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ABSTRACT

This paper focuses on the conditional hazard function a scalar reponse variable given a
random variable taking values in a semi-metric space. Employing the local linear estima-
tor of the conditional density and cumulatiive distribution function. We study the uniform
almost complete consistencies with convergence rate under some generale conditions for
proposed estimator.
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1 Introduction

Nonparametric estimation of the conditional hazard function is a substantial issue in data anal-
ysis, it's instrument in survial analysis and many other fields (econometrics, medicine, seismol-
ogy).

In recent decades, the functional estimate has been a great interest and attracted attention
by statistical scientist, for their revelance and use in all areas and to help with rapid progress
in most fields, the nonpametric estimation of the hazard function play an important role in the
statistics, this function was first introduced by (Watson and Leadbetter 1964), after that coming
authors they worked in this domain, some works and their authors are mentioned for exem-
ple, asymptotic normality of the hazard rate function with dependence (Roussa 1989), uniform
almost complete convergence properties and asymptotic normality of an estimate of the max-
imum hazard function (Quintela Rio 2006), almost complete convergence studied by (Massim
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and Mechab 2016), the mean squarred error was etablished by (Merouan, Mechab and Mas-
sim 2018), treated the spatial case: the almost complete convergence with rate (Laksaci and
Mechab 2010) .

However in the finite dimensional data case, local linear estimation method has different benifit,
it well known that the kernel method is inferior to the local linear method consquent to the re-
strictions such as large bias, non adaptation and edge effects, we can tekes a few works. In
fact (Fan 1992, Fan and Yao 2003), around nonparametric estimation on the local linear for
functional data have also been investigated recently, (Baillo and Grame 2009), they first put a
local linear estimation of the regression operateur when the explantory variable takes values
in a Hilbert space, (Demongeot et al. 2011), etablished both pointwise almost complete con-
sistencies with convergence rate of the conditional density estimation.

In this work we introduce a new nonparametric estimation of the conditional hazard function for
functional data, this estimation is based on the local linear estimation, the goal of this paper is
to study under some ganarale condtions uniform almost complete convergence with rate.

The article is organized as follows: section 2 introduces the locale linear estimation of con-
ditional hazard function for functional data. The assumptions and some remarks are given in
section 3. In section 4 we show the main asymptotic results, we collect all the proofs of this
paper in the last section.

2 The model

We consider {(X;,Y;), 1 <i < n} be nrandom variables independent identically distribution
(i.i.d), as (X,Y) which is a random pair valued in 7 x R, where F is a semi-metric space
equipped with a semi-metric d. In the following = will be a fixed point in F, N, will denote a
fixed neighborhood of = and Sk will be fixed compact subset of R.

Our goal in this paper to estimate the conditional hazard function hA* using n independent
observations (X;,Y;) draw from a random variables with the same distribution with (X,Y")
where the regular version F'* of the conditional distribution function of Y given X = z exists for
any x € F. Moreover we suppose that F'* has a continuous density f* with respect to (w.r.t)
Lebesgue’s measure over R. We adopt here functional local linear estimator of the conditional
distribution function £ is estimated by @ where the couple (a, 3) is obtained by minimizing the
following quantity:

n

(@,b) = arg Join, ; (H(hif'(y = Y3)) — a = bB(X;, 2))” K (hpj'0(x, X1)) (2.1)

where 3(.,.) and (., .) are known bi-functonal operateurs defined from F2 into R, such that:
vEeF, B¢ =0andd(,.)=i(.,.)

With the function K is kernel, H is a distribution function and hx = hx ,(respectively, hy =
hi ) is chosen as a sequence of positive real numbers.It’s clearly the estimator @, given by
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(2.1), can be explicitly defined by:
> Wi@)H(hg(y — Y5))

~ 1<ij<n
)
Y Wila)

F*(y) =
1<i,5<n

vy eR (2.2)

where
Wij(a) = B(Xi, 2)(B(Xi, x) — B(X, ) K (hi'6(a, X;)) K (hy'6(x, X))
with the convention 0/0 = 0.
Furthmore, the density function estimator fl of f* can be obtained from the distribution function
and we defined by
Y Wis@)H (ha ™' (y — Y)

1<i,j<n

hi Y Wilz) 7

1<i,5<n

Fly) =

vy e R

Where H' is the derivative of H.

Finally, we estimate the conditional hazard function h* by:
~ Aﬂ?
h(y) = f7£y)7 Yy € R.

1—F*(y)

3 Main results

In this part, we investigate the uniform almost complete convergence of the estimator A% on
some subset S of F, such that:

dn

Sy C U B(l‘kﬂ“")
k=1

where z;, € F and r, (resp, d,,) is a sequence of positive real numbers. All along the paper, x
will denote afixed point in F and ¢, (r1,72) = P(ry < §(X,2) < r).
Furthermore, we need the following assumptions:

(H1) There exists a differentiable function ¢(.), such that:
Vo € Sy, 0< Cp(h) < ¢e(h) < C'¢(h) < oo and Ing > 0,y < 1o, ¢ (1) < C,
where C and, C” are strictly positive constants and where ¢’ denotes the first derivative
of ¢.

(H2) The conditional distribution function F* (resp. density function f?¥) is such that: there
exist by > 0and by > 0,
V(y1,92) € Sk X Sk, V(21,22) € SF x SF

[©) @) .
E () = B ()] < € (11, 22) + yn = 1) .5 = 0,1

where C'is a positive constant depending on .

3
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(H3) The function 4(-,-) and (-, -) are such that:

Vz € F,|0(x, 2)| = d(z, z) and C1|d(z, 2)| < [B(x,2)| < C1ld(w, 2)],

where C1 > 0,Cy > 0,
and, for some strictly positive constant C”, the following Lipschitz's condition:

V(x1,22) € S X Sr: |ﬁ(x1,z) — ﬂ(l‘g,z)‘ < C/|(5(.’L‘1,1'2)|.

(H4) K is a positive, differentiable function with support [—1, 1] and, for some strictly positive
constant C, the following Lipschitz’s condition:

|K(z) = K(y)| < Cllz] — [yl]-
(H5) The kernel H is a differentiable function which has a bounded first derivative such that:
/|t\b2H(j)(t)dt < o0 and/H(j)Q(t)dt < oo forje{0,1}

v(ylva) € R27 |Hl(y1) - H/(?JQ)‘ < C|y1 - y2|7

H' is a bounded function.

(H6) The bandwidth h; satisfies:

1 ! d
Ing € N,Vn > no, —W/_1 ¢z (zh, hK)a(zzK(z))dz >C3>0

and

u, T u) = o 2 u,r u
e o Pl )P (/B o Pl aap )),

where B(z,r) = {z € F/|6(z,2)| < r} and dP(x) is the cumulative distribution of X.

(H7) for r, = O (®2), and for some ~ € (0, 1), for n large enough the sequence d,, satisfies:

Inn
n

2 I—th L
_ (nn)® <Ind, < nhyd(he) forj € {0,2}
n =YW d(hy) Inn

and

oo
(3v+1)
> n 2 dy P < oo, for some B> 1,

n=1
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conditions (H1), (H3) and (H6) are the same as those used in Barrientos-Marin et al. (2010)
and Demongeot et al. (2013). While assumption (H2) is a regularity condition which char-
acterizes the functional space of our model and it is needed to evaluate the bias term in the
asymptotic results of this paper. Remember that this hypothesis is similar to the assumption
(H2) in Ferraty et al. (2006). (H5) is technical condition.

Theorem 3.1. Under assumptions (H1)-(H6), we obtain:
sup sup [5%(y) — h*(g)] = O + W) + Opeo ( 1| -]
x€Sr yeSr K H a.co n1*7¢(hK)

Proof of Theorem 3.1. The proof of theorem 3.1 is a direct consequence of the following
decomposition:

T gz _ 1 2 _ qx hm(y) i _
W) =b W) = g [FO - r o)+ Ta g [Fe - el e

And it's based on following results

~ Ind,
sup sup |F%(y) — F*(y)| = O(h% + h%2) + O, -
2 i ) = @l = O i)+ Over | 100,

sup sup |f*(y) — f*(y)l = Okt + hif) + O,Mo( lndn>

@€ yESa n'=¢(hk)

Jn > 0 such that ZP{ inf [1— F(y)| <n} < .
n=1

Whose demonstrations are based, respectively, on the decompositions

Fw)- P = = {(Few) - BFs W) - (F70) - BIFG0)) }
D

SEC)) (1 - ﬁg)

Fp
and R
Fw) -y = ﬁ? {(Few) -EFRW) - (o) -EF) }
fj(y) o
t s (1-F3)
Where )
Fp = n(n — DE [Wia(z)] ;Ww(x),
and )
) = o - DR W) ; Wl H bty =)
also .
fa(y) = (= D)hE [Waa(2)] 4 Z Wij(2)H'(hi' (y = Y5))
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Lemma 3.2. under assumptions (H1), (H3)-(H6), we obtain that:

~ Ind
sup |Ff — 1| = Oq.co — .
s b = ( mb(hk))

Corollary 3.3. Under the assumptions of Lemma 3.2, we have that:

§J:IF> inf Ff <= L < o0
—) TESF D 2 '

Lemma 3.4. Under assumptions (H1), (H2) and (H5), we obtain that:
sup sup | f*(y) - E[f§ ()] = O(h%) + O(h).
rESF yESR

Lemma 3.5. Under assumptions (H1), (H2) and (H5), we obtain that:
sup sup |F*(y) — E[F§(y)]| = O(h) + O(hf).
zESF yeSR

Lemma 3.6. Under the assumptions of Theorem 3.1, we get:

2€Sp yeSa nt=1¢(hr)

iy i \ dn
mmwpm@mﬁ@m—%m(n>

Lemma 3.7. Under the assumptions of Theorem 3.1, we get:

~ ~ Ind,
sup sup |F& —E[F{(y)]| = Oq.co. —_ .
.reSP; yeg)[{‘ ~(©) [FN ()] a.co ( 7L17(z5(h}())
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4 Appendix
In what follows, we define the quantities, for any x € 7, andforalli =1,....,n
Ki(z) = K(h'6(2, X;)), Bi(z) = B(X;, ) and Hi(y) = H(hy'(y — V7).

Proof of Lemma 3.2.
The proof of this lemma is based on the same decomposition kind, we have:

pe _ 0503 (h) —~ Ki(z)
- n(fz(—l ( Zm )( ZILK@(hK) ( th )( th )
— ﬁ,—’

Er

Ds(x) Da(a) Ds(x) Ds(x)
Thus, all it remains to show are the following uniform convergences:

Ind,
no(hi)

sup [Dy(x) — E[Dg(2)]| = O (

. a.co. fork =2,3,4. (4.1)
zeSF
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and

sup [B[Da(a)[ELDa(2)] ~ ELDo(x)Dila )]Varw3<xm:o< o dn )

and, also that, uniformily on z € Sz:

E; =0(1) and |E[Dg(z)]] = O(1), for k = 2,3, 4.

Clearly, the last two equations are direct consequences of assumption (H1),morever indeed,

by noting: j(z) = arg {1121111 |0(z, 21 )|, we consider the following decomposition:

sup IDk(-r)*JE[Dk( M= sup |Di(@) = De(@j)| + sup [De(@j) = E[De(@j)] |
z€SF

z€SF TESF

NE Ng
+ sup |E[Dy ()] — E[Dg(2)] |
reSF

N

Firstly, we consider the terms Nf and N} have almost the same treatment. let us analyse the
first term N¥ for k = 2,3,4. Since K is supported within [—1, 1], we can write for all k = 2,3,4
that:

Nf < ) %hK) sup Z|K (@) B (@) B(ane) (Xi) = Ko@) B (@50 1B, 0 ) (X

ZES]:

C(k—2) _ NAk—20  ak—2 _
mxﬁ%z}&( B (i) (XIBT (%) = B (@) ) B0y hrc) (X

o 2 hKuSeust;ﬁ @) VB (@ 0y ki) (K K (2) 1B (0,0 (Xi) — Ki (@) -

The Lipschitz condition on K allows us directly to write:

1B, ) (XK () 1B (2 o) (Xi) — K@) < C€lpaho)nB oy hae) (Xi) + ClB(Ij(I),hK)mm(Xi)-

We apply again Lipschitz condition on 3 to get:

LB(e ) (Xi) |Bi(2) = Bi(@j@) L B a0y i) (Ki) | < €L B i) B0y ) (K TR g o) i, oy i) (KD

1B e (Xa) |87 (@)= B (2(2)) 15200 ) (Xl < €k B ) B2 0y i) (Xi)‘f'h%(lB(z_’hK)mW(Xi)

which implises that, for k = 3, 4:
15 (X0 1B () — 55_2(%(3;))1B($](z),hK)(Xi)|

k-3 k—2
< ehly; 1B(w,hK)mB(z]<m),hK>(Xi) + hy, 1B(z,hK)ﬂB(zj(I),hK)(Xi)'
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Thus

NF < Csup (G’fl + G2+ GYy + G14>,

TzESF

E L Ce2) N , o N ,
NH o "L‘l’m(hK)Z IB('I7hK>nB($j(J‘,)7hK)(XZ)’ Niz = mbm(hK)Z IB(x,hK)ﬁB(zj(z),hK)(X’L):
=1 =1
kE _ _C(k—2) ) __C )
N13 - nhK(j)z(h;)Z 1B(thK)ﬁB<Ij(z)th)(XZ)’ N14 - n(j)z(hK)Z 1B(xj($),h1<)ﬂ3(m,h}<)(XZ)'
i=1 =1
Now, to evaluate the terms N, N12, Nf; and N14, we can apply a standard inequality for sums
of bounded random variables with Z; is identified such that:

1 k
¢m(hK) xseuspf[IB(z’hK)mB<xj(w)th)(Xz)} for Nn

€ k
Z; = mzseug:[IB(z,hK)ﬁB(xj(w),hK)(Xi)} for N1 and N7y

sup for Nig

1
G acr [y iy 50

Clearly, under the second part of (H1), we have for the first and the last case:

Z=0 (@) CE[Zi] =0 (¢(;K)> and Var(Zy) = O (m) .

So that, we obtain:
Inn
Nk — o > 4 Oueo _emn )
H (¢mK> “\\ no(hx)?

In the same way, assumption (F7) allows to get, for G5 or G¥, case

€ €

which implies that:

In d
k __ n
N1 = Oq.co. ( - ¢>(hK)) .

To achieve the study of the term NF, it suffices to put togather all the intermediate results and
use (H7) to obtain:

k In d,
M—%m<ndwﬂ. (42)
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Furthermore, since:

Ny <E [Sup | Di(z) — Dk(xj(ac))|:| ,

TESF

In d,
Ngf—o(,/w(h[()). (4.3)

Secondly, treatment of the term G’;. For all n > 0, we have that:

[ Ind
: Indy, — . n
P (NQk >/ n ¢(hx>> =P (je{rﬂ%%dn}Dk(L](z)) - E[Dk(l](x))” > n ¢(hK)> )

Ind
<dp, max P (Dk(xj(z)) - E[Dk(mj(z)m > . ) :

we obtain:

jE{1,dn} n ¢(hi)
Set

1
Api= —F=5
C O nhi (hi)
By using a Bernstein-type inequality, we have for all j = 1, ...,d,, and i = 1, ..., n, that:

(Ki(wk)ﬁfﬂ(wk) - E[Ki(wk)ﬁ§72(wk)}> , fork =2,3,4.

E|Ai|™ = O(¢(hr) ™), fork =2,3,4

so0, we get
" Ind
Ind, _ 1 . n
P (‘Dk(xk) - E[Dk(xk)” > n ¢(hK)) =P (n|;Alk2| > n d)(hK)) 5
< 2exp{-Cn?Ind,}.
Thus, by choosing 7 such that C?> = 3, we obtain that :
dy _max P (|Di(ey) — ED@)]| > )| —m | < ¢/alP (4.4)
n X i — f < n - .
ke{l,dn} b ¥ N 0 é(hx)

n
Since » "d), " < oo, we obtain
i=1

Ind,
N2 = Oacu. < n ¢(hK)> .

Proof of Corollary 3.3.
Clearly, we have that:
~ 1. .
inSf Fp(x) < 3 implies that exists = € S such that
TESF

=~ 1
1= Fo(a)| > 3,
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which allows to write .
sup |1 — Fp(z)| > =
zeSFE 2
According to the Lemma 3.2, we obtain

ZP(mngffFD 1) ZP(Sup 11— Fp(z)| > ;) < 00.

z€SF

Proof of Lemma 3.4.
Since the pairs (X;, Y;) are identically ditributed then:

E[f%] = E[Wia(@)[E[hy; Hi | X]]).
By the usual change of variables t = % we obtain:
h ' E[H|X] = / H(t)fX(y — hyt)dt,
R

therefore
IE[H[X] - f2(y)] < / HEFX(y — hat) — £ (y)\dt.

Thus, by using (Hz) and (H4), we obtain:

L) (X)EH |X] - f2(y)| < C /R H(t) (R + [t2h%)dt = O((h3: + hip).

So, uniformly on z and y, we get:

sup sup | f7(y) — E[f5 ()] = O(h}) + O(h%3).
z€SF yeSk

Proof of Lemma 3.6.

The proof of this lemma follows the steps as for proving Lemma 3.2, where Ds(x), Ds(x) and

Dy(z) are replaced by :

s _ I K(@)Bi(x) Hj(y)
Wi ’E; hichiroa

)
(hi)
n H
Wi = LK@ (2 ]gw

ni h2-hp ¢ (hi

we keep the notation used previously, namely, in the definitions of j(z), t, and [,

based on the following decomposition:

10

. The proof is
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Wi(y) —EWEW - < sup sup [V (y) — V7 (y)]

TESF yESR
Ay N
+ sup sup |W i@ (y) — Wi](”)(ty)|
TESF yESR
x A2 xZ;
+ sup sup |W; i) (ty) —E[W, i@ (ty)]]
TESF yESR
As
+sup sup [B[W, 7 (t,)] — E[W;”“ (y)]]
TESF yESR
Ay
+sup sup [E[W; " (y)] — E[W} (y)]l-
TESF yESR
As
Similarly to the study of the term G, we obtain:
_ Ind, _ Ind,
A1 = Oy.co. ( 7117¢(’U()> and As = Oq.co. ( nl'Yqzﬁ(hK)> ) (4.5)

for treat the term A,, we use the Lipschitz’s condition on the kernel H and, we can write:

o In
W (y) — W7 (¢ )|<CmZK ()81 (@) | Hi(y) — Hi(ty)| < 72, 72 Mi(@jm)),

where M;(.) for i = 2,3,4, are treated |n proof of Lemma 3.2. Thus by using the facts that:
I, =n~ 27742 and (HT), we obtain:

Ind, _ Ind,
Az = Oq.co. ( nl”(b(hK)> and Ay = Og.co. ( W) . (4.6)

Finally, for the term A3, we have for all n > 0 that:

lnd x i lnd
Pl A T =P W i(z) _EIW: J(x) t n ,
< 2 nl%(hz()) (16{1 2 ) ke(L2ns ‘ (ty) ~EW (0] > nhid(hi)

= o Ind
< spd P W7 (ty) = EW, 7 (4] > ny | —F— | -
> Sn n]G{IIgaX,Qn}kG{Eg}X,dn} ( 7 ( y) [ 7 ( y)” n nthb(hK)

To do this last probability, we use the classical Bernstein’s inequality such that, we put:

1
Zl = m (Ki(mj(z))Hi(ty)ﬁf(xj(z)) - ]E[Ki(xj(m))Hi(ty)ﬁé(xj(z))}) ,for 1=0,1,2.

By the assumption (H3), we have that —(K;f!) < C and since H < 1 then, we can write:
K

/

C

) -
1Zi] < hirow(hrc)’

C
—— and EZl <
L NP 1zl <

1
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Morover, we use the classical Bernstein’s inequality allows us to write for all ) € (0,C"/C):

ln d / 2
Zl > n < —Cn
(' 2 Zlzn nhy oz (hK)) =Cdn

Therefore, the last equation allows to obtain:

Vj < $p, P <|Wf“” (t,) — E[W,7 (t,)]| >

Ind
— " | <2exp{—-Cn®Ind,},
nhH¢(hK)> < 2exp{=Cr }

since s, = O(n=2771/2), Inde o 1. and by choosing C? = 5, one gets:

(o - hld "
ndn P (W7 t,) —EW " @) >n| — 2 | <" s,d-7".
O (L2 S} k(L2 e} (' i ) Z BRI > nhid(h) ) = 0

By using the fact that lim,,,, n7hy = oo, and second part of condition (H7), we obtain

Ind,
A3 = Oa.co. ( nl‘Yqu(hK)> . (4-7)

Thus, Lemma 3.6 is result can be deduced from (4.5), (4.6), (4.7).

Remark 4.1. The proof of Lemma 3.5 (resp. Lemma 3.7) follows the same eteps as for proving
Lemma 3.4 (resp. Lemma 3.6) .
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