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ABSTRACT

The focus of this paper is to set up asymptotic properties of the constructed estimator.
These results are obtained under some standard conditions in NFDA where we prove the
pointwise and the uniform almost complete consistencies of the local linear relative error

regressor under left-trancated data.

Keywords: Truncated data; Local linear estimation; Missing data; Censored data; Func-

tional regression; Relative error.

2000 Mathematics Subject Classification: 62G05, 62G08, 62G20, 62G35, 62G07, 62G32,
62G30 secondary 62E20

1 Introduction

The focal point in this present project is the concept of the nonparametric estimation of a
scalar response on a functional explanatory variable by considering using a local linear (LL)
regression functions. We assume that the covariate X and the response variable Y are linked
by:

Y =R(X)+e (1.1)

where the operator R : 7 — R and the random error ¢ 1 X.
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By combining the ideas of the relative error regression in Altendji et al. (2017) and those of
the local linear approach introduced by Berrientos-Marin et al. (2010) we will construct a new
estimator of the regression operator.

The local linear method in functional setting has been introduced by Bailo and Gran (2009)
where they studied the consistency of the local linear estimate of the regression function
when X is functional. The fast version of the functional local linear estimate was proposed
by Berrientos-Marrin et al. (2010). For a local linear estimate, the local covariance’s inverse
of the functional setting was established by Berlinet et al. (2011). We refer to Zhou and Lin
(2016), they gave the asymptotic normality of the functional local linear regression estimate.
amongst umpteen papers on one relative error regression and the other, the local linear esti-
mation have been studied in the multivariate case, we refer to A. Chahad, Ait-Hennani. L and
Laksaci. A, (2017); Yang and Ye (2013); Hallin et al. (2009); Jones et al. (2008); Masry (1996);
Narula and Wellington (1977); e.g., Stone (1977).

The paper is coordinated as follows. Section 2 is devoted to the construction of the model and
the formulation of the estimator of R. The needed assumptions and main results are given in
Section 3. The uniform version of consistency is studied in section 4. Finally, the proofs of the

main results are given in the last section. we fellow decomposition below

2 The model and its estimator

Following the paper of Altendji et al. (2017) we have our relative error estimator:

The relative error estimator (REE). In order to get the estimator of the operator R, the

minimization of the following loss function is required
E[(Y - R(X))*|X].

The fact that this kind of loss function is sensitive, we go towards the estimation of the operator

R. based on the mean squared relative error we get:

2
E (Y%MX)) |X} . fory >o. (2.1)
The solution of the minimization of (2.1) is:
_EY X =4]
R@) = gy=x —a
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Notations. Fori =1,..., N let (X;,Y;) be N independent and identically distributed (i.i.d.)

copies of (X,Y’) which is valued in F x R with the sample size is deterministic but unknown.

Among N we do not observe all data, we observe only n variables, we suppose that the
response observations Y; is left-truncated by 7;, such that Y an T" are observable only if Y > T..
Futhermore, from the i.i.d (X;,Y;, 7;) we construct our estimator where ¢ = 1,...,n. For 7 > 0,

notice that » is a binomial random variable of parameters:

N =P >T)} ifndataare abserved,

0 if no data can be observed .

The estimation of the distribution functions of /" and G. We suppose that f and G are
respectively the distribution functions of the response variable Y and the truncating variable T'.
Regarding to Stute (1993), the estimator of the truncated relative error regressor of R is defined

by Lynden-Bell estimator G,,.

y n
Fry) =1 / G(v)dF(v)  empirically estimated by Fi(y) = n 1 Tgy.c)
oo i1

Thus, regarding to Lynden-Bell (1971), the estimator of the distribution function of F is given
by

S (o )

s<y
and
G*(t) =711 / G(tAv)dF(v)  empirically estimated by Gi(y) =n' > lir<y
- i=1

and the Lynden-Bell (1971) estimator of the distribution function of G is given by:
_ Gr(s)
e -1-[- 5]

s>y

Then, we define

R(y):=7"'G(y)[l - F(y)]  empirically estimatedby ~ Rn(y) =n"">  lz<ycvy)-
i=1

Then, regarding to He and Wang (1998), T can be estimated by
G~ F(w)
" Rn(y)
we notice that 7, is independent of y.
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The local linear technique. We follow the version proposed by Berrientos-Marin et al. (2010)
and we involve the loss function (2.1). Especially, for a fixed point = € F, we suppose that,
vz’ in neighborhood of = : R(z") = a +bB(z,2") + o(B(z, 2))

thus,
(a,b) = arg mlnz - b/B (X 2))* K(h™'5(X; —2)) (2.2)

where (-, -) is a known operator from F x Finto R such that, V¢ € F, 5(¢, &) = 0, with K a ker-
nel and h = hk , a bandwidth and §(-, -) a function defined on F x F such that d(-,-) =| 6(-, ) |.

We can get easily the solution of Eq. (2.2).

So,

'QsMQ5)]

b] — ['QsMy] =0

which implies:

H — [[QsMY][[QsMQp) "

where

1 1
‘Qp =
|:B(X1,:n) . B(Xn,:v)]

M = diag(Y; 2K (h~'6(x, X1)), ..., Y, 2K (h~*6(x, X,,))) and 'Y = (V1,...,Yy)

Thus, we get easily :

So,

ZZGnl i wij (@

(2.3)

i=1 j=1
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where
wij(z) = (X, ) (B(Xi,x) = B(Xj,2)) K (h™"6(x, Xi)) K (b~ 5(w, X;))Y; 2,2
with the condition 0/0 =0 .

We can carry out this notation 3; = 8(X;,z) and K; = K(h~'6(z, X;))

3 Main results of pointwise almost complete convergence

To make reading easier, all proofs are given in the appendix.

3.1 Asymptotic properties
In order to state ou main first result, we base on some assumptions.
(H1) IP(X € B(z,r)) =: ¢g(r) >0forallr >0 and li_)anﬁx(r) = 0. with
B(z,r):={a' € F : d(a',z) <r}.
(H2) For all (x1,x2) € Ny x N, we have:
| gy (1) — gy (w2) |< C d¥ (w1, 22) for ky >0,
where N, denotes a neighborhood of the fixed z € F.
(H3) The function 3(.,.) is such that:

vi'e F,  C|d(z,a) |<|B(z,2)) |< C"| Bx,a") | .

(H4) The kernel K is a measurable function which is supported within (—1, 1) and such that:

0<C<K()<C < oo

(H5)

/Bu:cle’ /5ux dP(u)

B(z,h) (z,h)

where dP(x) is the cumulative distribution of X.

(H6) The bandwidth h satisfies

1
lim h=0 and g™

n—00 n—00 ng, (h)

=0.




International Journal of Applied Mathematics and Statistics

(H7) The inverse conditional moments of the response variable verify:

Ym>2, EY ™X =2] < C < .
In this context of nonparametric regression analysis in FDA, we assume that all our asymptotic
studies and all the considered conditions.
Specifically, Assumptions (H1) and (H4)-(H6) are the same as that used by Berrientos-Marin
et al. (2010) while (H1) which is linked to the functional structure of the functional covariate.
The conditions (H2) and (H7) characterize the infinite space of the nonparametric model witch
also used by Dmeongeot et al. (2016).

3.2 The result

Theorem 3.1. Under assumptions (H1)-(H7), we have:

R logn

R(z) — R(z)| = O(h™ +O< ), a.co 3.1
(5) = R)| = 0t +0 |/ 250 3.1)

So, to demonstrate the result we base on the following decomposition.

where by = k1 A ko

3 Lo R(x) 1 5 ;
R(x) — R(x) = — z) — g1(x T ~ z) — f(x 3.2
@) =A@ = 7516 - a@n@)] + 72 i) - )] (32)
where
g(x) = ! ~1 w f(z) = ! ~1 w,
() n<nf1>xa(w12)§0n (YiwY;  and  f() n(ﬂ/fl)E(wm);Gn (Yi)wis
with:

wiz = P1(B1 — Po) K1 K>

So, Theorem 3.1’s result is a consequence of the following Lemmas,

Lemma 3.2. Under assumptions (H1) and (H3)-(H7), we get:

f(@) ~ Elf@)]] = Ouco ( i )

no,(h)

a(2) — Ela(e)] = logn
|9(z) — E[g(2)]] = Oa.co (W)

and
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Lemma 3.3. Under assumptions (H1)-(H6), we have:
Elf(@)) - g3(@)| = O (n*)
and
[E[§(2)] = g2(w)gr ()] = O (n*1)).

Corollary 3.4. Under Theorem 3.1’s assumptions , we obtain:

glp (f(x) < 95;””)) <0

4 Uniform almost complete convergence

Now we focus on the study of the uniform almost complete convergence of R(z) on some

subset Sr of F. Under the following assumptions we get the result.

4.1 Asymptotic properties

(U1) There exists a differentiable function ¢(.), such that
YV € Sr, 0< Cp(h) < ¢pe(h) <C'¢d(h) <oo and  3Fyp>0,Yw <y, ¢)<C,
where ¢’ denotes the first derivative of ¢.

(U2) 3v > 0, sucht that: vz, o' € S¥, lgy(2) — g4(2)] < C d* (z,2"),
where

Sy ={xeF, I €8x, d(z,2') <v}
(U3) The function 3(.,.) is such that:
Vo' e F,  Cd(z,2)) <|B(z,2') |< C"| Bla,2) |

and
V(zy1,29) € 53:7 | B(z1,2") — B(wa, ') |< Cd(x1, 72).

(U4) The kernel K satisfies (H4) and, Lipschitz condition as follow:

| K(z) - K(y) I<Clz—y].

(U5) For all z € Sr, the condition (H5) is verified.
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(UB) The subset Sx is such that:
dn

S}- C U B(l’k,’f’n),
kx1

where xp, € F, r, = O(l"%) and the sequence d,, satisfies

(log n)? ng(h)
ne(h) logn

(U7) The inverse conditional moments of the response variable verify:

o0
and ) d, 7 <oco forsome B> 1.

n=1

<logd, <

Ym >2, EY ™X =z2] < C < oo, Vz e Sy and iI}gf ga(x) > C" > 0.
TeESF

4.2 The result

Theorem 4.1. Assume that assumptions (U1)-(75) hold, then, we have:

sup |R(z) — R(z)| = b1 log dn
;@% R(z) — R(z)| = O(F )+O<”n¢(h)>’ a.co

Clearly, to proof it we can base on the decomposition 3.2. Therefore, the Theorem 4.1 is a

consequence of the convergence rate of Lemmas 3.2 and 3.3 and the corollary 3.4 and the

following results.

Lemma 4.2. Under the hypotheses (U1) and (U3)-(U7), we have:

zeSF

sup f(mmﬂxn!:om( 10%)

and

zESF

Lemma 4.3. Under the hypothesis (U1)-(U6), we obtain:

sup E[f(l)] - g%(l)’ =0 (hkg)

zeESF
and
sup |E[g(z)] — ga(a)g1(x)| = O (h’“) .
zESF
Corollary 4.4. Under Theorem 4.1’s hypotheses , we obtain:

3C > 0, ;IP’ (Ilensfff(;r) < c> < 0
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5 Appendix. Proofs of the main results
Forany z € F,and Vi =1,...,n we put:

Proof. (Lemma 3.2)

We observe that:

. n?h%¢2(h) 1= Kj(@)Y7? ) (1N G (V) Ki(w) B2(2) Y2
@) = DB |\ n 2" am | \n

 n(n — 1)E[w] = — h?¢a(h)
A B:
By 2
1 s Ki@)Bi(@)Y? | (1 Gt (V) Ki(a) Bi()Y;
N (n; he(h) ) (nz; hé(h) )
Bs Ba

which allow us to write:

f@) —E(f(z)) = A {Ble — E[B1Bo] — (B3By — E[BgB4])} ,

Moreover, observe that, Vi, j = 1,...,4,

B;B;j — E[B;B;| = (B; — E[B;])(B; — E[By]) + (B; — E[B;])E[B;]
+ (B; — E[B;))E[B;]) + E[B;))E[B;]) — E[B;Bj]).

We have to study in each term of the above decomposition. Thus, the following statements

lead to the results:

;]P’{|Bi—E[Bi]|>V nl(;:f(z)}<oo for i=1,...,4, (5.1)
A=0(1), E[B]=0(1) (5.2)
1
Cov(B:, Bj) = o ( n;g(Z)) (5.3)
For Eq.(5.1), let write
At = nhll il G ()6 () [Ki(@)Y 8~ BIKi (@)Y, "Bl@)]]  for  1=0,1,2 and k=12

In order to apply an exponential equality, we focalize on the absolute m!" moment of A;:
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m

E| A% | =E| (G2 (Y)e; () |[Ki(2)Y, Bl(@) - B[ (@)Y, " 8l(x)]])
= 6, " (WE| (G, (Y) [Ki()Y; *Bl(w) — BIK. ()Y, 8l@)])”
= (0] [ (67100 [Ku()y;8l(a) - EUK(@)Y, 50| £ (vhu)dyp (o)
= 0.7 (0)| [ ([Kile)Y*Bl(@) ~ BlKi(2)Y,8l(@)]] fylu)dydPX (x)) '
— 0" (WE| ([Kil@)Y; *8l(@) - BlK(2)Y, *sl@)]] )"
= " (W icdm( (@)Y *p@) (Bl )y si@)])" (-

with: C , = m!/(kl(m — k)).
Conditioning by X; we get:

m—d

E| A%IX1 | < 6;™(0) D Cam |8 (@) K (@)EY, ™ X1]] | [8h(2)Ki(2)ELY; 4]

Under condition (H7) we have :

EY; " X]=0(1), forall d<m

from Lemma A.1’s Barrientos-Marin and Ferraty & P.Vieu (2010) we get with I = 0,
m—d
E|A7 ( ZE[ (@) [EB(@)Kilw)] )

=0 (¢ ().

It is sufficient to apply Corrally A.8 in Ferraty and Vieu (2006) with a2 = (¢.)~! to get

n logn .
P<{| B; —E[B;] |>v < 0 for i=1,...,4.
> { 341 n%(h)}

12



International Journal of Applied Mathematics and Statistics

We will follow same demonstration as in Barrientos-Marin et al. (2010) to demonstrate A in

Eq.(5.2). It suffices now, to show that E[B;] = O(1), we do examine

E[B1) = 0; (WE [ Gy (YD Ki (@)1 (@)Y,
=6 (0) [ 610D )5V o)y (o)
=610 [ Ka@)5u (@)Y ol (2)
— 6, (WE [Ki(@) By (@)Y,

forl =0,1,2 and k = 1, 2, by conditioning on X;, we have:

B[ Ki(@)8:(a)Y; ]| = O(h'u(h)).

Therefore,

E[B]=0(1), for i=1,234.

It is not difficult to prove Eq.(5.3), for that we propose that for ¢, j = 1,2, 3,4 all Cov(B;, B;) are

of order
%gbg(h)E Ki(m)ﬂg(x)yg’“], for 1=0,1,2,3,4 and k=1,2,34.

By the same reasoning we use (H3) to get:

Kz(x)Yf’“} for  1=0 (Lemme A1)

which is negligible with respect to , /-¢&%,

therefore:
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With the same way we work on g such that fori,j =1,..., 6 we have:

n2h242(h n -1 VK (2 2(2) Y2 n Kijj*l
g(z):h%(’)[(izen(Y)K()ﬁz()K )(111 () )
i=1 j

n(n — 1)E[w)] h2¢.(h) - ¢z (h)
N——
B> B
1= Gt (V) Ki(2)Bi(2) Y2 [ 1 Kj(@)Bj ()Y,
B <n2; hpe(h) ) (nz; hoy(h) ’ >}
By D

Proof. (Lemma 3.3)

Notice that (X;,Y;);—1.., are an i.i.d observations, so:

,,,,,

Ehmmna@ﬂmmwﬁmn%

— (K1(2)p1(2)Y1?) (G, (V1) Ki(2)B1(2) Yy ) — g3 (0)E[wio]

1
B E[wlg]

E [K1(2)Y ] /G,Zl(Yl)K1(I)ﬂf(z)Yfzf*(JfIU)dyd]P’f(lf)

~E [Ki(2)B1(x)Y; 7] /GZLI(Yl)K1(w)51(él?)Yfzf*(wIU)dyde(:C) - gg(w)}E[wm}}

Mmmnﬂ/mmﬁmnﬁmwmwm

~ E[Ki(2)p1(2)Y; ] /Kl(ﬂﬁ)&(»’E)Yfzf(wllt)dydpf(w) - gg(w)E[wm]}

_ E[ulm] E [K1(2)Y; 2] E [Ky (2)B2(2)Y, 2] — E2 [Ky(2)B1 ()2 — g3 () Efwis]
< E[ul)u] E [K1(z)Y;?] |E [BL(2) K1 (2)Y] %] — g2(2)E [BE(2) Ky (2)]

+ g2(2)E [} (2) K1 ()]

E [Ki(2)Y;?(2)] — g2(2)E [K1(2)]

+ E [Ki(2)B1(2)Y; %] |E [K1(2)B1(2)Y;?] = ga(2)E [Br (2) K (2)]

+ 92(2)E [B1(2) K1 (7))

E [B1(2)K1(2)Y1*(2)] — g2(2)E [B1 () K1 ()]

From assumptions (H2), (H3) and (H4) we get:

E [6}(2)K1(2)Y; ] — g2(2)E [5i(2)K1(2)] | < CE [B1(x) K1 ()] h*

14
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and
'E [B1(2) K1 (2)Y*(2)] — g2(2)E [B1(2) K1 ()] ' < CE [B1(2) Ky ()] h*2.
Then, for k,i =0, 1, 2,
E [5{ (J:)Kl(x)Yfk(J:)} —0 (hl%(h))

we get
Ch*¢3(h)
E[’wlg]

By using same arguments as previously, we show that

)E[f(x)} - g%(x)] < Wk < C'h = O(hk).

[Elf(@)] - g2(@)g1 ()| < Ch™ = O(h*)

O
Proof. (Corollary 3.4) It easy to see that:
F@l < 29— 13(0) - fla)) = 0
Thus
2 2
P (1@< 22 < (1) - ) > 22)
by consequence:
s 2
>_P <|f(ar)| < 92;”) <o
O

Proof. (Lemma 4.2)

For that, we use the same decomposition as for the proof of Lemma 3.2, and then we can show

the uniform almost complete convergence of Egs. (5.1), (5.2) and (5.3).

Note that, by the hypothesis (U1) we get Eq. (5.2) and (5.3) then the progress is obtained in

Lemma (3.2). For k =1,2,...,6, to show Eq.(5.1) we fellow the decomposition below:

sup |Fk(x) — E[Fk(x)H = sup |Fk(m) - Fk(xj(m)} + sup |Fk(:1:j(m)) - E [Fk(zj(z))] }
zeSE z€SF zESF

W Wa

+ sup |E [Ck(2)(x))] — E[Lk(2)]]

W3

15
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So, for terms W; and W3, since we have K is supported within [—1, 1], we have:

1 n
Wi < ————sup Y |G, (V) Ki(2)Y; *BL(a) g (Xi) — G:Ll(Y;)Ki(zj(z))Yi_kﬁzl'(xj(z))HB(zj(z),h)(Xi)
nhlg.(h) x€SF 5]

C ~ —k
< ——— su Gn Y K;(x Y; I - X;
< e 2B 3G O L (X0

Bi(x) — 55(1’;‘(1))]13(17 n (Xi)

()

1)
1 S _
sup G (Y)Y, BH®50) T(a, ) (X0)

+ —FF Ki(@)pm (Xi) — Ki(xi)] -
R () A 2 (@)1 B(a,n) (Xi) (Tj(2))

2
The Lipschitz condition on 5 and K allows us to get:
(1) = HB(av,h) (XZ)

Bi(x) = Bil2 () LB (2, 0y 1) (Xi) | < ELB(e mnB (a0 h) (Xi) + hHB(x,h)miB(w](z),h)(Xi)

(2) = Ip(ay 1) (X0) | Ki (@)L ) (Xi) = Ki(%j(a)) | < Celpamnbiay).m) (Xi) + Clp. o mmem (Xi)-
Thus,
Wi < C sup (Win + Wi + Wiz + W),
zESF
with:
I Tp— XR:G*(Y)Y"CH - (X))
U ng(h) T T BB
Cc =1 —k
Wi = ngb(h) ZGTL (Y;)Y; HB(z,h)ﬁB(x](z),h) (XZ)
i=1
Cc = et —k
i=1
T ——— ia—l(y)r’fﬁ (X))
T ng(h) T T B B

To demonstrate the almost complete limits of Wy, Wie, W13 and Wy, we apply Bernstein’s

inequality on:
[ECO .
W $S€11£ [HB(x,h)ﬁB(zj(z),h) (XL):| fOI’ Wll
G () (Y)Y,F
i = % Sup [HB(Lh)ﬁB(l'j(z),h)(Xi)} for Wiz, W3
TzeSF
Gl (Y)Y, *
IO Sup [HB(Ej(m)yh)ﬁm(Xi)} for Wiy.

xeSF

Under (U1), (U6) and (U7) we get for W17 and WW14:

E[L] =0 (e(¢(h)™")  and  E[IL|"™ =0 («(¢™(h))™")
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then for Wy, and Wis:
E[IL] = O (sh™) and  E[L|™ = O (g™(h"¢" ' (h)™")

Which implies that:

no(h)?
E[W12] = Oaco ( 1?5(0;3)
EHI@33]::()aco ( 12;??;)

Hence, under (U6) we get:

Moreover, since

we get:

Next, for W, Vv > 0 so:

log d,,
P Wy > =P
( 2o nqﬁ(h)) (je{rﬂaj{dn}

<d, max IP’(
je{l,....dn}

log d,
Lr(j(2)) — E[Fk(wj(x))}‘ > v )

log d,
Lr(2(z)) *]E[Fk(wj(ﬂ)]' = )
we put

My = —nhlfb(h) (G (Y Kiea) Yy Bl on) — BIG, (V) K )Y Bl

We use same ideas in proof of Lemma 3.2 to show that:

m

E‘Hki

=0 (¢(h)"™).

Once again we apply a Bernstein-type inequality to obtain:

log dp, 1<
P < F}c(ﬂfj(z)) - E[Fk(xj(z))]’ >v :j(h)) =P (n‘ ;HM >v

log d,,
ne(h)
< 2exp (—Cl/2 log dn)

17
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We put 8 = Cv? we get:

max P (
ke{l,....dn}

o0
Then since ) d,,# < oo, we get:

n=1

logd, 18
L) — ) < .
(%)) E[Fk(x](w))]‘ > v ngb(h)) < C'dy

O

To prove Lemma 4.3, it suffices to combine between the proofs of Lemma 3.3 and conditions

of Lipschitz, uniformly on z in Sx.

Proof. (Corollary 4.4)

It's obvious that:

2
. 7 . 92( )
nf @l g =5
witch implies that:
2
7 2 95 ()
su x) — g5(x)| > inf
xespf\f( ) — g5 ()| > inf =5

SO,
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