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ABSTRACT

This paper introduces a new distribution of combined parallel system which contains components
with geometric distribution. Let the structure of a system includes two components which
combined parallel and there are random component additions to these two core components.
Suppose that component additions are distibuted with bivariate geometric distribution. This
situation gives a special system structure and distribution of this system is studied.
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1. INTRODUCTION

In engineering, especially in system engineering, reliability and lifetimes of complicated systems have
vital importance. The aim of this study is screening reliability characteristics of a combined parallel
system which contains components with geometric distribution.

There are many different researches for gaining statistical distributions (Mahmoud et.al 2017).
Especially in lifetime data sets new models with big efficiency suggested by researchers (Shanker and
Shukla 2018). While gaining new distributions some different base distributions have been used
(Hemeda and Hamoda 2018). Besides these valuable studies some other techniques have also been
used in gaining new distributions (Shah et.al 2020).

1.1 Structure of System

The structure of our system includes two components which combined parallel and there are random
m and n component additions to these two core components. Compponent additions are binary
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geometricly distributed and components adding to upper part with probability p, , components adding
to lower part with probability p,, and no components adding to upper or lower part with probability p; .

Suppose, random number of components parallel combined to upper part is M, random number of
components parallel combined to second part is N, then common probability density function is,

m+n
PriN =nM= m)—zz:( );Dlm ‘. 0<poppm <lptmptm=1

m=0n=
andn,m=0,1,2,...

We assume that core components and adding components have independent lifetimes and with l,r'ﬁ

mean exponential distribution. ¥ and ¥ are random variables which show core components lifetimes,
V.V, ., Wy and 24,2, ... 2 show lifetimes of adding components with order that first and second

core components, the probability density function of these components is,

Fl&) = ge~¥ | t>0, B>0.

2. METARIAL AND METHODS
2.1. Binary Geometric Distribution
In a study binary geometric distribution examined and the formulation of binary geometric distribution
is as follow (Jayakumar and Mundassery 2007).

PriN=nM=m)=ZXZ(™")p, "5, " po B+ pt+r =1 nm=012...
B, © probability of no component adding,
# : probability of coming componentin upper part,

p; : probability of coming componentin lower part.

For deciding the number of adding components in system we need marginal distribution functions. We
reach these marglnals as follow.

(m +n)! " o lm !
Pri=m) = Zm PR = {1il p]D"“ Tn!n! =g

With using negative binomial distribution the sumis 1. So marginal distribution for n is in equation (1).

s AR
PriN =n) =T op)™t (1)

We gain geometric distribution with success rat

way like equation (2).
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_ _ pﬁ"‘pﬂ
PriM =m) = T =gt (2

Pg

We emerged with geometric distribution with success rate. As coming of components

Bo+lz
dependant, we need conditional probability function. At first we deciden for the coming component
number for the upper part. After this we decidem for the coming component number for the lower

part, with n is given condition (Yilmaz and Unézkan 2015).
tm + n)!

m!in!

PriM =mIN =n) =

o mi] — 7 Jrt

Now we meet negative binomial distribution with unsuccessful try number is m, success number is
n+1.

After now firstly the number is generated from Pr(N = =}, later the other number is generated from
Pr(M =ml|N = n), so (n.m) number group gained.

We claimed that every component had exponential distribution with 1/,,3 mean before. So we generate

m + n number exponential distribution lifetime with 1,'}3 mean. After that we choose maksimum of

maksimums for system lifetime.
Topsrepe = max{max{X. Ty, T, bmax{¥. 2, }}

3. RESULTS
3.1. Lifetime of System
After M and N number of components adding to system, if lifetime of this system shows with Tsysrz

than lifetime can be defined as,
Tepsren = max{max{X, V., Vy, ...V homax{V. 2,2, ... 2}

Once the reliability of every components int time figured out as R{(t}, and N=n, M=m observed, the

reliability of our systemis as below,
PriToeren = tIN=nM=m)=1-(1-R(®)" (1-R®)

m+1

For more simple form, ve assume 1 — B(¢) = @{t). When5(t) shows sunival function, we gain this

function as follows.

5 = z Z Pr(Teperey = £IN =n. M = m)PriN =n, M = m)

m=0n=0
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) i(m: ") r (1 - )

m=0n

Now we continue with some specialties of geometric distribution.

i N e

m=0n=0 m=0 n=0

=1- E:Di (m: ﬂ) (Q(E)py I (Q(E) )™y Q) 2

m n=0

— — rm+n n m(l_Q(tjlr“u’--i_p’]}
=1-Q(t)p, ;.«Z;( n )(Q(*]?’lj Q®%) (1-e® Gk, +p.))

Ok — w— m+
- QQ&] (ppn+ ) 2.2, (mn ﬂ) @Wp)" QW)™ (1 - Q) @1 +12))
1 m=0 n=0

~ 0(e)*py
B TEETS) ©

If we assume that@(t) =1 —e~% as exponential distribution function, we obtain graphs of sunival

function as below. In Figure 1:

B =05p =p =049 (blue),p, =p, = 0.09 (red),p, =p, = 0.009 (black),p, = 0.49 and

p, = 0.009 (green)

1

0.9
0.8
07
0B
Fos
04
0.3
02

a1

Dﬂ 5 1 15 -+

Figure 1 Graph of survival function of system lifetime
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When we examine figure 1, once the value ofp, decreases, which means the probability of adding

new components increases, the value of sunival function increases, so the graph moves to right side
and the lifetime of the system becomes longer.

3.2. The Lifetime Distribution Function of System

Distribution function can be gained easily by using equality (1)

_ _ Q) gy
Ft) =1 —5(8) "0 00G. +5)) (4)

3.3. Probability Density Function of System Lifetime
We obtain probability density function (pdf) as below by using equality (4).

i( Q) i, j_ﬁ@(ﬂ@(ﬂ"{_?—@(ﬂ(}:}l +p1)
at\(1- Q(O(p, + 1)) (1-0@ . +p))

d
Ffle) = EF'&] = (5)

The graph of pdf is as below. In Figure 2:

B = 0.005,p, = p, = 0.42 (blue),p, = p, = 0.09 (red).p, = p, = 0.009 (black),p, = 0.49

p, = 0.009 (green)

0 500 1000 1500 200
t

Figure 2 Graph of Probability Density Function of System Lifetime
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Once we examine figure 2, we reach that when the value ofpp, decreases, the shape of the graph

seems like normal distribution curve. The other parameter g is scale parameter.

3.4. Hazard Rate of System Lifetime
Hazard rate of system lifetime can be obtained via using equalities (1) and (3).

20012 - 0l (g, + 1))
_f® (1- 0@y, + 1)) 2 0 Q) (2 — Q) (p, + o))

RSO P 1GE™ T 1- @, +p))0 - QO G, +p) - Q©7p,)
(1-0®(p +1))

r(t)

The graph of this hazard rate is as follows. In Figure 3:

B =05p =p =049 (blue),p, = p, = 0.09 (red),p, =p, = 0.009 (black), = 0.49

p, = 0.009 (green)
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Figure 3 Graph of Hazard Rate Function of System Lifetime

When the value of, is low (blue line) in the beginning the accelaration rate of hazard is inreasing

and after a while the increasing of hazard rate is going on with a decreasing accelaration rate. In other
values of g, hazard rate function is increasing with a decrasing accelarion tare and whenp, value

becomes higher, the graph moves to right side and so the value of hazard rate becomes higher. We
can show that hazard rate function has increasing specialty as below either.
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fle) Qe
T1-F@®) ° Teomponent () = 7 Qe

) = 21— N2 - 0B (p, + 1)) ]mmpmm(ﬂ

T(1-0@p +p.0)0 -0 (p, +p.)— Q) 2p,

O = 202 - (O — 1)) romponenc(®

T -0+ 0E)p )1 +Q(Epy)

1 1
T+ Q(t]p[,]) (1 Ta-e®+ Q(ﬂpn]) Teompanent (£

r® =1

Now, we suppose that every component is exponentially distributed and we know that exponential
distribution has a constant hazard rate, and every part of the function is increasing, so the function is

increasing.
3.5. Expected Lifetime of System

Expected lifetime of our system can be gained as below.

il il

r r [1+p,,]s'f‘?—pns'2$ r [1+pn)s'w r pns'“ﬁ'
E(T :fsrdt:f( — )Iiﬂ':f ﬁ—)dt—f ﬂ—)dt
(svsren) J © I\ (-poe ™ +p, J \(1-pe P +p J \(L-pode ¥ +p
Now with operations as follow we can reach the result with solving the first part of the equation.

(1 +pyle ¥
f(cl —pD]E‘rﬁ+pD)dt

Changing variables e =u , —e~fdt = du
(1 + ppuf-* _{ A +p) . H=t
[((1 ~ P +p[,) du= ({1 g (- “"’Jj -
o U+p)
= ——(1 — Pn]ﬁ lnfpb]

With solving the second part we can reach the following result.
1
E(Teysren) = m(—ln(p.,] -l —p)). pE(0.1)

The expected lifetime which equal with first moment of distribution has graph as follow. In Figure 4:
£ =0.2(blue}, g =021(ed), g =0.22(green).
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Figure 4 Graph of Function of Expected System Lifetime

Once we examine the graph of expected lifetime, we confront a decreasing line on g, . In the first part
there is a system which takes more component with probability 1 — , . adding new component in a

parallel system increases lifetime, so the line in graph in figure 4 decreasing according to g, . In

system each component distributed exponential with mean l,r'ﬁ.

3.6. Second Moment

We can reach second moment of our system probability distribution with the process below.

_ _ Q’p (A tp)e® — g
E(T‘]—ftsit]dt—ft(l—m)d*‘ft( (1-ple~t® +p, jdt

Changing variables (1 —pyle™ +p, =a . —B(1 — p,le"Fdt = da

1+p i (3=22) R =)
Ja-wE e . dﬂ_!(l—m]’ﬁ" 2@ —p)da

1 lln{i—:&J - 1 S
:(1_%32'{32! " Po dﬂ_(l—mjzﬁz!ln(l—%)dg

In this position second part of integration is as below,

1
a— Po
n(=2)da = pon (-2) -1
J-nl—puI ¢ pnupn—l

o

For the first part of integration there needs a second variable change.
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=u . da=(1-pylda

1
o da = [In(1 —py) —In(—py)]In(p,) + Li,(1) - Li, (g)

After these calculations we gain second moment as,

1 . e B P
E(T% = W[Dﬂﬂ —po) —In(—p)lInlpy) +Liz (1) — Liy [:T-’_D)] e _pl;‘}zﬁz [F'D]-n [:PD _D 1) - 1]

3.7. Variance

Var(T) = E(T?) — E(T)?

1
- m[lmu ~ ) =g tnlee) + Lia®) — Lo () - 10 () +

s
1
_ (m (—Inlpy) — 5 (1 - m]))

3.8. Least Squares Estimation (LSE)

By using equation (4) mean squares of error can be gained as below.

Q&)*py ~
1-0@ @y tp))

F(t) =

W
1-oa-g)) "

Qi) o + Q)1 —pplu—u =0

—(1 —pplut U —p)%u? + 4up,
Zm

Q{t]Lg =

—1 —pydu+ /O +p )% + 4ull —wp,

200 (6)

Q(t]u =

In equation (6) there is one root provide non negativeness. So we reach the situation below.

1 —polu+ 1+ 5% + 4ull —ulp
2py

Q(e) =—

Define this equation as,
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(1 =g+ (1 + g )% + 4l —uwlp
2y

=¢

In equation (3) with which we defined system lifetime of every component, lifetime of component is
Q(t) =1 — e~*%. By using this lifetime we reach some conclusions as follow.

1-e¥=¢
tf = —In(1 — £)
t= —%m(l - £ (7

With this situation, there is an equation for both generating number and parameter estimation.
Generalization of equation (7) gives us MSE equation.

MSE = ztt[ﬁ +1Inf1 — £))°
i=1

dx n
E;{t[ﬁ +1Inll — £))F = 2;&“‘3 +In(1 —ENE =0

0 =Xyl -l
_ (@)
'ELSE EF=1_t[=

After now the same process will be carried out for the other parameter.

Q(t) p, ~
(1-0Ea-p))

u — Qg _ 1
(1-g®)el® 1-01—pg®

(1-g@®)oE

Ty =1-{1-pJQk

2
Q(t]}@(t]
MSE = Z( ey —1+(1—p[,]i2(t[])

28



International Journal of Applied Mathematics and Statistics

(1 - Q) Q) :

-2 (et - a-ew) - etwn)
iz (M (1 () () ja =0
dpy L Q&] - —QUt)) — QU)o =

2

= ((20(8) —w(1 - 9(£))Q k) -
( QG ~arn) =t

i=1

o (200 — ({1 — ()0l
o =1 u; — Qe
Bn = SYINIOE (@
3.9. Maksimum Likelihood Estimation (MLE)
With equation (5) the probability density function of the system expressed as below.
d Q) *py po Q) Q) (2 — Qe) (p, +p,))
(x = F{t] = ( j = 5
! a\1- 0@ +2)) (1- 00 47" )

Therefore, likelihood function can be gained as below.

TR0 (2- WG -p)) |, T7e0a0(2 -0 a-p)
Lift:Bppld) = "
(rt:2) H (1-0@®a-p)) H (1- @@ —py))°
Natural logarithm of this function is below.

h

log (L( (& B.25))) = hin(z,) +Zln(@(ﬂ @2 -0 - ) - 1n((1 -0 -))’)
i=1

i=1

Derivatives of this function is below.

alog(L(f(t.: 8. pD]}j h z’: Q) Zr: Q(t)
e (2-QW 0 -p)) (11— -py))
. d
orog(1(rte:8.m))) Z S0 (-0 -p))) R 2o
96 % (00q® (- 0@ 1 —py))) 4 0-00G —w)

3.10. EM Algorithym Estimation (EM)

EM Algorithm contains two step ass Expectation step and Maximization step. By the equations below

EM Algorithm expectation values can calculate easily.
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ii EMH“J”‘WW%“%”] =0

[=1n=1m=1 a"g

5 = al m,

Sy Y ol Cemn) gm0 o
[=1in=1m=1 9o

For gaining these equations, at first natural logarithm of probability density function and conditional
function has to be obtained.

fle,mn) = fleln, m)Prin,m) =Wﬁﬂcﬂ,m}
dQE+m+2 m+n 1—1-'?0 mn 1—?3'9 m
f&mm) =—2; ( n )( 2 )( 2 )P"

n+m

1-p
) m

s gmm ("))

With equation (5) the probability density function of the system expressed as below.

i( Qle) *py j_pDQ(t]Q(ﬂ’[E—Q(ﬂ(pl +p,))
dt\(1 - Q(O(p, + 1)) (1-0@ . +p))

d
i) = EF&] = (5)

Than conditional probability density function gains as below.
n+m

n+m+ 2]@"*'“]"?['1;”] (_1 _2 J Po

Qa2 - 0 — )
(1-00 —py))°

_nim+2) (1-0@-2") (1- -2 (" . ) (q“’j(l - an)) | (Qf_,,f'(—l _F’n—r'pj)) |
n 2 z

(2 — Q[":'l[1 — pD[D:]:])

flamlt) =

Natural logarithm of common probability density function can be obtained as below.

n+m

log(f(t,m,m)) = In(n + m-+ 2)+ (n +m + 1) In(Q) +In(g) + (n + m) In [:%) +1n( ) +In(ny)

n

Therefore, the calculations can be acquired as below.

dla (t;, m.n) t-e'ﬁu)fi 1
g7 G )= . h+m+1+

&

% P fce
#log( ft;, m.n)) _ —(n+m) 1
T

By following the steps below, a full equation form which contains every information can be acquired.

- i Blugifl:t[,m,n]}
dpy

]

Flnmlt;: 8% p )

i=in=1im=1
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e e (—ln 4 m) 1 (ﬂ+m+2](1—@[l_pn[m}J
:Zzz(ﬁ-'_%mj (z- 0@ (1 - p,@))

a7 oo fon 2]
rors= () (e (=2 oo =)
- ED: (1 __pln'-ﬂ)[g _ r.nElcl__ rD:.,nj} Z z n+m)n4+m+2) (1 —g@(1- rm)J

i=1 n=im=1

+Z (p[,rﬂ)(gl - ?[:Etl_pn r.,?]}z z{ﬂ +m+ 2] '-Df'{l_puf.nj)JA

i=1

s (1-0e(1-m")), 1
= 2. ea _a®™) (1 _pnm)smﬂ + M? + 2NM + 2N + 2M)
=1

N - ( 1@){1 -o(1 —Pnr'm}:]

2\om —{2_ o _pD[DjJ}E(N +M432)
=1

Other parameter estimation form can be gained as below.

Zn:i i %Wf(ﬂ:mlfﬁﬂn:m"] =0

e 1 (m+m+2)(1-Q(1 - p,"?)
- zz Z (—n—lrfg_ﬁ.l,r, (ot m 1) 4 o7y = rl-j - Qr_(m(l _ Pn“”}; )(1 -Q@(1-p,))4
S e (1-0(1-5"))

— E(N?+ M? +2NM + 3N +3M + 2)
1 — g-Bltir; [2 —Q(1 - Pn[":'j)

=1

2 (1-0(1-p,®))
Z( i )mﬁ“ﬁ\'-l—ﬂf-i-z]

Moment generating function of bivariate geometric distribution can help future steps for estimation.
Bivariate distribution function which defines the system can be expressed as below.

4 0D " _ o) "
f(r,n,m]=(m:ﬂ)(ﬂ?m(l%)) (Qr.n:-(lTpﬂ)) b po=1-0@(1—p,®)

For this situation moment generating function gained as below. (Kris hna and Singh 2009).

suem -5 soon (1o (52 (o5
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Fs

T1-o(5E)e ol

)

Expectations can calculate with equation (10).

Emlri( Ps ) =QG€ )
deg\ g _ q (l_TPDJ et — @ (1 _2PD:J o'z ty=0,t3=0 "
The next calculations are below.
d . 0(t52)
E(M) = ( 1= ) -
:] - ( EPD) ez ty=0t3=0 P
2
B 20* (-52)
EQVM) = —— ( T—p T —5 ) - ps’z
1= 1—'52( 2 )Eri_Q( 2 )grz ty=0ty =0
. _e(5%)( | 20(15”)
E(N]—dtz T=p . Ty = 1+ s
1 1—Q( 3 )Fl—Q( 2 ng £y=0ty=0
v d:( o ) :Q(Léﬂﬂ(l zQ(L%HQ)
dt, 11— Q( _2%) gl — Q( _2%) gtz fi=0.t1=0 Ps Ps

New form of upper equations are below.

Q

a
i=1n=1m=1 Po

- ﬂlug{f{ti,mﬁﬂ}

Flnmlt; % p, ™ =0

i=1

1—@&

S(1-e(1-2"))
2 g o -

3 o g

-1
m)E(N’ + M? +2NM + 2N + 2M)
ot

f.n)}
r.m]j]E(‘"" +M+2)=0

Sfi-ei-m)), 1
e _n®) (1 - %[ﬂjgtmz +M* +2NM + 2N + 2M)
=1
: (1-¢(0-mn"))
Z(rJ{}@ﬂ ) FOV + M +2)
?’D[DJ)J

- pr.nJ:]}

ENT+ M? +2NM + 2N + 2M)
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. -Q(1-»")
=(1- L)z =0d ™) ———EW+M+2)

(52 3(1-p") 20°(1-m")" \_ .
}Z({g 01— p, r.nJ)}"'psm[g_Q{l_%r.m]} =o(1-p") (11)

Same calculations for other parameter are below.

>3 5 ) i =0

i=1n=1m=

E(N?+ M* +2NM + 3N+ 3M + 2)

ED: te B (1 o1 _pD[DJ}J
1— g=8%5 (2 - Q1 — p, ")

=1

+§D: (%— t-)w—_%mEm’ +M+2)

489 V(2-e -p')
o e 30(1-p ) 2Q%(1—p, )’ o (1 _
T Lt ((2 S - ™) m®(2-Qa-p®) ' +;(ﬁﬁ - t‘) =0 a2

By using Equations (11) and (12) estimation for p; can be gained as below. For other parameter g
using program can be better.
o
3901 —p, @) 202(1 - p@)?
o
°+IL 1({2 00— ™) m®(2-00-p5®))

e

Py =

3.11. Simulation

In Table | there are the results of parameter estimations for generated lifetimes in which parameter
values are decided. Repeating number of every iteration is 100, n shows observation number.

Table | Parameter Estimation of the Model with 3 Parameters.

p, =0.05,p, =0.91,p, =004, =1
n=30 n=50 n=100
Mse | Mle | EM | Mse Mile EM Mse Mle EM
by 0521048 {049 (053 [0.5 0.48 0.53 0.46 |0.43
Rmse(P;) | 0.38 [ 0.47 [0.48 [0.38 [ 0.48 0.49 037 |0.44 |04
By 0.4210.47 [0.49 [041 |0.44 0.49 0.41 0.47 [0.53
Rmse(Pz) | 0.38 [ 0.46 [0.48 [0.38 | 0.43 0.48 0.37 0.45 [0.43

From Table 1, we identify that best estimation method varies according to the observation number.
According to root mean squares of error least squares estimation provides better estimations.
Maximum likelihood estimation provides best estimation accuracy for parameter value.
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4. APPLICATION

We use Kolmogorov-Smirnov test statistics for looking the availability of our distribution to data sets.
In using this statistic, we carry out a hypothesis test and we reach a conclusion that whether our
distribution and nonparametric distribution of data set is equal or not (DeGroot and Schenish 2012).
In Kolmogorov-Smirnov test statistics ¢ value indicate the rate of distributions explanation success.

After we reach that the two distribution is equal, we have a new problem that which of the distribution
is better for this data set. Because there may be many distributions that equal to nonparametric
distribution according to hypothesis test. For comparing these distributions, we use Akaike Information
Criterion (AIC). While using AIC, we choose better distribution based on minimum AIC value. Because
AIC is a penaty value and minimum value shows maximum resemblance to nonparametric
distribution of data set and distribution (Snipes and Taylorn 2014), (Akaike 1974).

Now we will study with data sets for deciding the usability range of our new distribution (bivariate
geometric with exponential). We will study with 14 data sets. While studying these data, we wil
compare our new distribution with most known and previously used distributions.

4.1 Fit Test for Data Sets
First data group was studied by Singh etal. (2014). Data contains 1000 redundant fiber carbons
strengths. They were denominated as Gpa. Thep value of Kolmogorow-Smirnov test statistics of new
distribution is 0.9986.
Table Il Strength data testresults.

Model K-S AIC A-D C-W-M
BG-E 0.0438 | 101.79 0.143 0.01625
Weibull (2p) 0.0437 | 102 0.2095 0.02201
Power Lindley 0.0405 | 101.35 0.1634 0.021676

Once Table Il examined we realized that the new distribution has second minimum Akaike penalty
value. The suggested model has minimum Anderson-Darling and Cramer von Mises distance value.
Histogram and Q-Q graphs about studies for this data set are in Figure 5 and 6 orderly.

0.9
2 Parameters Weibull
0.8 —— 2 Parameters BGE
Power Lindley
0.7
0.6
205
®
Z
[
0 04
0.3
0.2
0.1
0
0 05 1 15 2 25 3 35

1000 Redundant Fiber Carbon Strength Data

Figure 5 1000 redundant fiber carbons histogram graph
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1.5

0.5

Quantiles of 1000 Redundant Fiber Carbons Strength Data Sample

80
F 3)

1 (i=ar
BGE\ s

100 120 140

Figure 6 1000 redundant fiber carbons Q-Q graph

Next data contains aluminum sheets strength under maximum stress. Data group was studied by

Shanker (2015) for comparing Exponential and Lindley distributions. The p value of Kolmogorov-

Smirnovtest statistics of new distribution is 0.9762.

Table Il Aluminum sheets strength data under maximum stress test results

Model K-S AIC A-D C-W-M
BG-E 0.0463 905.1631 0.2277 0.02964
Weibull (2p) 0.071 912.529 0.6688 0.09113
Weibull (3p) 0.0642 913.393 0.3806 0.05347
Lindley Distribution 0.242 985.11 11.25 2.2
Exponential Distribution 0.357 1046.87 13.69 2.78

Once Table lll examined we realized that the new distribution has least minimum Akaike penalty

value. The suggested model has minimum Kolmogorov Smirnov, Anderson-Darling and Cramer von

Mises distance value. Histogram and Q-Q graphs about studies for this data set are in Figure 7 and 8

orderly.
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Figure 8 Aluminum sheets Q-Q graph

The next results related to 1000 redundant fiber carbons strengths which were studied Bader and

Priest (1982) at first. After this study data group was used in an article in which a new distribution was

gained from exponential distribution. In this study Weibull distribution offered the best model (Mahdavi

and Kundu 2017). During measuring process, the length of the experiment piece was 1mm. Thep

value of Kolmogorov-Smirnovtest statistics of new distribution is 0.9958.

Table IV 1000 redundant fiber carbons strength data test results-2

Model K-S AIC A-D C-W-M
BG-E 0.0523 | 140.6622 | 0.157 0.0204
Weibull (2p) 0.0902 | 141.8672 | 0.4418 0.068
Weibull (3p) 0.0606 | 143.7376 | 0.1659 0.0231

Once Table M examined we realized that the new distribution has least minimum Akaike penalty

value. The suggested model has minimum Kolmogorov Smirnov, Anderson-Darling and Cramer von

Mises distance value. Histogram and Q-Q graphs about studies for this data set are in Figure 9 and

10 orderly.
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Figure 9 1000 redundant fiber carbons strengths histogram graph-2
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Figure 10 1000 redundant fiber carbons Q-Q graph-2
The next data set contains 66 observations from broken pressure of fiber carbons. The measurement
of this data is Gba. Data set was used by Nichols etal. (2006) later was used by Pogany etal. (2015)

for four parameters Marshall-Okin Exponential Weibull distribution. The p value of Kolmogorov-
Smirnovtest statistics of new distribution is 0.952.

Table V Broken pressure of fiber carbons data test results.

Model K-S AIC A-D C-W-M
BG-E 0.06134 | 174.44 0.3482 0.05451
Weibull (2p) 0.0823 | 176.13 0.4859 0.08366
Weibull (4p) 0.06105 | 177.43 0.2534 0.03711

Once Table V examined we realized that the new distribution has least minimum Akaike penalty
value. The suggested model has second distance value in Kolmogorov Smirnov, Anderson-Darling
and Cramer von Mises. Histogram and Q-Q graphs about studies for this data set are in Figure 11
and 12 orderly.
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Figure 11 Broken pressure of fiber carbons histogram graph.
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Figure 12 Broken pressure of fiber carbons Q-Q graph

The next results contain test results of samples of a concrete cover for raft foundation. These

observations gained from being under 25 Mpa pressure between 28-56 days. The measurement of

this data is kg/cm®. (site.iugaza.edu.ps). Thep value of Kolmogorow-Smirnov test statistics of new

distribution is 0.9991.

Table VI Test results of samples of a concrete cover for raft foundation

Model K-S AIC A-D C-W-M
BG-E 0.0762 | 211.05 0.125 0.0151
Weibull (2p) 0.0913 | 210.23 0.152 0.0222
Weibull (3p) 0.0809 | 214.09 0.133 0.0177

Once Table VI examined we realized that the new distribution has second minimum Akaike penalty

value. The suggested model has least distance value in Kolmogorov Smirnov, Anderson-Darling and

Cramer von Mises. Histogram and Q-Q graphs about studies for this data set are in Figure 13 and 14

orderly.
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The next data was studied by Barlow et.al (1979) to study a reliability research for a given strength
data set from vessel life under pressure. In that research their main target is to reach a different
statistical model because exponential distribution is not available according to hazard rate function.
The shape of hazard rate function of the new distribution in this paper gives a big hope for being
available for the same data set. In table VIl there is the data of lifetimes of Kevar 49/Epoxy cables
in %70 pressure level. In table VIII there are results about the modelling of lifetimes of Kevar
49/Epoxy cables in %70 pressure level. p value of our distribution is 0.8634 .

Table VIl Data of lifetimes of Kevar 49/Epoxy cables in %70 pressure level.

1051 1337 1387 1921 1942 | 2322 3629 | 4006 | 4012 | 4063
4921 5445 5620 5817 5905 5956 6068 6121 6473 7501
7886 8108 8546 8666 8831 9106 | 9711 9806 10205 | 10396
10861 | 11026 | 11214 | 11362 | 11604 | 11608 | 11745 | 11762 | 11895 | 12044
13520 | 13670 | 14110 | 14496 | 15395 | 16179 | 17092 | 17568 | 17568

Table VIII Results about the modelling of lifetimes of Kevar 49/Epoxy cables in %70 pressure level.

Model K-S AIC A-D C-W-M
BG-E 0.0827 |967.1604 | 0.6182 0.0752
Weibull (2p) 0.0876 | 965.6986 | 0.5503 0.0777
Weibull (3p) 0.0848 | 969.5231 | 0.5142 0.0714

This data was studied by Barlow et.al (1979) to generate baseline data on vessel life under pressure
and to apply statistical reliability theory to vessel and strand data in order to predict reliability at given
stress lewels. In their examination their main aim was the observation that the hazard rates for data
sets were time-dependent at low stress levels; as a result, the exponential lifetime distribution is not
valid. After viewing their work, with transfusable hazard rate function shape the new distribution in this
paper may be available for the same data. In table [Xthere is the data of lifetimes of Keviar 49/Epoxy
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sphere boxes in %74 pressure lewvel. In table X there are results about the modelling of lifetimes of
Kevar 49/Epoxy sphere boxes in %74 pressure level. p value of our distribution is 0.8047 .

Table IX Data of lifetimes of Kevlar 49/Epoxy sphere boxes in %74 pressure level

225.2 [503.6 | 1087.7 | 1134.3 | 1824.3 | 1920.1 | 2383.0 | 2442.5 | 3708.9
4908.9 | 5556.0 | 6271.1 | 7332.0 | 7918.7 | 7996.0 | 9240.3 | 9973.0 | 3708.9

Table X Results of lifetimes of Kevar 49/Epoxy sphere boxes in %74 pressure level

Model | K-S -2LL AIC AlCc A-D C-W-M
BG-E 0.1258 | 337.49 | 341.4973 | 342.2973 | 0.596 0.0761

The last two data sets may show this new distributions capability of representing the system with the

components which was introduced at the beginning of this study.

According to maximum likelihood estimation for %74 pressure level parameter estimation for 7y is 1.

Thus there are only 2 strength point for pressure. When the same examine done with similar

components under %70 pressure parameter estimation for Py is 0.0961. Therefore, there may be

more components than under %74 pressure in system. This means that there are some components
which are capable in strength under %70 pressure on the other hand they are not capable under %74

pressure. This is very logical.

5.CONCLUSION

Related with our system, at first we gained lifetime function of system and with graph in Figure 1 we
examined lifetime. Later using this lifetime function, probability density function was gained and some
intelligence about distribution was told. Expected lifetime was gained via lifetime function either. While
examining expected lifetime we screen that which parameter is efficient for the value of expected
lifetime. Then hazard rate was gained and examined via graphs. Consequently for characteristics of
distribution welooked for moments and variance.

After all these we try to reach a parameter estimation and a close form for LSE estimation was
gained. Later we tried to decide for which data sets the distribution of our systematic structure was
available.

By using data sets in literature we reach that our new distribution is efficiently available for strength
data and influently modelling these type of data. The success of the new distribution which was
studied in this paper, is more appropriate than other statistical distributions in modeling strength data
sets of all disciplines in this study. Thus we reach a conclusion that this distribution suggests a

capable model in this area.
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