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1 Introduction

Strong laws of large numbers (SLLN) and martingale limit theorems play a very important role

in probability theory and especially in statistics and related fields. In the case of real num-

bers and on Banach space, these issues have been widely studied (e.g. (Hall and Heyde,

2014),(Woyczyński, 1976),(Woyczyński, 1975),(Woyczynski, 1980),(Elton, 1981),(Hoeffding,

Robbins et al., 1948),(Taylor, 1985),(Pisier, 1975),(Hoffmann-Jorgensen, Pisier et al., 1976),(Giné

and Zinn, 1983).(Giné, 1978), etc.). For the set-valued case, there are variety of works of the

issues for independent random elements (see (Hess, 1994),(Castaing and Valadier, 1977),(Li,

Ogura and Kreinovich, 2013),(Li and Ogura, 2006),(Shen and Guan, 2016), etc.). In practical

areas, martingale methods have been widely used in financial field for establishing option pric-

ing (e.g. (Zheng and Yang, 2016), (Lin and Jiang, 2015)), finding optimal portfolio (e.g. (Yang

and Jin, 2013)) and so on. In another aspect, testing for martingale difference hypothesis

has been also applied to assess the efficiency of the market in term of single-valued mar-

tingale difference sequences (Escanciano and Lobato, 2009). It is the fact that people may

sometimes want to know the predictability of the trend of the market in terms of “very low”,

“low”, “normal”, “high” or “ very high ” through an interval-valued random variables sequence

of time series’ returns. For instance, let {pn, n ≥ 1} be a sequence of prices of a finacial asset

then {dn =
pn − pn−1

pn−1
, n ≥ 1} is a sequence of its returns. It is commonly that dn ∈ (−1, 1).

Constructing a set-valued random variable sequence of financial returns {Dn, n ≥ 1} with

natural filtration Fn, n ≥ 1 taking its values in {A1, A2, A3, A4, A5} where A1 = [−M,−0.02],
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A2 = [−0.02,−0.01], A3 = [−0.01, 0.01], A4 = [0.01, 0.02] and A5 = [0.02,M ] for some positive

number M < 1, then the main concern is that whether the set-valued conditional expectation

E[Dn|Fn−1] � 0, almost surely (a.s) for all n ≥ 1? Notice that Dn is not necessary to contain

zero for this condition. For example, Dn = A1 with probability of 0.5 and A5 with probability of

0.5 then E[Dn|Fn−1] � 0. If this condition is satisfied, we even can conclude that the tthe trend

of the market is unable to predict. In this case, a definition for such type of set-valued random

variable sequences needs to be proposed. For this situation, two questions arise:

• What is the necessary and sufficient condition of the difinition?

• Is there any kind of strong laws of large numbers for these type of sequences?

This work aims to propose a definition of what to be called weak set-valued martingale differ-

ence sequence taking values on a p-smoothable separable Banach space (1 < p ≤ 2). Then

the necessary and sufficient condition of weak set-valued martingale differences is proved and

its law of large numbers in Mosco convergence sense is stated.

This paper is organized as follows. Section 2 introduces some basic notations, definitions and

some related results in the case of single-valued random variables. In Section 3, we prove the

necessary and sufficient condition and treat the SLLN for weak set-valued martingale differ-

ence on a p-smoothable separable Banach space, 1 < p ≤ 2, based on Mosco convergence

conditions.

2 Definitions and Preliminaries

Throughout this paper, assume that (Ω,F , P ) is a complete probability space, X is a separa-

ble Banach space with the dual space X ∗ and 2X is the set of all subsets of X . We denote

by

L log+ L =
{
f ∈ L1

X : E[‖f‖ log+ ‖f‖] < ∞
}

where log+ x = log x ∨ 0, x ∈ R
+,

Lp =
{
f ∈ L1

X : E[‖f‖p] < ∞
}
, 1 ≤ p < 2,

Pc(X ) =
{
A ∈ 2X : A is non-empty, closed and convex

}
,

Pcb(X ) = {A ∈ Pc(X ) : A is bounded} ,

Pwkc(X ) = {A ∈ Pc(X ) : A is weakly compact}

where L1
X

is the set of all Bochner-integrable random variables from Ω → X .

For each A ∈ 2X \ ∅, clA and coA denote the closure and closed convex hull of A respectively,

where the closure is taken with respect to the norm in L1
X

and define

|A| = sup {‖x‖ : x ∈ A} ,

d(x,A) = inf {‖x− y‖ : y ∈ A} , d(x, ∅) = ∞,

d(x,A) is called distance function of A.
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Suppose that A is a sub-σ-fields of F. A multi-valued random function F from Ω → Pc(X )

is called A-measurable if there exists a A-measurable random variables sequence {fn} such

that fn : Ω → X , F (ω) = cl{fn(ω), n ≥ 1, ω ∈ Ω} (see (Castaing and Valadier, 1977)).

Denote by M(F) is the family of all F-measurable multi-valued random functions. Denote by

Lc = {F ∈ M(F) : F (ω) ∈ Pc(X ) a.s} ,

Lwkc = {F ∈ Lc : F (ω) ∈ Pwkc(X ) a.s} ,

L
d1
c = {F ∈ Lc : E[d(0, F )] < ∞} ,

L
1
c = {F ∈ Lc : E[|F |] < ∞}

For each F ∈ Lc, define

S1
F (F) =

{
f ∈ L1

X : f is F-measurable, f(ω) ∈ F (ω) a.s
}
,

S1
F (F) is denoted by S1

F for short. It is easy to find that S1
F is non-empty if only if F ∈ L d1

c (see

Theorem 2.1.7 of (Molchanov and Molchanov, 2005)).

The Aumann integral
∫
FdP of F is defined by

∫
FdP =

{
E[f ] : f ∈ S1

F

}
, where E[f ] is the

Bochner integral of f . The set-valued expectation of F is defined by E[F ] = cl(
∫
FdP ). The

conditional expectation F ∈ L d1
c relative to a sub-σ-algebra A of F, E [F |A ] (different from a

P−null set) is an unique A -measurable multi-valued function in L d1
c such that

S1
E[F |A ](A ) = cl

{
E [f |A ] : f ∈ S1

F

}

Notice these notations about convergence for sequences of subsets which introduced by

Mosco (Mourier, 1972). Let τ be a topology on X and {Xn, n ≥ 1} a sequence in Pc(X ).

We put

τ -liXn = {x ∈ X , x = τ − limxn : xn ∈ Xn,∀n ≥ 1}, and

τ -lsXn = {x ∈ X , x = τ − limxk : xk ∈ Xnk
,∀k ≥ 1}

for some subsequence {Xnk
, k ≥ 1} of {Xn}. Let us denote by s (resp. w) the strong (resp.

weakly) topology on X . A subset X∞ is said to be the Mosco limit of {Xn, n ≥ 1} if

X∞ = s-liXn = w-lsXn.

Suppose that {Fn, n ≥ 1} is an increasing family sub-σ-fields of F and F∞ = σ

(
∞⋃
n=1

Fn

)
.

{Dn,Fn, n ≥ 1} denotes a sequence of set-valued random variables that Dn ∈ L d1
c and Fn-

measurable.

Definition 2.1. (Measurable selection) A random variable f with its values in X is call a

(measurable) selection of a set-valued random variable X if f(ω) ∈ X(ω) for almost all ω ∈ Ω.

The family of all selections of X is denoted by S(X). A countable family {fn ∈ S(X), n ≥ 1} is

said to be a Castaing representation of X if

X = cl {fn, n ≥ 1} .
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It is known that an adapted sequence {fn,Fn, n ≥ 1} in L1
X

such that for all n ≥ 1, E[fn+1|Fn] =

fn a.s. (resp. E[fn+1|Fn] = 0 a.s.) is called a martingale (resp. martingale difference se-

quence). It is also known in Theorem 2.1.72 of (Molchanov and Molchanov, 2005) that for

X be integrable random closed set and A be a sub-σ-algebra of F such that E[X|A] = {0}

then X is a singleton. Therefore, these suggests us a new definition of “weak set-valued

martingale difference” as below:

Definition 2.2. A sequence of set-valued random variables {Dn,Fn, n ≥ 1} is called a weak

set-valued martingale difference if

0 ∈ S1
E[Dn|Fn−1]

(Fn−1), ∀n ≥ 2.

An adapted sequence {fn,Fn, n ≥ 1} is a martingale difference selection of weak set-valued

martingale difference {Dn,Fn, n ≥ 1} if {fn,Fn, n ≥ 1} is a X -valued martingale difference

and ∀n ≥ 1, fn ∈ S1
Dn

(Fn).

Example Let {rn,Fn, n ≥ 1} be a non-negative R-valued martingale. Then the sequence of

set-valued random variables Dn(ω) = [−rn(ω), rn(ω)] is set-valued martingale with respect to

the filtration {Fn, n ≥ 1}. Because of 0 ∈ Dn for all ω ∈ Ω, {Dn,Fn, n ≥ 1} is a weak set-valued

martingale difference.

Proof. Indeed, it is obviously that 0 ∈ Dn a.e. for all n ≥ 1. We will show that E[Dn+1|Fn] =

Dn, ∀n ≥ 1.

We have

S1
Dn

(Fn) =
{
f ∈ L1

X : −rn(ω) ≤ f(ω) ≤ rn(ω) a.e
}
,

and for each f ∈ S1
Dn+1

(Fn+1)

E[f |Fn] = E[f − rn+1|Fn] + E[rn+1|Fn]

≤ E[rn+1|Fn] = rn, a.e

and E[f |Fn] ≥ −rn, a.e.

We thus obtain

cl
{
E[f |Fn] : f ∈ S1

Dn+1
(Fn+1)

}
⊂ SDn

(Fn).

Conversely, take f ∈ S1
Dn

(Fn) and put

λn(ω) =

⎧⎨
⎩

rn(ω)−f(ω)
2rn(ω)

if rn(ω) > 0,

1
2 if rn(ω) = 0.

Then the random variable

g(ω) = (1− 2λn(ω))rn+1(ω)

belongs to SDn+1
(Fn+1) and E[g|Fn] = f, a.e. Hence

cl
{
E[f |Fn] : f ∈ S1

Dn+1
(Fn+1)

}
⊃ S1

Dn
(Fn).

So we have

S1
Dn

(Fn) = cl
{
E[f |Fn] : f ∈ S1

Dn+1
(Fn+1)

}
.

This means E[Dn+1|Fn] = Dn.
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We now present some convergence results of limit theorems on separable p-smoothable Ba-

nach space (1 ≤ p ≤ 2). Notice that

Definition 2.3. A separable Banach X is said to be p-uniformly smooth (1 ≤ p ≤ 2) if

ρX (t) = sup

{
‖x+ ty‖+ ‖x− ty‖

2
− 1 : ‖x‖ = ‖y‖ = 1

}
≤ Ctp

where C is a some constant for each t ∈ [0;∞].

Assouad and Pisier (Pisier, 1975) has showed that a Banach space X is p-uniformly smooth

if and only if there exists a constant C > 0 such that

E

∥∥∥∥∥
n∑

i=1

di

∥∥∥∥∥
p

≤ C
n∑

i=1

E ‖di‖
p ,

for all X -valued martingale differences {di}
n
i=1. This inequality is called Assouad-Pisier’s in-

equality.

Assume {fn,Fn, n ≥ 1} be a X -valued martingale, denote by dn = fn−fn−1 then {dn,Fn, n ≥ 1}

is a X -valued martingale difference and

fn =

n∑
i=1

di, n ≥ 1.

It is to recall that a sequence {fn, n ≥ 1} of X -valued random variables taking values on p-

smoothable separable Banach space X is called have uniformly bounded tail probabilities by

the tail probabilities of a random variable f ∈ Lp, p > 0 ((fn) ≺ f ) if there exists a positive

constant C such that for all x > 0 and n = 1, 2, · · · ,we have

P (‖fn‖ > x) ≤ CP (‖f‖ > x) .

This suggests the following definition.

Definition 2.4. A sequence of set-valued random variables {Xn, n ≥ 1} in L 1
c is said to have

uniformly bounded tail probabilities by the tail probabilities of a set-valued random variable

X ∈ lp ((Xn) ≺ X) if for all fn ∈ S1
Xn

there exists an f ∈ S1
X such that (fn) ≺ f .

Definition 2.5. We say that

i) The L log+ L-Martingale Convergence Theorem holds in a Banach space X (L log+ L −

MCT for short) if for each X -valued martingale {fn,Fn, n ≥ 1} satisfying the condition

sup
n

E
[
‖fn‖ log

+ ‖fn‖
]
< ∞ then fn almost surely convergence.

ii) The Lp-Martingale Convergence Theorem holds in a Banach space X (MCTp for short),

p > 1, if for each martingale {fn,Fn, n ≥ 1} satisfying the condition sup
n

E [‖fn‖
p] < ∞, there

exists an element f∞ such that fn → f∞ a.s and in Lp.

Here we present some results showing the necessary of p-smoothable Banach space (1 ≤ p ≤

2) for the convergence of a X -valued martingale.
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Proposition 2.1. For a separable Banach space X , the following properties are equivalent:

(RNP ) X has the Radon-Nykodym property;

(MCTp) the MCTp holds in X ;

(L log+ L) the L log+ L−MCT holds in X .

Proof. We shall prove the following diagram

(MCTp) ⇔ (RNP ) ⇔ (L log+ L).

Note that (RNP ) ⇒ (MCTp) can be proved similarly to the proof of Theorem 1.1 in (Woyczyński,

1975) (see also (Millet and Sucheston, 1981; Yen, 2004)).

(MCTp) ⇒ (RNP ) is a result of Chatterji (see Theorem 1 in (Chatterji, 1969)).

The case (RNP ) ⇒ (L log+ L) is carried out by using the methods of (Chatterji, 1969) (which

has been proved in (Yen, 2004), Lemma 1). Similarly, (L log+ L) ⇒ (RNP ) is also a result of

Chatterji (see Theorem 1.1 in (Smythe, 1974))

Now we give a result related to the laws of large numbers of X -valued martingale differences.

Proposition 2.2. If X is a separable Banach space and 1 ≤ p ≤ 2, the following propositions

are equivalent:

1) X is isomorphic to a p-smoothable Banach space;

2) There is a constant Cp (depending on p) such that for all X -valued martingale {fn,Fn, n ≥ 1}

sup
n

E [‖fn‖
p] ≤ Cp

∞∑
i=1

E [‖fi+1 − fi‖
p] ;

3) For every X -valued martingale difference {dn} satisfying one of the following conditions

a) dn ∈ L log+ L, for p = 1,

b) dn ∈ Lp, for 1 < p ≤ 2,

then fn =
n∑

i=1
di converge almost everywhere as n → ∞.

Proof.

1) ⇔ 2) is a result of Pisier (see (Pisier, 1975)).

2) ⇒ 3) can be proved directly, see (Thang and Tien, 1982).

3) ⇒ 1) is the result of Proposition 2.1.

Corollary 2.3. (Law of large numbers)

If X is a p-smoothable separable Banach space (1 ≤ p ≤ 2). {fn,Fn} is a X -valued martin-

gale.

(i) Suppose {dn = fn − fn−1} ∈ L log+ L (e.g. sup
n

E
[
‖dn‖ log

+ ‖dn‖
]
< ∞) then fn =

o(n) a.s. (e.g limn→∞
fn
n

= 0, a.s)

(ii) If dn ∈ Lp, 1 < p < r ≤ 2 then fn = o(n
1

r ) a.s (e.g limn→∞
fn

n
1

r

= 0, a.s)
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3 Main results

In what below we give some limit theorems for weak set-valued martingale differences {Dn,Fn, n ≥ 1}.

Let us first show the existence of martingale difference selection of a weak set-valued martin-

gale difference by the following proposition.

Theorem 3.1. Let {Dn,Fn, n ≥ 1} is a sequence of set-valued random variables in L 1
wkc(F)

such that

∀n ≥ 1,

∫
Ω

sup
f∈S1

Dn+1
(Fn+1)

‖E[f |Fn]‖ dP < ∞. (3.1)

Then {Dn,Fn, n ≥ 1} is a weak set-valued martingale difference if only if there exists a martin-

gale difference selection of {Dn,Fn, n ≥ 1}.

Proof. If {Dn,Fn, n ≥ 1} has a martingale difference selection, it is obvious that 0 ∈ S1
E[Dn|Fn−1]

(Fn−1)

because of the closeness of S1
E[Dn|Fn−1]

(Fn−1). Now we only need prove the remaining part

which based on the methods of (Ezzaki, 1996).

Suppose 0 ∈ cl
{
E[f |Fn] : f ∈ S1

Dn+1
(Fn+1)

}
, then there exists a sequence f i

n+1 ∈ S1
Dn+1

(Fn+1)

such that lim
i→∞

E[f i
n+1|Fn] = 0 (the norm of L1

X
).

For all ω ∈ Ω we set

rn+1(ω) = d(0,Dn+1(ω)) + sup
i≥1

∥∥E[f i
n+1|Fn](ω)

∥∥ , (3.2)

then rn+1 is Fn+1-measurable and integrable.

Let

Rn+1(ω) = co
{
f(ω) : f ∈ S1

Dn+1
(Fn+1) and ‖f(ω)‖ ≤ rn+1(ω)

}
.

Since rn+1(ω) > d(0,Dn+1(ω)), Rn+1(ω) �= ∅ and Rn+1 is also Fn+1-measurable and inte-

grable.

We have ∫
Ω
‖Rn+1‖ (ω)P (dω) ≤

∫
Ω
rn+1(ω)P (dω).

This inequality along with equations (3.1) and (3.3) yield
∫
Ω ‖Rn+1‖ (ω)P (dω) < ∞.

By Theorem 2.1.37 (Molchanov and Molchanov, 2005), it follows that

Bn =
{
E[f |Fn] : f ∈ S1

Rn+1
(Fn+1)

}
is closed in L1

X
.

Furthermore, it is obviously that for all i ≥ 1, E[f i
n+1|Fn] ∈ Bn. Since lim

i→∞
E[f i

n+1|Fn] = 0, then

0 ∈ Bn. Hence there exists dn+1 ∈ S1
Rn+1

(Fn+1) such that E[dn+1|Fn] = 0. Let d1 ∈ S1
D1

then

{dn,Fn, n ≥ 1} is a martingale difference selection of {Dn,Fn, n ≥ 1}.

Theorem 3.2. (Strong law of large numbers) Assume X be a separable, r-smoothable Banach

space, (1 < r ≤ 2). Suppose that {Dn,Fn, n ≥ 1} is a weak set-valued martingale difference in

L 1
wkc(F) such that (Dn) ≺ D ∈ L 1

wkc(F) and (3.1) is hold. If for all f ∈ S1
D(F), one of following

conditions is satisfied:

(i) f ∈ L log+ L

(ii) f ∈ Lp, 1 < p < r ≤ 2,
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then

0 ∈ s-li
1

n

n∑
k=1

Dk, a.s.

Before going to the proof of the theorem, we need prove a lemma for the convergence of a

X -valued martingale difference {fn,Fn, n ≥ 1} as below.

Let {ank} be an array of real numbers such that

(i) lim
n→∞

ank = 0 for each k ≥ 1,

(ii)
∑
k

|ank| ≤ Mn for each n ≥ 1

where Mn is some constant. Set dn =
n∑

k=1

ankfk, we have the following lemma.

Lemma 3.3. Suppose that bn = max
k≤n

|ank| ↓ 0 as n → ∞ and let {fn,Fn, n ≥ 1} be a X -valued

martingale difference taking values on p-smoothable separable Banach space X such that

(fn) ≺ f , E [N (‖f‖)] < ∞, N (x) = card
{
n : b−1

n ≤ x
}

, x ∈ R
+.

If ∫ ∞

1
xP (‖f‖ > x)

∫
y≥x

N(y)

y3
dydx < ∞ (3.3)

and ∫ ∞

1
P (‖f‖ > x)

∫
1≤y≤x

N(y)

y2
dydx < ∞ (3.4)

then dn
a.s
−−→ 0 as n → ∞

Proof. It is easy to see that
∥∥∥∥∥

n∑
k=1

ankfk

∥∥∥∥∥ ≤
n∑

k=1

|ank| ‖fk‖

≤ max
k≤n

|ank|
n∑

k=1

‖fk‖ =
1

b−1
n

n∑
k=1

‖fk‖ , b
−1
n ↑ ∞ as n → ∞.

Now, put

rn = bn

n∑
k=1

‖fk‖ ,

yn = fnI
(
‖fk‖ ≤ b−1

n

)

tn = bn

n∑
k=1

‖yk‖ .
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Clearly

∞∑
k=1

P (‖fk‖ �= ‖yk‖) ≤
∞∑
k=1

P
(
‖fk‖ > b−1

k

)

≤ C

∞∑
k=1

P
(
‖f‖ > b−1

n

)

= C

∞∑
k=1

∫
{x>b−1

n }
dP (‖f‖ ≤ x)

= C

∫ ∞

0
N(x)dP (‖f‖ ≤ x)

= C E [N (‖f‖)] < ∞.

Therefore, the sequences {tn} and {rn} converge on the same set and to the same limit. It

suffices to show that tn
a.s
−−→ 0 as n → ∞.

We have

n∑
k=1

b2kE ‖yk − E [yk|Fk−1]‖
2 ≤ 2

∞∑
k=1

b2kE
[
‖yk‖

2
]

= 4
∞∑
k=1

b2k

∫
{0<x≤b−1

k
}
xP (‖fk‖ > x) dx

≤ 4C
∞∑
k=1

b2k

∫
{0<x≤b−1

k
}
xP (‖f‖ > x) dx

≤ 4C

∫ ∞

0
xP (‖f‖ > x)

∑
{k:b−1

k
≥x}

b2kdx

≤ 8C

∫ ∞

0
xP (‖f‖ > x)

∫ ∞

x

N(y)

y3
dydx < ∞.

The last inequality follows from the fact that

∑
{k:b−1

k
≥x}

b2k = lim
u→∞

∑
{k:x≤b−1

k
<u}

b2k = lim
u→∞

∫ u

x

dN(y)

y2

= lim
u→∞

(
N(u)

u2
−

N(x)

x2
+ 2

∫ u

x

N(y)

y3
dy

)

and because
N(u)

u2
≤ 2

∫ ∞

u

N(y)

y3
dy → 0asu → ∞.

Hence, in the view of the martingale convergence theorem, we get

n∑
k=1

(yk −E [yk|Fk−1])
a.s
−−→ 0. (3.5)

Note that

0 = E [fn|Fn−1] = E [yn|Fn−1] +E
[
fnI

(
‖fn‖ > b−1

n

)
|Fn−1

]
,
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and

∞∑
k=1

bkE
[
‖fk‖ I

(
‖fk‖ > b−1

k

)]
=

∞∑
k=1

bk

∫
{x>b−1

k }
P (‖fk‖ > x)

≤ C
∞∑
k=1

bk

∫
{x>b−1

k }
P (‖f‖ > x) dx

= C

∫ ∞

1
P (‖f‖ > x)

∑
{k:1≤b−1

k
}

bkdx

≤ C

∫ ∞

1
P (‖f‖ > x)

∫ x

1

N(y)

y2
dydx < ∞.

Hence, by Kronecker’s lemma we obtain

n∑
k=1

E [yk|Fk−1]
a.s
−−→ 0. (3.6)

which, together with (3.5), complete the proof.

Proof of Theorem 3.2. Since the result of Theorem 3.1, there exists a X -valued martingale

difference selection {dn,Fn, n ≥ 1} of {Dn,Fn, n ≥ 1}.

Because of assumptions of {Dn,Fn, n ≥ 1}, for all f ∈ S1
DF we have E[‖f‖] < ∞ so E[N(‖f‖)] <

∞ and (3.3) holds.

On the other hand,
∫ ∞

1
P (‖f‖ > x)

∫ x

1
N(y)/y2dydx =

∫ ∞

1
log xP (‖f‖ > x)dx = E[‖f‖ log ‖f‖] < ∞,

so the condition (3.4) holds.

In the case of f ∈ Lp, 1 < p < 2, it is easy to check that N(y) ∼ yp so (3.3) and (3.4) hold.

By Corollary 2.3 and Lemma 3.3 for

⎧⎨
⎩
ank =

1

n
for k ≤ n,

ank = 0 for k > n,
we have lim

n→∞

1

n

n∑
i=1

di = 0, a.s.

Since
n∑

i=1
di ∈

n∑
i=1

Di, a.s. then 0 ∈ s-li
1

n

n∑
k=1

Dk a.s.
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Giné, E. 1978. A survey on the general central limit problem in banach spaces, Séminaire
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