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ABSTRACT

This paper deals with the evolution of space curve. The change rate of length, curvature
and torsion are derived for space curves.
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1 Introduction

In many design and construction problems, such as reverse engineering, multi-component
mesh optimization and industrial geometric design from a wireframe, smooth space curves are
required to be produced by noisy data. This aim can be significantly done by using geometric
flows for blurring (smoothing) the input data with shape preserved (Xu, 2012). In order to
restore an original image whose some part of it is corrupted, one can use inpainting. The first
step for inpainting is using curve evolution to find the boundary of defected zone. When we
are dealing with a 3D defected image that needs inpainting, we can use the curve evolution
in space. Therefore, the knowledge on the change rate of the length or other geometric flows
are very important. Richardson and King in (Richardson and King, 2002) applied Lie group
based similarity methods to the study of class of objects, namely motions of a space curve. In
particular, they have scribed the motion of an evolution curve with curvature as velocity flow. Xu
in (Xu, 2012) defined some differential operators on space curves. Based on those operators,
several second-order and fourth-order geometric flows for evolving space curves have been
constructed (For further reading, we can refer to articles (EI-Ahmady and Al-Hesiny, 2013) and
(Gong, 2013)). In this paper, we generalize the topics such as change rate of length, curvature
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from planar curve (that are seen for instance in (Kimmel, 2003)) to the space curve evolution.
To this end, consider the family of space curves given by C(s,t) : [0, L(t)] x [0,T) — R? where
s is the arc length of the curve C at time ¢ and L(t) is the length of the curve at time ¢. Suppose
that the curve evolution equation in time is given by

Ct :7, C(S,O) 200(8),

where 7(s,t) : [0,L] x [0,T) — R? is a velocity vector field that changes smoothly along the
curve. The evolution curve can equivalently written in terms of tangential 7 = (s, normal ﬁ
and binormal 3 components of the velocity 7 along the curve by

C=VIT + VNN +VEE, C(s,0) = Co(s), (1.1)

where VT =< 7,? > VN =< 7,ﬁ > and VB =< 7,§ >. Of course, the tangential
component affects only the parameterization and not the geometric shape of evolving curve.
The following lemma confirms the above statement:

Lemma 1.1. The family of curves C(p,t) that solves the evolution curve (1.1), where V¥ and
VB do not depend on the parameterization of the curve, can be converted into the solution of

¢, =VVN + VBB, (1.2)
by a change of parameterization.
Proof. We have o
ac(ﬂ t) = Cppt + C.

For the length parameterization, we have C), = C;s), = ?sp. Using these two expressions, we
calculate:
%C(p, t) = s T +VIT + VNN + VBB = (s,pe + V)T + VNN + VBB,

By solving the first order ordinary differential equation s,p: + V' = 0, we arrive at (1.2).
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2 Properties of curve evolution

In this section, we describe some properties of the curve evolution. First, the length of a curve

is given by L(t f < Cy,C, >1/2 dp. Then,

d 1
ly - = ' 1/2 > Tt
0] dtf<C’“C >12 dp = 0f<cp,c STPL

dp
< 751),75,, >1/2
< %(vNﬁ “VEBB)., T > dp
19}

< &(vNﬁ Y VBE)s,, T > dp

S

O O O, o%,_

1 L
= —f SPKVNdp = —f,‘iVNdS.
0

In above, we used the relation 5 ﬁ —n? + r?.

< VNN + VN(—K? + TB) + VSBB + VB(—Tﬁ), T > spdp

Now, we calculate the changes of curvature curve in terms of ¢. Before that, let the metric
along the curve be g =< C,, C,, >'/2. Then, the change of g in time ¢ is computed as follows:

< Cy, Cp > g Nﬁ B§ ?
g = 7<CP,C >1/27< (V +V®B),T >

- g<s VNﬁ+VB§ T >

= g<VSNﬁ+VN KT +7B)+ VBB + VB(—rN), T >

—rgVV.
To compute the derivatives of C'in p, first it is clear that

Cp = g?.

Moreover, we have

0 0
Cpp =-Cp :gg(g?) :ggs?+92’iﬁ~

- gas
Also, the third derivative of C'in p is given by

0 0
Copp = ga—C’pp = gf(ggs? + gzﬁﬁ)

= ggs?—i_g gss?"'SQ gs’fﬁ"t‘g nsﬁ—i—g K( H?-ﬁ-TB

= (992 + 0%gss — KGN T + (3¢%0ski + gs) N + k7 B.

The change of C in terms of ¢ and p is given by

co = 2Loi= 2NN vEB) ) =95 vNﬁ+VB§

dp 8

= gVSNN> + gVN(—H? + Tﬁ) + gi”? + gVB(—Tﬁ)

= f/{gVN? + (gVN - gVBT)ﬁ +(gVNT + ngB)g.

95

(2.5)

(2.6)



International Journal of Applied Mathematics and Statistics

0

Ctpp = —C

dp

= fg%sVN? - /fggsVN? — ngQVSN? — HQgQVNﬁ + ggsszﬁ

nga

+ gQVS{Xﬁ + gzsz(fﬁ? + TB) - ggSVBTﬁ - gQVSBTﬁ

— PVBLN — VBr(—kT +7B) + gV 7B + VN7 B

+ PVVEE + PV (—rN) + g9 VI B + g?VEB + g2V (- N)

= (—g*k VN — kgg VN — 26g2VN + @2VErR) T

+ (=&22VN + g9 VN + g?VE — g9 VP — ?VEr — g2V 7,

— VNP = PVPDN + (VT - VB 4 gg VT + PV N

+ VN4 gg VP + 2V B,

O (hgVNT 1 (VN — gVBn)N + (VN7 + gVB) B)

The following relations are also satisfied for the outer products of the derivatives of C' in ¢ and

p:
Cip X Cp

Cp X Ctpp

= (=wkgVNT + (gVN — gVPr)N + (¢V V7 + gVF) B)
x (99T + g?kN)
= (—g*VNrk — @PRVE)T + (¢2VVrg, + g?VEg)N

+ (=r2gPVN — g2g, VN +g2VBTgS)§,
= (~g’VNr+ VI — g VT — VT — PV

— G0VE - PVEN + (-r2gVN 4 g2,V 4 gV

— VI - PVPr — PV — PV - VI B,

Now, we are ready to calculate the changes of curvature in time:

9 |Cp x Cpp| _ 9 < Cp x Cpp, Cp x Cpp >

Rt

ot

<Ci,p XCpp+Cp XCtppan XCPP> 3

|Gl ot g°

<CpxCpp,CyxCpp>172 9

—3¢%g: < Cp X Cpp, Cp x Cpyy >1/2

By (2.3) and (2.4), it

gﬁ
is seen that

Cp x Cpp = 9353.

Moreover, by (2.8), (2.9) and (2.11) we have

< Ctp X Cpp

+  Cp x Cipp, Cp x Cppy >= =3¢V N — gPg, VN

+ P9 VEBrh — ¢OVNK + g9 VN Kk + ¢V &

— gGVSBTm — gGVBTsn — g5gSVB7’/<a — gﬁvNTQH — gﬁ‘/sBTKJ

= 72n3g6VN + gﬁvgli — gGVBTs/{ — gGVNTQK — 2g6VSBTIi.
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Finally, by (2.10), (2.11) and (2.12) we obtain the following result:

Kt = K2VN 4 Vf! — VBTS — VN2 QV;BT.

By (2.13), we see that for planar curves, i.e., 7 = 0, we have x; = K2VN + VSJSV.

(2.13)

Now, we want to calculate the change of torsion 7 with respect to time. To this end, first the

0 0 . .
operators — and — can be commuted according to the following rule:

ot s
5=V 5 o
since
00 _ 000 g0 100
Ot Os Ot g Op g20p  gOpot
kgVN 9 1 99 9 9D

g2 955 EQ%§_K ds  Osot
In view of (2.14),

2C  2C N CH . . N
T, = e = g RV = (v N4+ VBE) +wVNT

= VAN 4+ VN(=kT +7B) + VEB + VE(—rN) + VN T

= (VN —7VE)N + (VE +7VN)B.

Furthermore, from

we have
2T Mo N
otos RN
Therefore, one can write:
nvNaj + %((VSN — VBN 4 (VE + VM) E)

= (HZVN + Vgﬁf — VB, VN2 _ 2‘/;37')N2 + Hﬁt

In view of (2.17), we have:

R2VNN 4 VAN — VELN - rVEN - UN&T

VBT + TVSNﬁ ~2VBB 4 V,,B + VB

+7VNB - VBN - 2VNN

— VNN L VYN — VBN — 7VV2N — 2VBr N + kN,
that implies

N _ 2y/B B N N
ﬁt:(TVBf‘/;N)?+TVS TV +Vss+7—sv +TVS E

)

K
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and
YN, 2yB_yB_ N _ /N
By=(—rvNoviT e T Z VTV (2.20)
0 N
Now, from — = —7 N, we have
0s
2B
= —nN — 7N 2.21)

The equality (2.22) yields that

Y3

_ YN 2B _yB_ _yN_ N
HVNE+%((*VSB*TVN)?+ TV + 12V ‘H/SS TV TV, ﬁ)

(2.22)
N _ 2y B VB SvN N
= N (VB YN T 4 e T Ve IRV AT
Thus, the change of torsion in time ¢ is as follows:
VN 4+ 72vB VB vN VN
7 =267V N 4+ gV — aﬁ( Ve TV Z T ™% . (2.23)
S

In the case that VY = x and VB = 0, i.e., we are dealing with curvature flow, the following
theorem can be stated on the A(¢) where A is the area of the minimal disk bounded by a closed
curve in space evolving by

oC N

— =kKN.

ot
Theorem 2.1. (?) Let A(t) be the area of the minimal disk bounded by a closed curve in space
evolving by the curvature flow, then A'(t) < —2r.

3 Discussion on flows

In this section, we discuss on different flows. First, for the case VY = 1,VE = 0, by (2.1) we
have (Kimmel, 2003)
L
L
L _ /de = 2,

Ef_
0

which means that the change rate of length is constant. Moreover, by (2.13) and (2.23) the
change rate of curvature and torsion in time are given by

Ky = K2 — 72, (3.1)

and

—Ts

Tssh — RsTs

T =2KkT — —(—) = 2kT + (32)

05" K K2

By (3.1), itis seen that if 7 = 0, then we will have a Riccati equation whose solution is given by

_ k(»0)
Kk(p,t) = T th(p,0)’
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with singularity at ¢t = 1/x(p,0). The equation (3.2) shows that the torsion can blow up even
though the curvature reminds bounded. For VV = 0, V5B = 1, the constant evolution equation

reads
c, = B.

In this case, by (2.1), during the evolution, the length of the curve is constant. Moreover, the
curvature change in time is given by x, = —75. Moreover, the torsion change, in time, is given
by

o 7
o5 R )

Tt =

4 Numerical scheme

In this section, we present an implicit finite difference scheme for solving the system given by
(3.1) and (3.2).

Example 1. In the following space curve, we show how the rate of curvature and torsion is
changed.
C(s,t) = {€'(2 + sin(3s))cos(s), €' (2 + sin(3s))sin(s), tcos(3s)}.

By forward difference scheme in time and spatial domains we have:

_ 2 2
Kij+1 = Kij + At(lﬁi,j — Ti,j)’ (4.1)
and
2
Kij+1 Kij+1 3 Kij+1  Kitlj+1 — Kij+1
- Tic1j+1 + (——— —2K7 1 +2 — : Ti j+1
A2p J+ ( At i,5+1 A2z A2y )l,]Jr (4 2)
Kiitl  Ritd il — Fiiol K2,+1
4]+ i+ 1,j+1 ™ Mg+ ",J
+(— Titlitl = Ti i
( AZI A2ZE ) +1,7+ At 7

By computing «; j4+1 from relaion (4.1) and replacing it in relaion (4.2), we obtain an upper
triangular system from which the torsion 7; ;1 is determined. Figure (1) shows the change of
curvature and torsion at times 0.1,0.4, 0.8, 1, respectively.
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Figure 1: The change of curvature and torsion in different times.
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