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ABSTRACT

The general terms of k−almost cobalancing numbers and k−almost Lucas–cobalancing
numbers are determined for an integer k ≥ 1.
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1 Notations and Preliminaries.

n ∈ Z
+ is called a balancing number ([2]) and is denoted by Bn if

1 + 2 + · · ·+ (n− 1) = (n+ 1) + (n+ 2) + · · ·+ (n+ r)

verified for r ∈ Z
+ which is called balancer, and n ∈ Z

+ is called a cobalancing number ([12])
and is denoted by bn if

1 + 2 + · · ·+ n = (n+ 1) + (n+ 2) + · · ·+ (n+ r)

verified for r ∈ Z
+ which is called cobalancer (see [4, 10, 11, 14, 15]).

Recently many authors studied on several type of balancing numbers (see [6, 7, 8, 9, 16, 17,
18]). In [13], the author defined that n ∈ Z

+ is called an almost cobalancing number (shortly
acn) if

|[(n+ 1) + (n+ 2) + · · ·+ (n+ r)]− (1 + 2 + · · ·+ n)| = 1 (1.1)

verified for r ∈ Z
+ which is called almost cobalancer. If (1.1) equals to 1, then n is called an

acn of first type and is denoted by b∗n, and equals to −1, then n is called an acn of second type
and is denoted by b∗∗n . Thus

c∗n =
√

8(b∗n)2 + 8b∗n + 9 and c∗∗n =
√

8(b∗∗n )2 + 8b∗∗n − 7

are called the almost Lucas–cobalancing numbers (shortly aLcn) of first type and second type,
respectively.
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2 Results.

Let k ∈ Z
+. By considering (1.1), n ∈ Z

+ is called a k−acn if

|[(n+ 1) + (n+ 2) + · · ·+ (n+ r)]− [1 + 2 + · · ·+ n]| = k (2.1)

verified for r ∈ Z
+ which is called k−almost cobalancer (Note that 1−acm are acm). If (2.1)

equals to k, then n is called a k−acn of first type and is denoted by bk∗n and

ck∗n =
√

8(bk∗n )2 + 8bk∗n + 8k + 1 (2.2)

is called a k−aLcn of first type, and equals to −k, then n is called a k−acn of second type and
is denoted by bk∗∗n and

ck∗∗n =
√
8(bk∗∗n )2 + 8bk∗∗n − 8k + 1 (2.3)

is called a k−aLcb of second type.

We note from (2.2) that bk∗n is a k−acn of first type iff
√

8(bk∗n )2 + 8bk∗n + 8k + 1 ∈ Z
+. So we

set
8(bk∗n )2 + 8bk∗n + 8k + 1 = y2 (2.4)

for y ∈ Z
+. Then 2(2bk∗n + 1)2 − y2 = −8k + 1. Let

x = 2bk∗n + 1. (2.5)

Then we get the Pell equation (see [1, 5])

2x2 − y2 = −8k + 1.

Let Ω∗ = {∀(x, y) ∈ Z
+ × Z

+ : 2x2 − y2 = −8k + 1}. Then we can give the following theorem.

Theorem 2.1. If #Rep = 2q for q ∈ Z
+, then for ∀k ≥ 1,

Ω∗ = {(x2qn+j , y2qn+j) : n ≥ 0} ∪ {(x2qn−j+1, y2qn−j+1) : n ≥ 1},

where

(x2qn+j , y2qn+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(x2qn−j+1, y2qn−j+1) = (2k2jBn − k2j−1Cn,−4k2j−1Bn + k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = −8k + 1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1, k2 < k4 < · · · < k2q.

Proof. For the Pell equation 2x2 − y2 = −8k + 1, let #Rep = 2q for q ∈ Z
+. Then the set of

representatives (see [3]) is
Rep = {[±k2j−1 k2j ]},

where k2j−1, k2j are positive integers such that 2k22j−1 − k22j = −8k+1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1 and k2 < k4 < · · · < k2q. Here (x2qn+j , y2qn+j) comes from [k2j−1 k2j ]M
n for n ≥ 0

and (x2qn−j+1, y2qn−j+1) comes from [−k2j−1 k2j ]M
n for n ≥ 1, where

M =

[
3 4

2 3

]
.
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It can be easily seen that the nth power of M is

Mn =

[
Cn 4Bn

2Bn Cn

]

for n ≥ 1, where Cn is the Lucas–balancing number. So we get Ω∗ = {(2k2jBn+k2j−1Cn, 4k2j−1

Bn + k2jCn) : n ≥ 0} ∪ {(2k2jBn − k2j−1Cn,−4k2j−1Bn + k2jCn) : n ≥ 1}.

In view of Theorem 2.1, we deduce that

Theorem 2.2. If #Rep = 2q for q ∈ Z
+, then for ∀k ≥ 1,

bk∗2qn+j =
2k2jBn + k2j−1Cn − 1

2

ck∗2qn+j = 4k2j−1Bn + k2jCn

for n ≥ 0 and

bk∗2qn−j+1 =
2k2jBn − k2j−1Cn − 1

2

ck∗2qn−j+1 = −4k2j−1Bn + k2jCn,

for n ≥ 1, where k2j−1, k2j are positive integers such that 2k22j−1 − k22j = −8k+ 1 for 1 ≤ j ≤ q,

k1 < k3 < · · · < k2q−1 and k2 < k4 < · · · < k2q.

Proof. If #Rep = 2q for q ∈ Z
+, then Ω∗ = {(x2qn+j , y2qn+j) : n ≥ 0} ∪ {(x2qn−j+1, y2qn−j+1) :

n ≥ 1}, where

(x2qn+j , y2qn+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(x2qn−j+1, y2qn−j+1) = (2k2jBn − k2j−1Cn,−4k2j−1Bn + k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = −8k + 1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1, k2 < k4 < · · · < k2q. Since x = 2bk∗n + 1 by (2.5), we get

bk∗2qn+j =
2k2jBn + k2j−1Cn − 1

2

and since 8(bk∗n )2 + 8bk∗n + 8k + 1 = y2 by (2.4), we get

ck∗2qn+j = 4k2j−1Bn + k2jCn.

The others are similar.

Similarly from (2.3), bk∗∗n is a k−acn of second type iff
√

8(bk∗∗n )2 + 8bk∗∗n − 8k + 1 ∈ Z
+. So we

set
8(bk∗∗n )2 + 8bk∗∗n − 8k + 1 = v2 (2.6)

for v ∈ Z
+. Then 2(2bk∗∗n + 1)2 − v2 = 8k + 1. Taking

u = 2bk∗∗n + 1. (2.7)

we get the Pell equation
2u2 − v2 = 8k + 1.

Let Ω∗∗ = {∀(u, v) ∈ Z
+ × Z

+ : 2u2 − v2 = 8k + 1}. Then we can give the following theorem.
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Theorem 2.3. 1. If 8k + 1 = h2 and #Rep = 2, then

Ω∗∗ = {(−2hBn + hCn, 4hBn − hCn) : n ≥ 1}.

2. If 8k + 1 = h2 and #Rep = 2q + 2 for q ∈ Z
+, then

Ω∗∗ ={(u(2q+1)n+j , v(2q+1)n+j), (u(2q+1)n+q+1, v(2q+1)n+q+1) : n ≥ 0}∪
{(u(2q+1)n−j+1, v(2q+1)n−j+1) : n ≥ 1},

where

(u(2q+1)n+j , v(2q+1)n+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(u(2q+1)n+q+1, v(2q+1)n+q+1) = (2hBn + hCn, 4hBn + hCn)

(u(2q+1)n−j+1, v(2q+1)n−j+1) = (−2k2jBn + k2j−1Cn, 4k2j−1Bn − k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = 8k + 1 for 1 ≤ j ≤ q, k1 < k3

< · · · < k2q−1 < h, k2 < k4 < · · · < k2q < h.

3. If 8k + 1 �= h2 and #Rep = 2q for q ∈ Z
+, then

Ω∗∗ = {(u2qn+j , v2qn+j) : n ≥ 0} ∪ {(u2qn−j+1, v2qn−j+1) : n ≥ 1},

where

(u2qn+j , v2qn+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(u2qn−j+1, v2qn−j+1) = (−2k2jBn + k2j−1Cn, 4k2j−1Bn − k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = 8k + 1 for 1 ≤ j ≤ q, k1 < k3

< · · · < k2q−1, k2 < k4 < · · · < k2q.

Proof. (1) Let 8k + 1 is a perfect square, say h =
√
8k + 1 and let #Rep = 2. Then the set of

representatives is
Rep = {[±h h]}

and (un, vn) comes from [h −h]Mn for n ≥ 1, where M =

[
3 4

2 3

]
. So Ω∗∗ = {(−2hBn+hCn,

4hBn − hCn) : n ≥ 1}.
(2) Let 8k + 1 = h2 and let #Rep = 2q + 2 for q ∈ Z

+. Then the set of representatives is

Rep = {[±k2j−1 k2j ], [±h h]},

where k2j−1, k2j are positive integers such that 2k22j−1−k22j = 8k+1 for 1 ≤ j ≤ q, k1 < k3 < · · ·
< k2q−1 < h, k2 < k4 < · · · < k2q < h. Here (u(2q+1)n+j , v(2q+1)n+j) comes from [k2j−1 k2j ]M

n

for n ≥ 0, (u(2q+1)n−j+1, v(2q+1)n−j+1) comes from [k2j−1 −k2j ]M
n for n ≥ 1 and (u(2q+1)n+q+1,

v(2q+1)n+q+1) comes from [h h]Mn for n ≥ 0, where M =

[
3 4

2 3

]
. So Ω∗∗ = {(2k2jBnk2j−1Cn,

4k2j−1Bn+ k2jCn), (2hBn+hCn, 4hBn+hCn) : n ≥ 0}∪{(−2k2jBn+ k2j−1Cn, 4k2j−1Bn− k2j

Cn) : n ≥ 1}.
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(3) Let 8k + 1 is not a perfect square and let #Rep = 2q for q ∈ Z
+. Then the set of represen-

tatives is
Rep = {[±k2j−1 k2j ]},

where k2j−1, k2j are positive integers such that 2k22j−1 − k22j = 8k + 1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1, k2 < k4 < · · · < k2q. Here (u2qn+j , v2qn+j) comes from [k2j−1 k2j ]M
n for n ≥ 0

and (u2qn−j+1, v2qn−j+1) comes from [k2j−1 − k2j ]M
n for n ≥ 1, where M =

[
3 4

2 3

]
. Thus

Ω∗∗ = {(2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn) : n ≥ 0} ∪ {(−2k2jBn + k2j−1Cn, 4k2j−1Bn − k2j

Cn) : n ≥ 1}.

Finally from Theorem 2.3, we can give the following theorem.

Theorem 2.4. 1. If 8k + 1 = h2 and #Rep = 2, then

bk∗∗n =
−2hBn + hCn − 1

2
and ck∗∗n = 4hBn − hCn

for n ≥ 1.

2. If 8k + 1 = h2 and #Rep = 2q + 2 for q ∈ Z
+, then

bk∗∗(2q+1)n+j =
2k2jBn + k2j−1Cn − 1

2

bk∗∗(2q+1)n+q+1 =
2hBn + hCn − 1

2

ck∗∗(2q+1)n+j = 4k2j−1Bn + k2jCn

ck∗∗(2q+1)n+q+1 = 4hBn + hCn

for n ≥ 0 and

bk∗∗(2q+1)n−j+1 =
−2k2jBn + k2j−1Cn − 1

2

ck∗∗(2q+1)n−j+1 = 4k2j−1Bn − k2jCn,

for n ≥ 1, where k2j−1, k2j are positive integers such that 2k22j−1−k22j = 8k+1 for 1 ≤ j ≤
q, k1 < k3 < · · · < k2q−1 < h, k2 < k4 < · · · < k2q < h.

3. If 8k + 1 �= h2 and #Rep = 2q for q ∈ Z
+, then

bk∗∗2qn+j =
2k2jBn + k2j−1Cn − 1

2

ck∗∗2qn+j = 4k2j−1Bn + k2jCn

for n ≥ 0 and

bk∗∗2qn−j+1 =
−2k2jBn + k2j−1Cn − 1

2

ck∗∗2qn−j+1 = 4k2j−1Bn − k2jCn

for n ≥ 1, where k2j−1, k2j are positive integers such that 2k22j−1−k22j = 8k+1 for 1 ≤ j ≤
q, k1 < k3 < · · · < k2q−1, k2 < k4 < · · · < k2q.
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Proof. (1) If 8k + 1 = h2 and #Rep = 2, then Ω∗∗ = {(−2hBn + hCn, 4hBn − hCn) : n ≥ 1}.
Since x = 2bk∗∗n + 1 by (2.7), we get

bk∗∗n =
−2hBn + hCn − 1

2

and from (2.3), we observe that

ck∗∗n =
√
8(bk∗∗n )2 + 8bk∗∗n − 8k + 1

=

√
8(
−2hBn + hCn − 1

2
)2 + 8(

−2hBn + hCn − 1

2
)− 8k + 1

=
√
8h2B2

n − 8h2BnCn + 2h2C2
n − 8k − 1

=
√
h2(C2

n − 1)− 8h2BnCn + 2h2(1 + 8B2
n)− h2

=
√
h2(4Bn − Cn)2

= 4hBn − hCn.

(2) If 8k+1 = h2 and #Rep = 2q+2 for q ∈ Z
+, then Ω∗∗ = {(u(2q+1)n+j , v(2q+1)n+j), (u(2q+1)n+q+1,

v(2q+1)n+q+1) : n ≥ 0} ∪ {(u(2q+1)n−j+1, v(2q+1)n−j+1) : n ≥ 1}, where

(u(2q+1)n+j , v(2q+1)n+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(u(2q+1)n+q+1, v(2q+1)n+q+1) = (2hBn + hCn, 4hBn + hCn)

(u(2q+1)n−j+1, v(2q+1)n−j+1) = (−2k2jBn + k2j−1Cn, 4k2j−1Bn − k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = 8k + 1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1 < h, k2 < k4 < · · · < k2q < h. So we get

bk∗∗(2q+1)n+j =
2k2jBn + k2j−1Cn − 1

2

bk∗∗(2q+1)n+q+1 =
2hBn + hCn − 1

2

bk∗∗(2q+1)n−j+1 =
−2k2jBn + k2j−1Cn − 1

2

and from (2.6), we get

ck∗∗(2q+1)n+j = 4k2j−1Bn + k2jCn

ck∗∗(2q+1)n+q+1 = 4hBn + hCn

ck∗∗(2q+1)n−j+1 = 4k2j−1Bn − k2jCn.

(3) If 8k+1 �= h2 and #Rep = 2q for q ∈ Z
+, then Ω∗∗ = {(u2qn+j , v2qn+j) : n ≥ 0}∪{(u2qn−j+1,

v2qn−j+1) : n ≥ 1}, where

(u2qn+j , v2qn+j) = (2k2jBn + k2j−1Cn, 4k2j−1Bn + k2jCn)

(u2qn−j+1, v2qn−j+1) = (−2k2jBn + k2j−1Cn, 4k2j−1Bn − k2jCn)

and k2j−1, k2j are positive integers such that 2k22j−1 − k22j = 8k + 1 for 1 ≤ j ≤ q, k1 < k3 <

· · · < k2q−1, k2 < k4 < · · · < k2q. Hence the result is obvious.
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