.11)

w

o]

r

Therefore
97 = inf K,(v) <0

vEH,} (D)
Theorem 3.5. If0 < pu < 1, there exists a minimizer of K,, on H:[(D).

Proof. K, is bounded below on H,(D) and so on H, (D). Then, there exists a minimizing
sequence {v,! } C H,(D) such that

lim K = inf K,(v)=9 <0
i K0 ") = veH;t (D) W) =

Also K, is coercive , v, is bounded in W&’T(’”)(D), thus, we may assume that, v; — v and by
the compact embedding

v = ol in ;EZ;( )
and
o = ol in Zgg( )

Now, we shall prove v — vl in Wi /(D). Let v — ol in Wa" (D). Then, by Fatou's
lemma and compact embedding

lim inf / Vo " @ dz > / (Vo M@ da
D D

n—oo

lim inf/ 1+ Vot |2r@de > / 1+ \VUSLP’“(””)dm.

timint [ @)l (e = [ @)l 2z,
D

n—oo D

n—oo

liminf/ q() o [P @ dz = / q(x)og |°@ de.
D D
On the other hand (K7, (v, ), v,;;) = 0 and by theorem 2.8 in (Mashiyev and Avci, 2010),

2 2 +17(2) 1 1 +s(z)
Kulo) = (5 = 170 = = = ) | )l e

2 +r(x)

i Kod) 2 (= 2 i, 190

=) tim [ p@)le PO

i t= n—oo Jp n

, 2 2 - 11 < s

= o= inf K@) > (5= Dl |7+ per(= = ) Ud 17+ e 1) (312)

veH;; (D)
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Since r~ > sT, for |lugf || > 1,
V) = inf K,(v)>0.

”w
veH,} (D)
. . 1,
This is a contradiction. Hence, v — v in W) (D) and

Ku(vg) = hm K,(v})= inf K,(v).
veH;T (D)

vy is a minimizer for K, on H," (D). O
Lemma 3.6. /f0 < < ju1, then forallv € H, (D), K,(v) > 0.

Proof. Letv € H,(D) and with definition K,(v) , making use the equation 3.2, we have

K,(v) > i/ (|Vv|7(x) +4/1 + |Vo[2r@) )dx— 7/ |v|5(x)dm
- —/ (z)|v]®) da

> (2 = Fl + = = ) [ pl@)lo @ (3.13)

S

By 2.1, and the condition »— > s, it follows:
2 2 s —t ot
Ku() = (= D)ol + ubs (=)o

=
2t~ — 2rt s —t —
> [ Jll™ (3.14)

b
rte= + s st~

It j < 2 then £, (v) > 0.
Also H,(D) = H,f(D)UH, (D), H}(D)nH, (D) = @ and lemma 3.6, we have v € H, (D). [

Theorem 3.7. If0 < pu < pu1, there exists a minimizer of K, on H, (D).

Proof. In a similar way, there exists a minimizing sequence {v,, } C H, (D) such that

lim K, = inf K,(v)=1v, >0.
n—oo ( n) veH; (D) “( ) Iz

Thus, we may assume that v; — v in Wo")(D)

vt =g in ;23( ),

v =g in LZEQ(D)

If vy € H, (D), then ¢ > 0 exists such that cv, € H,, and K, (vy ) > K, (cvy ).

2r(x) 4r(x)
duo) = [ rpwel s [ 2Oy, [ Oy,
D 1+ |VU|27(I D (1+ |V,U|2'r'(z))3
—u/ 5($)p(13)|v\s(x)d$—/ t(x)q(x)|o]" ") dz
D D
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Therefore,

2r(x)|Veyy |7 |ri)

D\ /14 |Vevy |27(ch
4r(x)
- [ TN g [ swipalies; s
\/ 1+|VCU [2r(x))3
- / Ha)q(e) vy [d
D
<y / Vop "@da + 267 7+ / Vog " da

—pc® 5T / p(x)|vg [*@de — &t / q(z)|vy 1) 4 (3.15)
D D

According to s~ < 7" < ¢, and conditions on p,q , ¢},(cvy) < 0, by the definition of H, (D),
cvg € H, (D). We show that v, — vy in W“(T)( D). Suppose v;, — vy in Wy’ "@)(D). Then
by the Fatou s Lemma

duleny) = [ r@IVe o + /

liminf/ Vo ["® da >/ \Vva\’"(“)dx
D D

n—oo

hmlnf/ \/m‘2r(z)dx>/ W\erdw
ot ot
K,(evy) < 7_/ ‘Vvﬂr(z)dx_i_ 7_/ 1+ |V’Ua|2T(x)d:L‘

[ alo; \5<I>dz—— | @lig s

[ @l s - S / oy ]

< lim K( n) < lim K,(v,)= inf K,(v)=1,.

n—oo —00 UEH; (D) K

and

Thus,

Thus we have,
Ku(evg) < inf  Kyu(v) =19,
veH, (D)
Which is a contradiction. So v; — v in Wy’ "@) (D) and
K,u(vy) =limy o0 K (v, ) = infueH;(D) K, (v).

Then v is a minimizer for K, (v) on H, (D). O

Corollary 3.8. According to theorems 3.5, 3.7, there exists vi € H (D), vo’ € H, (D) such
that K, (vy) = 1nfv€H+(D) K,(v), K,(vy) = 1nfv€H (D) K, (v) Since K,(vi) = K,(jvF|) and
| € H, we may assume vi > 0 By Theorem 3.3, v are critical points of K, on VVO1 (@) (D)
and hence are weak solutions (and so by standard regularity results classical solutions) of (1.1

).Finally, by the Harnack inequality due to (Trudinger, 1967), (Zhang and Liu, 2007) , we obtain
that v are positive solutions of (1.1).
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4 Conclusions

Using Nehari manifold, we considered the mean curvature equation on a domain in the Eu-
clidean space equipped with a norm induced by a variable exponent Sobolev space (See
equations (1.1) and (2.1)). We showed that there are two solution of this problem, which are
supported on disjoint subset of the domain D.
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