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ABSTRACT

In this paper, the nonlinear space-time conformable fractional partial differential equations are
transformed into Schrédinger equations based on the solitary wave variable and Malfliet method.
This method is used to construct several classes of the multisoliton wave, multi triangular type, and
multi Jacobi elliptic doubly periodic type solutions of the space-time conformable fractional
Korteweg—de Vries, regularized long wave equation, and Boussinesq equations.

Keywords: conformable fractional differential equations; Malfliet method; solitary wave, Jacobi elliptic
doubly periodic.

Mathematics Subject Classification: 26A33, 34A08, 35R11

1. INTRODUCTION

The fractional calculus became an important field in applied sciences in the late decades. The
applications of fractional calculus including a wide and various sciences as applied mathematics,
physics, biology, and engineering, Hilfer (2000), Kilbas et al.(2006), Sun et al. (2018), Ghosh et al.
(2016). The fractional derivatives have different definitions and types. For example, Riemann—Liouville,
Caputo, Riesz, Kolwankar—Gangal, Podlubny (1999). In the last few years, Khalil et al. (2014) proposed
a new fractional derivative that is called conformable fractional derivative. The conformable fractional
derivatives have the advantages of satisfying the properties of the classical integer derivatives, Khalil
(2014). The definition of the conformable fractional derivative of a function f of order «a is given in terms
of limit as
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The function f is said to be «a- differentiable.

f4(0) = lim £2(0). (2
Assume that f and g are a- differentiable functions and € is an arbitrary constant, then the properties
of the conformable fractional derivative are given as (Khalil (2014)

LDP =ptP"*,peER .

ii. D%c = 0, where cis a constant .

df

iona — pl-a

iiL.DYf(t) =t i

iv.D%(af + bg) = aD*f + bD%g, a,b € R.
v.D*(fg) = fD“g + gD*f.

oo (1) 82T =10

9 g°
d df d
vii. D% (f(g(®))) = él)ag(t) _pi-a éd_!t)_

Following are the conformable fractional derivatives of some elementary functions

, @)

D%t = ct1=% et D%sin(ct) = ct'~% cos(ct), D¥cos(ct) = —ct'~% sin(ct)
D%t = caet®, D%sin(ct®) = cacos(ct?), D%cos(ct?) = —casin(ct®)
The rest of the paper is outline as follows: In Sec. 2, we describe the steps of constructing the solution
method. In Sec. 3 the solutions of the space-time conformable fractional Korteweg—de Vries are derived.
In Sec. 4, the solutions of the space-time conformable fractional regularized long wave equation are

obtained. Further, the solutions of the space-time conformable fractional Boussinesq equation are given
in Sec. 5. We conclude the paper in Sec. 6.

2. DESCRIPTION OF THE METHOD

Consider the conformable space-time fractional partial differential equation in two independent
variables x and t as
G (u, D&u, DPu, D%u, DFPu, DFFPy, .. ) =0 . ()

By introducing the solitary wave variable

B a
uGe ) =u@®, §=k(5-0%) (5)
where k,w are arbitrary constants, and «a, 8 are the orders of the conformable derivatives where 0 <
a,B < 1. By applying the chain rule on Eq. 5) we have

Dfu = —wku’,Dfu = ku',Df%u = kzcuzu”,Dfﬁu = k%u”,

. 6
DEFFy = k3u™, DEDEPu = —wk3u'", ! d% (6)

Based on the equations (5) and (6) the space-time conformable fractional partial differential equation
Eq. (4) becomes an ordinary differential equation given by
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H(u,u',u",u",..)=0. (7)
The solution of Eq. (7) is assumed as a product of two functions (Malfliet, 1981) that expressed as
u(@) =pq), ®)

where p and g are arbitrary functions in ¢. By substituting Eq. (8) into Eq. (7) where assuming the
existence of the derivatives of p and g with respect to ¢. By applying the techniques of refs (Hassanien
et al. (2003), Abdel-Rahman (1983), Zhang et al. (2000)) then Eq. (7) converts to Schrédinger equation
satisfied by the functions p and q given as.

L4 (F@ + DY =0, ®

where Y stands for both p and ¢, 1 is the eigenvalue, f(u) is the scattering potential. Let us assume
that there are N distinct eigenvalues 1,, n =1,2,..N in the Schrédinger Eq. (9) with corresponding
wave functions 1,,. At this stage we use the wave functions 1, to construct the solution of the nonlinear
Eq. (7) as

a

w® =T 6, =k (-0 D), (10)

If the wave functions v, do not overlap with each other, then Eq. (9) can be written as

Lho b (PR + Ay = 0. (11)

Our main goal here is to find the wave functions 1, that satisfy Eq. (11) to get the multisoliton solution
of the considered problem. In order to find the wave functions ,, as solution of Eq. (11), we assume
that 1,, are expressed in the form

Yo = X520 AiF (&), F =\[co+ ciF + ;F? + c3F3 + ¢4 F*, (12)

where § is determined by balancing the highest power of the linear term with the highest power of the
nonlinear term in Eq. (11), A; are parameters to be determined. Several kinds of solutions can be
generated from Eq. (12) by freely choose of possible different values of the constants ¢y, ¢;, c,, ¢,
and c,.

3. THE SPACE-TIME CONFORMABLE FRACTIONAL KORTEWEG-DE VRIES

In this section we discuss the solution of the space-time fractional conformal Korteweg—de Vries (KdV)
equation given as

Dfu — 6uDPu + DFFFPy =0 | (13)

Substitution of Eqg. (5) and formula (6) into Eq. (13) transforms the space-time fractional KdV into the
following ordinary differential equation

—owu' —6uu’ + k*u'" =0, "= :—f. (14)
Based on the formula (8) we get
wW=pqg+ (@eq v =@y +3p"¢)+ o q. (15)

We express the nonlinear term 6uu’ as
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6uu’ = auu’ + buu' = aupq’ + ;bpqu’ + (poq), (16)
where a + b = 6. Now by substituting Eq. (8), Eq. (15), and Eq. (16) into Eq. (14) we obtain

p [kzq”’ + 3k2%”q’ - a(u +%) q —%bqu’] +tpeq=0, an

motivated by the occurrence of q'. Now set

20 _ L@
KPP =u+?, (18)

with a similar equation for q.

For i = p, q we obtain from Eq. (18) the Schrédinger equation

K2y —(u+§)¢ =0. (19)
Eq. (19) has scattering potential (%) and the eigenvalue — (a%) . Insertion of Eq. (18) into Eq. (17)
yields

p [kzq’” +(3B-a) (u + %) q - %bqu’] +(@eq)=0. (20)

Differentiating Eq. (19) w.r.t. £ we get

20,011 w r_ r_
K2y = (u+2)y —pu’ = 0. 1)
Eq. (20) coincides with Eq. (21) in case a = 4 and b = 2, then Eq. (19) can be written as
K2y = (w+2)p =o. (22)
Assuming that the potential (%) is attractive, and there are N distinct discrete eigenvalues (:’T’;)n =
1,2,..,N associated with it. Thus we rewrite Eq. (22) as

Ko (w2, = 0, & = ky (5 2255), (23)

a

Assuming that the wave functions do not overlap with each other, then Eq. (23) can expressed as
Ky — (W2 +22) y, = 0, (24)

By balancing v,/ and 3 then from Eq. (12) we get s = 1, therefore the series solution is given from
Eq. (12) as

Yo =Ag + A F(&), F' =\co+ \F + c;F2 + ¢3F3 + ¢, F*. (25)

Substituting (25) into (24) and setting the coefficients of powers of F to zero, we get an algebraic system
with solution

Ay=0,¢c;, =0, w, = 4c,kZ, c3=0, A, = +/2¢, k,,. (26)

If ¢, = 0, we obtain the bell-shaped wave solution

Yny = ./ —2¢,k,sechy/c,é, ¢; >0,¢c, <0, (27)
Yo = T/ —2¢,k,s€c\—C2¢, ¢, <0,¢4 > 0. (28)
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Therefore, the corresponding solutions for the space time conformal fractional KdV equation are given
as multisoliton wave and multi triangular type as

B 2 pa

W = =26, Ty K sech? (V& &), 6 = kn (5 =295, ¢, > 0, (29)
B a

= 26, Bl KEsec? (V=G &), & = kn (5 =255, ¢, > 0. (30)

If c; # 0 we obtain kink-shaped solitary wave solution, a triangular type solution and Jacobi elliptic
doubly periodic type solutions, Lawden (1989), Fan and Hon (2002), Yan (2003)

2
Yns = 220 kptanh [~ 26, 6 <0, ¢, >0, ¢ =12, 31
2
Y =% Zczkntan\/%fn c;>0,¢,>0, ¢g= :—;, (32)
2 2 2(4_. 2
s = & |~ 22 kncn Tz s €2 > 0,0, <0,¢0 = drom) (33)

2m2-1 4c,(2m2-1)2’

2 1om?

Yoo = |~ 2 kpdn |28, > 0,4 < 0,y = :Ez = (34)
2

Yoy =% |- 1C+2m2 , fn' €2 <0,6,>0,¢p = s (22121)2! (35)

where m is a modulus. Egs. (31-35) lead to the following multisoliton wave, multi triangular and multi
Jacobi elliptic doubly periodic type solutions of Eq. (13) respectively given as

s = 2les| Sy K tan? ([~ ). 60 = ko (5 = 2285%) , < 0,00 = L, (36)
wy = 26,5y Kftan (2 6,), = ko (5255 0, > 0.0 = (37)
us = 2P o ([ 6u) 6o = k(5 = 2255%) 1, > 0, o = B0, 38)
ug = IS, dn? (\/E £0) 60 =k (5 = 255) ¢, > 0, g = 20 (39)
up =2z ont ([ 6,). 60 =k (B -2 6 <0, o0 = -2 (40)

4. THE SPACE-TIME CONFORMABLE FRACTIONAL REGULARIZED LONG WAVE
EQUATION

Consider the space-time conformable fractional regularized long wave (RLW) equation

D&u + DPu+ 12upfu — DEDPPu = 0. (41)
Consider the transformations u — % then Eq. (41) becomes

D+ Dfu +=uDfu — DEDL u = 0, (42)

Substituting Eq. (5) and Eq. (6) into (42) will obtain the ordinary equation
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1-w +2 uu +wku"" =0, '= d%. (43)
By rewriting the nonlinear %uu’ as
a—zuu’ = aquu’ + buu’ = aupq’ + ibpqu’ + (peq), (44)
where a + b = 11—2 Substitution of the Egs. (8), (15) and (44) into (43) yield

[kwq’”+3wk—q —a(————u)q += bqu]+(p<—>q)—0 (45)
Following the same steps as in section (3), we set
wkZ =21y (46)
For ¢ = p,q we have from Eq. (46) the Schrodinger equation
wky + (u+ %)y =0, (47)

with the scattering potential (— —) and the eigenvalue ( ) Using Eq. (46) to write equation Eq. (45)

as
p [kwq’” +(3B-a) (% - % - u) q' + %bqu’] +peq =0 (48)

After differentiating Eq. (47) w.r.t. & and comparing with Eq. (48), we find that they are coincide when
a=4% and b =2, thus 1 = 2. Thus Eq. (47) becomes

" 1-
ko + (u+52)yp = 0. (49)
As before assuming that the potential (— %) is attractive, and there are N distinct discrete eigenvalues

(4k2) n=1,2,..,N associated with it. Thus we rewrite Eq. (49) as

wnlen P+ (u “’")wn—o 0 = o (5 — 225, (50)

a

In case the wave functions do not overlap with each other, then Eq. (50) can expressed as
wnken Y0 + (3 +2222) 3, = 0. (51)

To obtain the wave functions ,, satisfied by Eq. (51), following the same procedure as in section (3)

above we have

Y = A9+ AF(&), F' =\[co+ \F + c,F2 + ¢3F3 + ¢, F* . (52)

Substituting Eq. (52) into Eq. (51) and setting the coefficients of powers of F to zero, we obtain algebraic

system with the solution

C3 = 0,4, = + [25kn (53)

Ag=0,¢,=0,0, = o

14ck

In case ¢, = 0, we have the bell-shaped wave solution, a triangular type solution

Y = /122201(’; sechy/c;&, c;>0,c,<0, (54)
fen
Yy =+ ,122 . secy—cé, ¢, <0,¢4 > 0. (55)
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Therefore, the solutions of the space-time conformal fractional RLW equation are given in terms of

multisoliton wave and multi triangular type as

2¢5kn xP ta

Wy = Eey Tt sech? (V6 &), $n = kn (5= i) €2 > 0, (56)
2¢okn te

u, = ﬁ 10 fl-zc o SECZ(\/—C S(n) &=k, ( m), c, <0, (57)

If ¢, # 0 we obtain kink-shaped solitary wave solution, a triangular type solution, and Jacobi elliptic

doubly periodic type solutions

Yps =+ 22k yomh -Z¢ <0, ¢c,>0, ¢ s (58)
n3 T =\ 1-4cykn 2 on 2 e 70T ey’
_ 2¢kn c; — 3
Ypa =+ p— ; &n c;>0,¢c,>0, ¢g= o (59)
_ 2¢c,m2ky, ¢ _ cZm?(1-m?)
s = i\/(zmz—l)(l—llu?zkn) Cn\jzmz—l b2 > 0,6 <0, 60 =4 Gy (60)

_ 2m2ky, c2(1-m?)
Yne = £ ,(2 ) (1 4C2kn) fnr €2>0,6,<0, ¢ = 2eaz-m2)? 61)

2,2

2c,m?k
Y7 = i\/#sn\/ mZH{n,CZ <0,¢,> 0,00 = —2-

14+m2)(1-4czky) cqa(m2+1)2’

(62)

Therefore, the solutions of the space-time conformable fractional RLW due to the Eqgs. (58-62) are the

multisoliton wave, multi triangular, and multi Jacobi elliptic doubly periodic type given as

_ VN 2c2kn 2 [_¢c2 _ (ﬁ_ t* ) _ 3
Us = Xn=1 Ty tanh ( , 2 fn),fn =k, 5 " ataarn) 2 < 0, ¢o = v (63)
wy = T 2 pan? (2 6,),6, =k (B - =) 6, >0, ¢ =& (64)
4T an=1 o k-1 2 o )ron T I g(1—acyky)) ! 2 70T e,
_wN 2c,m%ky 2 cy
Us = 2n=1 [ pm2y(1-tcykn) O ( 2m2-1 S(")’
xP t*
$n = kn (f - a(1—4czkn))’ (65)
_ csm?(1-m?)
c; >0, ¢ = 74254(2"12_1)2.
_ YN Zczmzkn
Yo = Ln=1 Guz 5)(1—aczkn) dn® (\}2 m? f")
xB t*
$n = kn (F N a(1—4czkn))' (66)
c3(1-m?)
¢, >0,¢c0 = —4;(2_1712)2.
=3y ﬂ I3
U7 = Zin=1 (m2+1)(1—-4czkp) sn 2— mZ n
xP t«
& =ton (5~ 2 (67)
szz
<0, ¢o= 764(11"[2)2.
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5. THE SPACE-TIME CONFORMABLE FRACTIONAL BOUSSINESQ EQUATION

In this section we introduce the space-time conformable fractional Boussinesq equation that is given in

the form

Dy — PPy — 6DPF (u2) — DPPFPy = 0. (68)
Using Eq. (5) and Eq. (6) in Eq. (68) we have

(w? = Du" —6Quu) —k*u® =0, '= d%. (69)

Consider the transformation u’ — %W, thus Eq. (69) becomes

(02 —DW' —6WW' —kK2W'" =0, '= d% (70)
In a similar manner as in sections (3) and (4) we obtain the Schrédinger equation

Kzpn + (3 +22) , = 0. (71
By following the same procedure as in the above sections we obtain

Yo =Ag + A F (&), F = \[co+ ciF + c,F? + c3F3 + ¢, F*. (72)

Inserting Eq. (72) into Eq. (71) and equating the coefficient of powers of £ to zero, we end with algebraic
system with the following solution

Ay =0,¢; =0,w, = 4c,k2 +1,¢5 = 0,4, = +/—2¢,k,. (73)

If ¢, = 0, we get the solution as a bell-shaped wave and a triangular type given by

Yn1 = tJ2¢,k,sechqc; &, ¢, >0,¢, <0, (74)
Yo =t/ 20,k sec\—c3€, ¢, <0,¢ >0, (75)
From Eq. (74) and Eq. (75) we have respectively the solutions
B a
Wy = 3o 26,k% sech? (Vez §,), 6, = ki, (% = (1 +4c,k%) %)' >0, (76)
= T 26k 5e? (TG &), & = ko (5 A+ 4ekD D), <0, (77)

If ¢, # 0 we have kink-shaped solitary wave solution, a triangular type solution and three Jacobi elliptic

doubly periodic type solutions

2
Yuz = 14/ 2¢,k,tanh _%fn €2<0,¢,>0, ¢ = :7241 (78)
2
Yps =1 —ZCzkntan\/C;ZEn c;>0,¢c,>0, ¢y = 4%, (79)
2 2(1-m?
Yps =+ Zszmlk e P 1En,cz > 0,6, <0, cg= anzi(nz "1)2, (80)

2m? (1-m?)
/2 m2k dn / 58, €2 > 0,0, <0, ¢ = rer D (81)
2
Yn7 = ,;:mz kypsn ’ fn, €2<0,¢4>0, ¢g = (;2111)2, (82)

158




International Journal of Applied Mathematics and Statistics

Thus, we obtain the following multisoliton wave, multi triangular and multi Jacobi elliptic doubly periodic
type solutions of the problem ads

us = B, 2ck? tank? (\/—_C7 £0) 60 = u (5= L+ 46k 5) e, < 0,¢ = 2, (83)
u, = YN, —2ck? tan? (\/% fn),fn =k, (%B — (1 + 4c,k2) %a),cz >0,¢0 = %, (84)
w =2 o ([ 6),
£ = o (5 - (L 40,k L), (85)
c; >0, ¢ = i:'é:r(nilz__"ijz.
wo = B, 2R an? (22 6,),
£ =l (5= (1 + 2k L), (86)
c; >0,¢= 465;8%:22'
U; = Xh=1 —ZI(C,ZIZZII;% sn? ( % fn),
£ =k (5 - (1 + 40,k ), (87)
c; <0, ¢g= C4(C122+—m"122)2

6. CONCLUSION

In this work, we successfully employed the Malfliet method with solitary wave solution to covert a
nonlinear space-time conformable fractional partial differential equation into Schrédinger type equation.
We derive various classes of the multisoliton wave, multi triangular type, and multi Jacobi elliptic doubly
periodic type solutions of the space-time conformable fractional Korteweg—de Vries, regularized long
wave equation, and Boussinesq equations. Further applications of this technique can be used to obtain
solutions to other nonlinear fractional partial differential equations that arising in mathematical physics

and other branches of science.
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