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ABSTRACT

This paper deals with the evolution of space curve. The change rate of length, curvature
and torsion are derived for space curves.
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1 Introduction

In many design and construction problems, such as reverse engineering, multi-component
mesh optimization and industrial geometric design from a wireframe, smooth space curves are
required to be produced by noisy data. This aim can be significantly done by using geometric
flows for blurring (smoothing) the input data with shape preserved (Xu, 2012). In order to
restore an original image whose some part of it is corrupted, one can use inpainting. The first
step for inpainting is using curve evolution to find the boundary of defected zone. When we
are dealing with a 3D defected image that needs inpainting, we can use the curve evolution
in space. Therefore, the knowledge on the change rate of the length or other geometric flows
are very important. Richardson and King in (Richardson and King, 2002) applied Lie group
based similarity methods to the study of class of objects, namely motions of a space curve. In
particular, they have scribed the motion of an evolution curve with curvature as velocity flow. Xu
in (Xu, 2012) defined some differential operators on space curves. Based on those operators,
several second-order and fourth-order geometric flows for evolving space curves have been
constructed (For further reading, we can refer to articles (El-Ahmady and Al-Hesiny, 2013) and
(Gong, 2013)). In this paper, we generalize the topics such as change rate of length, curvature
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from planar curve (that are seen for instance in (Kimmel, 2003)) to the space curve evolution.
To this end, consider the family of space curves given by C(s, t) : [0, L(t)]× [0, T ) → R

3 where
s is the arc length of the curve C at time t and L(t) is the length of the curve at time t. Suppose
that the curve evolution equation in time is given by

Ct =
−→
V , C(s, 0) = C0(s),

where
−→
V (s, t) : [0, L] × [0, T ) → R

3 is a velocity vector field that changes smoothly along the
curve. The evolution curve can equivalently written in terms of tangential

−→
T = Cs, normal

−→
N

and binormal
−→
B components of the velocity

−→
V along the curve by

Ct = V T−→T + V N−→
N + V B−→B, C(s, 0) = C0(s), (1.1)

where V T =<
−→
V ,

−→
T >, V N =<

−→
V ,

−→
N > and V B =<

−→
V ,

−→
B >. Of course, the tangential

component affects only the parameterization and not the geometric shape of evolving curve.
The following lemma confirms the above statement:

Lemma 1.1. The family of curves C(p, t) that solves the evolution curve (1.1), where V N and
V B do not depend on the parameterization of the curve, can be converted into the solution of

Ct = V N−→
N + V B−→B, (1.2)

by a change of parameterization.

Proof. We have
∂

∂t
C(p, t) = Cppt + Ct.

For the length parameterization, we have Cp = Cssp =
−→
T sp. Using these two expressions, we

calculate:

∂

∂t
C(p, t) = sppt

−→
T + V T−→T + V N−→

N + V B−→B = (sppt + V T )
−→
T + V N−→

N + V B−→B.

By solving the first order ordinary differential equation sppt + V T = 0, we arrive at (1.2).
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2 Properties of curve evolution

In this section, we describe some properties of the curve evolution. First, the length of a curve

is given by L(t) =
1∫
0

< Cp, Cp >
1/2 dp. Then,

d

dt
L(t) =

d

dt

1∫
0

< Cp, Cp >
1/2 dp =

1∫
0

< Ctp, Cp >

< Cp, Cp >1/2
dp

=
1∫
0

<
∂

∂p
(V N−→

N + V B−→B ),
−→
T sp >

<
−→
T sp,

−→
T sp >1/2

dp

=
1∫
0

<
∂

∂p
(V N−→

N + V B−→B ),
−→
T > dp

=
1∫
0

<
∂

∂s
(V N−→

N + V B−→B )sp,
−→
T > dp

=
1∫
0

< V N
s

−→
N + V N (−κ

−→
T + τ

−→
B ) + V B

s

−→
B + V B(−τ

−→
N ),

−→
T > spdp

= −
1∫
0

spκV
Ndp = −

L∫
0

κV Nds.

(2.1)

In above, we used the relation ∂
∂s

−→
B = −κ

−→
T + τ

−→
B .

Now, we calculate the changes of curvature curve in terms of t. Before that, let the metric
along the curve be g =< Cp, Cp >

1/2. Then, the change of g in time t is computed as follows:

gt =
< Ctp, Cp >

< Cp, Cp >1/2
=<

∂

∂p
(V N−→

N + V B−→B ),
−→
T >

= g <
∂

∂s
(V N−→

N + V B−→B ),
−→
T >

= g < V N
s

−→
N + V N (−κ

−→
T + τ

−→
B ) + V B

s

−→
B + V B(−τ

−→
N ),

−→
T >

= −κgV N .

(2.2)

To compute the derivatives of C in p, first it is clear that

Cp = g
−→
T . (2.3)

Moreover, we have

Cpp = g
∂

∂s
Cp = g

∂

∂s
(g
−→
T ) = ggs

−→
T + g2κ

−→
N. (2.4)

Also, the third derivative of C in p is given by

Cppp = g
∂

∂s
Cpp = g

∂

∂s
(ggs

−→
T + g2κ

−→
N )

= gg2s
−→
T + g2gss

−→
T + 3g2gsκ

−→
N + g3κs

−→
N + g3κ(−κ

−→
T + τ

−→
B )

= (gg2s + g2gss − κ2g3)
−→
T + (3g2gsκ+ g3κs)

−→
N + g3κτ

−→
B.

(2.5)

The change of C in terms of t and p is given by

Ctp =
∂

∂p
Ct =

∂

∂p
(V N−→

N + V B−→B ) = g
∂

∂s
(V N−→

N + V B−→B )

= gV N
s

−→
N + gV N (−κ

−→
T + τ

−→
B ) + gV B

s

−→
B + gV B(−τ

−→
N )

= −κgV N−→
T + (gV N

s − gV Bτ)
−→
N + (gV Nτ + gV B

s )
−→
B.

(2.6)
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Ctpp =
∂

∂p
Ctp = g

∂

∂s
(−κgV N−→

T + (gV N
s − gV Bτ)

−→
N + (gV Nτ + gV B

s )
−→
B )

= −g2κsV
N−→
T − κggsV

N−→
T − κg2V N

s

−→
T − κ2g2V N−→

N + ggsV
N
s

−→
N

+ g2V N
ss

−→
N + g2V N

s (−κ
−→
T + τ

−→
B )− ggsV

Bτ
−→
N − g2V B

s τ
−→
N

− g2V Bτs
−→
N − g2V Bτ(−κ

−→
T + τ

−→
B ) + ggsV

Nτ
−→
B + g2V N

s τ
−→
B

+ g2V Nτs
−→
B + g2V Nτ(−τ

−→
N ) + ggsV

B
s

−→
B + g2V B

ss

−→
B + g2V B

s (−τ
−→
N )

= (−g2κsV
N − κggsV

N − 2κg2V N
s + g2V Bτκ)

−→
T

+ (−κ2g2V N + ggsV
N
s + g2V N

ss − ggsV
Bτ − g2V B

s τ − g2V Bτs

− g2V Nτ2 − g2V B
s τ)

−→
N + (g2V N

s τ − g2V Bτ2 + ggsV
Nτ + g2V N

s τ

+ g2V Nτs + ggsV
B
s + g2V B

ss )
−→
B,

(2.7)

The following relations are also satisfied for the outer products of the derivatives of C in t and
p:

Ctp × Cpp = (−κgV N−→
T + (gV N

s − gV Bτ)
−→
N + (gV Nτ + gV B

s )
−→
B )

× (ggs
−→
T + g2κ

−→
N )

= (−g3V Nτκ− g3κV B
s )

−→
T + (g2V Nτgs + g2V B

s gs)
−→
N

+ (−κ2g3V N − g2gsV
N
s + g2V Bτgs)

−→
B,

(2.8)

Cp × Ctpp = (−g3V N
s τ + g3V Bτ2 − g2gsV

Nτ − g3V N
s τ − g3V Nτs

− g2gsV
B
s − g3V B

ss )
−→
N + (−κ2g3V N + g2gsV

N
s + g3V N

ss

− g3V B
s τ − g3V Bτs − g2gsV

Bτ − g3V Nτ2 − g3V B
s τ)

−→
B.

(2.9)

Now, we are ready to calculate the changes of curvature in time:

κt =
∂

∂t

|Cp × Cpp|
|Cp|3 =

∂

∂t

< Cp × Cpp, Cp × Cpp >
1/2

g3

=

<Ctp×Cpp+Cp×Ctpp,Cp×Cpp>

<Cp×Cpp,Cp×Cpp>1/2 g3 − 3g2gt < Cp × Cpp, Cp × Cpp >
1/2

g6
.

(2.10)

By (2.3) and (2.4), it is seen that

Cp × Cpp = g3κ
−→
B. (2.11)

Moreover, by (2.8), (2.9) and (2.11) we have

< Ctp × Cpp + Cp × Ctpp, Cp × Cpp >= −κ3g6V N − g5gsV
N
s κ

+ g5gsV
Bτκ− g6V Nκ3 + g5gsV

N
s κ+ g6V N

ss κ

− g6V B
s τκ− g6V Bτsκ− g5gsV

Bτκ− g6V Nτ2κ− g6V B
s τκ

= −2κ3g6V N + g6V N
ss κ− g6V Bτsκ− g6V Nτ2κ− 2g6V B

s τκ.

(2.12)
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Finally, by (2.10), (2.11) and (2.12) we obtain the following result:

κt = κ2V N + V N
ss − V Bτs − V Nτ2 − 2V B

s τ. (2.13)

By (2.13), we see that for planar curves, i.e., τ = 0, we have κt = κ2V N + V N
ss .

Now, we want to calculate the change of torsion τ with respect to time. To this end, first the

operators
∂

∂t
and

∂

∂s
can be commuted according to the following rule:

∂

∂t

∂

∂s
= κV N ∂

∂s
+

∂

∂s

∂

∂t
, (2.14)

since

∂

∂t

∂

∂s
=

∂

∂t
(
1

g

∂

∂p
) = − gt

g2
∂

∂p
+

1

g

∂

∂p

∂

∂t

=
κgV N

g2
g
∂

∂s
+

1

g
g
∂

∂s

∂

∂t
= κV N ∂

∂s
+

∂

∂s

∂

∂t
.

(2.15)

In view of (2.14),

−→
T t =

∂2C

∂t∂s
=

∂2C

∂s∂t
+ κV N ∂C

∂s
=

∂

∂s
(V N−→

N + V B−→B ) + κV N−→
T

= V N
s

−→
N + V N (−κ

−→
T + τ

−→
B ) + V B

s

−→
B + V B(−τ

−→
N ) + κV N−→

T

= (V N
s − τV B)

−→
N + (V B

s + τV N )
−→
B.

(2.16)

Furthermore, from
∂
−→
T

∂s
= κ

−→
N,

we have
∂2−→T
∂t∂s

= κt
−→
N + κ

−→
N t.

Therefore, one can write:

κV N ∂
−→
T

∂s
+

∂

∂s
((V N

s − τV B)
−→
N + (V B

s + τV N )
−→
B )

= (κ2V N + V N
ss − V Bτs − V Nτ2 − 2V B

s τ)
−→
N + κ

−→
N t

(2.17)

In view of (2.17), we have:

κ2V N−→
N + V N

ss

−→
N − V Bτs

−→
N − τV B

s

−→
N − V N

s κ
−→
T

+V Bτκ
−→
T + τV N

s

−→
B − τ2V B−→B + Vss

−→
B + τsV

N−→
B

+τV N
s

−→
B − V B

s τ
−→
N − τ2V N−→

N

= κ2V N−→
N + V N

ss

−→
N − V Bτs

−→
N − τV Nτ2

−→
N − 2V B

s τ
−→
N + κNt,

(2.18)

that implies

−→
N t = (τV B − V N

s )
−→
T +

τV N
s − τ2V B + V B

ss + τsV
N + τV N

s

κ

−→
B, (2.19)
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and

−→
B t = (−τV N − V B

s )
−→
T +

−τV N
s + τ2V B − V B

ss − τsV
N − τV N

s

κ

−→
N. (2.20)

Now, from
∂
−→
B

∂s
= −τ

−→
N, we have

∂2−→B
∂t∂s

= −τt
−→
N − τ

−→
N t. (2.21)

The equality (2.22) yields that

κV N ∂
−→
B

∂s
+

∂

∂s
((−V B

s − τV N )
−→
T +

−τV N
s + τ2V B − V B

ss − τsV
N − τV N

s

κ

−→
N )

= −τt
−→
N − τ((τV B − V N

s )
−→
T +

τV N
s − τ2V B + V B

ss + τsV
N + τV N

s

κ

−→
B ).

(2.22)

Thus, the change of torsion in time t is as follows:

τt = 2κτV N + κV B
s − ∂

∂s
(
−τV N

s + τ2V B − V B
ss − τsV

N − τV N
s

κ
). (2.23)

In the case that V N = κ and V B = 0, i.e., we are dealing with curvature flow, the following
theorem can be stated on the A(t) where A is the area of the minimal disk bounded by a closed
curve in space evolving by

∂C

∂t
= κ

−→
N.

Theorem 2.1. (?) Let A(t) be the area of the minimal disk bounded by a closed curve in space
evolving by the curvature flow, then A′(t) ≤ −2π.

3 Discussion on flows

In this section, we discuss on different flows. First, for the case V N = 1, V B = 0, by (2.1) we
have (Kimmel, 2003)

dL

dt
= −

L∫

0

κds = −2π,

which means that the change rate of length is constant. Moreover, by (2.13) and (2.23) the
change rate of curvature and torsion in time are given by

κt = κ2 − τ2, (3.1)

and

τt = 2κτ − ∂

∂s
(
−τs
κ

) = 2κτ +
τssκ− κsτs

κ2
. (3.2)

By (3.1), it is seen that if τ = 0, then we will have a Riccati equation whose solution is given by

κ(p, t) =
κ(p, 0)

1− tκ(p, 0)
,
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with singularity at t = 1/κ(p, 0). The equation (3.2) shows that the torsion can blow up even
though the curvature reminds bounded. For V N = 0, V B = 1, the constant evolution equation
reads

Ct =
−→
B.

In this case, by (2.1), during the evolution, the length of the curve is constant. Moreover, the
curvature change in time is given by κt = −τs. Moreover, the torsion change, in time, is given
by

τt = − ∂

∂s
(
τ2

κ
).

4 Numerical scheme

In this section, we present an implicit finite difference scheme for solving the system given by
(3.1) and (3.2).

Example 1. In the following space curve, we show how the rate of curvature and torsion is
changed.

C(s, t) = {et(2 + sin(3s))cos(s), et(2 + sin(3s))sin(s), tcos(3s)}.
By forward difference scheme in time and spatial domains we have:

κi,j+1 = κi,j +Δt(κ2i,j − τ2i,j), (4.1)

and

−κi,j+1

Δ2x
τi−1,j+1 + (

κ2i,j+1

Δt
− 2κ3i,j+1 + 2

κi,j+1

Δ2x
− κi+1,j+1 − κi,j+1

Δ2x
)τi,j+1

+(−κi,j+1

Δ2x
+

κi+1,j+1 − κi,j+1

Δ2x
)τi+1,j+1 =

κ2i,j+1

Δt
τi,j .

(4.2)

By computing κi,j+1 from relaion (4.1) and replacing it in relaion (4.2), we obtain an upper
triangular system from which the torsion τi,j+1 is determined. Figure (1) shows the change of
curvature and torsion at times 0.1, 0.4, 0.8, 1, respectively.
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Figure 1: The change of curvature and torsion in different times.

References

El-Ahmady, A. and Al-Hesiny, E. 2013. Conditional retraction of some curves in minkowski
3-space, INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS & STATISTICS
32(2): 39–47.

Gong, L. 2013. Measuring method of bearing size based on improved hough transform of cir-
cle geometric characteristics, International Journal of Applied Mathematics and Statistics
40: 170–177.

Kimmel, R. 2003. Numerical geometry of images: Theory, algorithms, and applications,
Springer Science & Business Media.

Richardson, G. and King, J. 2002. The evolution of space curves by curvature and torsion,
Journal of Physics A: Mathematical and General 35(46): 98–57.

Xu, G. 2012. Geometric partial differential equations for space curves, Technical report, Re-
search report No. ICM-12-13. Institute of Computational Mathematics and .

 International Journal of Applied Mathematics and Statistics

100


