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ABSTRACT

The general terms of k—almost cobalancing numbers and k—almost Lucas—cobalancing
numbers are determined for an integer k > 1.
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1 Notations and Preliminaries.
n € 77" is called a balancing number ([2]) and is denoted by B, if
I+24---+(n-1)=n+1)+n+2)+--+(n+7)

verified for » € Z* which is called balancer, and n € Z™ is called a cobalancing number ([12])
and is denoted by b, if

142+ +n=mn+1)+n+2)+---+(n+7)

verified for r € Z* which is called cobalancer (see [4, 10, 11, 14, 15]).
Recently many authors studied on several type of balancing numbers (see [6, 7, 8, 9, 16, 17,
18]). In [13], the author defined that n € Z* is called an almost cobalancing number (shortly
acn) if

[(n+1)+n+2)+ -+n+r)])—-1+2+--+n)=1 (1.1)

verified for r € Z* which is called almost cobalancer. If (1.1) equals to 1, then n is called an
acn of first type and is denoted by b, and equals to —1, then n is called an acn of second type
and is denoted by b} *. Thus

¢t = /BbE)2+8b: +9 and ¢ = \/3(b5)2 + 8by — 7

are called the almost Lucas—cobalancing numbers (shortly aLcn) of first type and second type,
respectively.
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2 Results.

Let k € Z*. By considering (1.1), n € Z* is called a k—acn if
[(n+1D)+n+2)+ -+ n+r))—[1+2+ - +n]|=k (2.1)

verified for » € Z* which is called k—almost cobalancer (Note that 1—acm are acm). If (2.1)
equals to k, then n is called a k—acn of first type and is denoted by v%* and

k= \[8(00)? + 8B 8k + 1 (2.2)

is called a k—alcn of first type, and equals to —k, then n is called a k—acn of second type and
is denoted by b*** and

ek = \[8(bkr)? + 8 — 8k +1 @3)

is called a k—al.cb of second type.

We note from (2.2) that b%* is a k—acn of first type iff \/8(bk*)2 + 8bk* +- 8k +1 € Z*. So we
set
8(bF*)? 4 8k + 8k + 1 = ¢/ (2.4)

fory € Z*. Then 2(20K* +1)? — y? = —8k + 1. Let
x =20 + 1. (2.5)
Then we get the Pell equation (see [1, 5])
222 —y? = -8k + 1.

Let Q* = {¥(z,y) € Z* x Z* : 20% — y?> = —8k + 1}. Then we can give the following theorem.
Theorem 2.1. I[f#Rep = 2q forq € Z, then forVk > 1,

O = {(z2gn+j> Y2qn+g) 1 10 2 0} U{(@2gn—js1, Yagn—j+1) : > 1},
where

(T2gn-+js Y2qn+5) = (2k2j B + koj—1Cn, 4kaj 1By + ko Cy)
(T2gn—j+1> Y2qn—j+1) = (2koj By, — koj—1Cy, —4kaj 1By + kojCp)

and ks;j 1, k2; are positive integers such that 2k3; | — k3; = —8k + 1 for1 < j < ¢,k < k3 <
<k2q_1,k'2 < kg <--- </€2q.
Proof. For the Pell equation 2z? — 3> = —8k + 1, let #Rep = 2¢ for ¢ € ZT. Then the set of
representatives (see [3]) is

Rep = {[+koj-1 koyl},
where ko;_1, ko, are positive integers such that 2k§j71 — kgj = -8k+1for1 <j<gqk <ks<
o < kygmrand kg < kg < - -+ < kog. Here (zagn+j, Y2qn+j) comes from [koj 1 koj]M™ forn >0
and (agn—j+1, Yagn—j+1) comes from [—ky;_1 ko] M™ for n > 1, where

M:34.
2 3
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It can be easily seen that the n!" power of M is

Cn, 4B,
2B, C,

n

forn > 1, where C,, is the Lucas—balancing number. So we get Q* = {(2ky; B, +k2j—1C, 4kaj—1
B, + kszn) n > 0} (@] {(QkQJBn — kgjflcn, —4k2jlen + kngn) n > ].} O

In view of Theorem 2.1, we deduce that

Theorem 2.2. If#Rep = 2q forq € Z, then forVk > 1,

ph+ o QijBn + k?gj,lcn -1
2qntj = 5

Cg;rw»j = 4k2jlen + ijCn

forn > 0 and

ks B ngjBn — k:gj,lCn -1
b2qn7j+l = B

ngn7j+1 = _4k2jlen + kngn,

forn > 1, where ky; 1, ka; are positive integers such that 2k5; | —k3; = =8k +1for1 < j <g,
ki < ks <. <kgg1andky <ky<--- <k

Proof. If #Rep = 2q for qe ZJr, then O* = {(xgqn+j,y2qn+j) n > 0} U {(xgqn_j+1, yzqn_j+1) :
n > 1}, where
(T2gn+js Y2qn+j) = (2k2j By + koj—1Cy,, 4kaj_1 By, + ko Cy)
(T2gn—j+1> Yoqn—j+1) = (2koj By, — koj1Cy, —4kaj 1By + kojCp)
and ks;_1, ko; are positive integers such that 2k§j71 — kgj = -8k+1lfor1 <j<qk <ks<
o < hogot, ke < ka < -+ < kog. Since x = 2bF* + 1 by (2.5), we get

B 2k2jBp 4 koj—1C, — 1
2qn+j — 9

and since 8(b**)? + 8bF* 4 8k + 1 = y? by (2.4), we get
CIQC;n-&-j = 4k2j,1Bn + ijCn.

The others are similar. O

Similarly from (2.3), b%** is a k—acn of second type iff \/8(bk**)2 + 8bk** — 8k + 1 € Z*. So we
set
8(bE*)2 4 8bk** — 8k + 1 = o? (2.6)

for v € Z*. Then 2(20F** + 1) — v? = 8k + 1. Taking
u =2 4+ 1. (2.7

we get the Pell equation
2u? —v? =8k + 1.

Let Q** = {V(u,v) € Z* x ZT : 2u? — v? = 8k + 1}. Then we can give the following theorem.
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Theorem 2.3. 1. [f8k+ 1 = h? and #Rep = 2, then
QO = {(=2hB,, + hCy,4hB,, — hCy,) 1 n > 1},
2. If8k +1=h? and #Rep = 2q + 2 for ¢ € Z, then
O ={(u2g+1)n+51 Vq+1)n+7)s (U@ 1)n+q+1> Vgt ntq+1) 2 10 2 0FU
{(w2g+1)n—j+15 V2g1)n—j+1) i 1 > 1},
where
(U2g+1)n+js Vgt1ynts) = (2ke; By + koj—1Ch, 4kaj—1Bpn + ko;Cr)

(u(2q+1)n+q+1: U(2q+1)n+q+l) = (2th + hCh, 4h By + hcn)
(U(2q41)n—jt+1, V(24 1yn—j+1) = (—2k; Bn + koj—1Cn, 4kaj 1By, — k2;Cy)

and kqj_1, ko; are positive integers such that 2k§j71 - kgj =8k+1for1 <j<qk <ks
< < kg1 < hike < kg <-or <hgg < h.

3. If8k + 1 # h? and #Rep = 2q for q € 7+, then
QO = {(u2gntj, vagnrs) 1 n > 0} U {(u2gn—jt1, vagn—jr1) 1 n > 1},
where
(u2gntjs Vagn+j) = (2k2j By + koj—1Cy,, 4kaj_1 By, + k2 Cy)
(U2gn—j+1, V2gn—j+1) = (—2ko; By + koj—1Cy, dkaj—1 By, — koiCh)

and kyj1, koj are positive integers such that 2k3; | — k3; = 8k + 1 for 1 < j < g,k < k3
< - <k2q71,/€2 < kg<--- <k2q.

Proof. (1) Let 8k + 1 is a perfect square, say h = v/8k + 1 and let #Rep = 2. Then the set of
representatives is
Rep = {[=h hl}

3 4
and (u,, v,) comes from [h —h]M" forn > 1, where M = [ 5 3 } .So O** = {(—=2hB,,+hC,,
4hB,, — hCy) :n > 1}.
(2) Let 8k + 1 = h? and let #Rep = 2¢ + 2 for ¢ € Z*. Then the set of representatives is

Rep = {[:l:k'ijl k?jL [:l:h h]}7

where ky; 1, ko; are positive integers such that 2k3; | —k3; = 8k+1for1 <j <gq, k1 <kz <---

< kgg—1 < hyky < kg < < kog < h. Here (wiogq1yntjs V(2g+1)n+j) COMeS from [kgj 1 koj]M™

forn >0, (u(2g41)n—jt+1, V(24 1)n—j+1) COMES from [k 1 —ko;]M™ forn > 1 and (u(zq41yn4q+1
3 4

V(2g+1)n+q+1) cOMes from [ h]|M" for n. > 0, where M = 5 3 . S0 O** = {(2k2;Brk2j—1Ch,

4k2j—an + k2an)7 (Qth + hCTu 4th + hCn) n 2 0} U {(72k2‘]B7L + k2j—lc’n7 4k2j—an - k?]

Cyp):n>1}.
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(3) Let 8k + 1 is not a perfect square and let #Rep = 2¢ for ¢ € Z™. Then the set of represen-
tatives is

Rep = {[+hksj—1 ka;l},

where ky; 1, ko; are positive integers such that 2k3; | — k3; = 8k + 1for 1 <j < ¢,k < k3 <

s < kogo1,ky < kg < o0 < kog. Here (uggnaj, vogntj) comes from [kgj_y koM™ for n > 0
3 4

and (u2gn—j+1, Vagn—j+1) comes from [kg;—1  — ko;]M™ for n > 1, where M = 5 3| Thus

O = {(2kej Bp + koj—1Chn, 4kgj—1 By + k2;Cy) : n > 0} U {(—2ko; By, + koj—1Ch, 4kaj_1Bn — ka;

Cp):n>1}. O

Finally from Theorem 2.3, we can give the following theorem.

Theorem 2.4. 1. [f8k+ 1 = h? and #Rep = 2, then

—2hB,, + hC,, — 1
2

bl = and ¢&** = 4hB, — hC,
forn > 1.

2. If8k+1=h?and #Rep = 2q + 2 forq € Z*, then
2k2;Bp 4 koj—1C, — 1

bk** _
(2q+Dn+j = 5
Foxx 2th + hCn —1
b(2q+1)n+q+1 = 9

Clg;—&-l)n-&-j = 4k’2jlen + k:ngn

Foxx
@q+n+qr1 = 4hBn + hCy

forn > 0 and

bk** o 72k2jBn + k?gj_lcn —1
(2¢+1)n—j+1 2

Fxx
C2qr1)n—jr1 = 4h2j—1Bn — ko;Cn,

forn > 1, where ka1, ko; are positive integers such that 2k3; | —k3; = 8k+1for1 < j <
g, k1 <k <. <kgg1 <hky <ky<---<kyy <h.

3. If8k + 1 # h? and #Rep = 2q for q € 7+, then

phrr ngjBn + kgjflcn -1
2qn+j — 9

Cé;:l+j = 4]{?23',13” + kngn

forn > 0 and

g —2ko; By, + kaj1Cp — 1
2gn—j+1 2

k
02;;;—]’-4—1 = 4k2j_1Bn — kngn

forn > 1, where ka1, ko are positive integers such that 2k3; | —k3; = 8k+1forl < j <
q k1 <ks<--- <k32q,1,/€2 <kg<--- <k§2q.
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Proof. (1) If 8k + 1 = h? and #Rep = 2, then Q™ = {(—=2hB,, + hC,,4hB, — hC},) : n > 1}.
Since x = 2bf** + 1 by (2.7), we get

—2hB, +hCp — 1

bﬁ** _ 5
and from (2.3), we observe that
ot = \[8(bh)2 + 8bge — 8k + 1
_ \/g(fthnzhcn ~lyy g 2hB thn S

= /8h2B2 — 8h2B,,C, + 2h2C2 — 8k — 1

= /h2(C2 —1) — 8h2B,,C,, + 2h2(1 + 8B2) — h?
= Vh2(4B, — Cy)?

= 4hB,, — hC,,.

(2) If 8k+1 = h* and #Rep = 2g+2for g € Z*, then O = {(uigt1)n+j> V(2g+1)n+5) (U2t 1)n+g+15
Vg4 ntqr1) P 1 > 03 U {(Ugt 1yn—j+1, V2g+1)n—j+1) : 1 > 1}, where
(U(2q4 1)n+5> V2q+1)ntj) = (2k2j B, + k2j—1Cy, 4k 1By + k2jCp)
(u(2q+1)n+q+1a U(2q+1)n+q+1) = (Qth +hCp,4hB, + hCn)
(U(2g41)n—jt+1, V2t Dyn—j+1) = (—2ka; Bp + kaj1Cn, 4kaj1 By — k2;Cy)
and kqj_1, ko; are positive integers such that 2k§j_1 — kgj =8k+1forl1 <j<qk <ks<
s < kggo1 < hiky < ky < -0 < kgg < h. SO we get

2k2;i By 4 koj_1C, — 1

bk** _
(2q+L)n+j — 9
b(2q+1)n+q+1 = 9
s o 2keBu kg Gy — 1
(2¢+1)n—j+1 2

and from (2.6), we get

C](€51;+1)n+j = 4k2j—an + k'Qan
Kook
C(2q+1)n+q+1 =4hDB,, + hC,,

kxx
C(2q+1)nfj+1 = 4]452.7',13” - kngn.

(3) If 8k+1 # h? and #Rep = 2q for g € ZT, then Q** = {(uagn+j, vagn+j) : 7 > 0}U{(u2gn—j+1,
V2gn—j+1) : m > 1}, where

(Uagn+js Vagnej) = (2k2jBp + koj—1Cn, 4kaj_1 By + ko Cy)
(u2gn—j+1, Vogn—j+1) = (—2ko; By + koj—1Ch, 4kaj_ 1By — kojCh)

and ky;1, ko; are positive integers such that 2k3; | — k3; = 8k +1for 1 <j < g,k < k3 <
s < kgg1, k2 < kg < -+ < kaq. Hence the result is obvious. O
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