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ABSTRACT

Tail probability inequalities have be an important tool in probability and statistics. Ver-
sion of Bernstein type inequalities have proved for independent and for some dependence
structure. We prove a new Tail probability inequality for the distributions of sums of widely
orthant dependent (WOD, in short) random variables, and obtain of complete convergence
for kernel estimators of density and hazard functions, under some suitable conditions .
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1 Introduction

Hazard estimation is quite an important problem in several fields of applied statistics (medicine,
econometric, seismic risk, reliability, etc.). Nonparametric estimation of the hazard function
started with Watson and Leadbetter (1964a,b) who introduced the kernel estimator, and from
that time on, a lot of papers on this topic have come out in the nonparametric literature. The
estimation of the hazard function, in the nonparametric case, has been widely studied in the
literature when the variables are of finite dimensions.

Let {X,,,n > 1} be a sequence of WOD random variables with an unknown marginal probability
density function f(z) and distribution function F'(z). Assume that K(z) is a known kernel
function, the kernel estimate of f(x) and the empirical distribution function of F'(x) are given
by

Fulz) = — ZK(I;X) F7l(:r):n_1;]I(Xi<x)., (1.1)

~ nh
=1
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where {h,,n > 1} is a sequence of positive bandwidths tending to zero as n — +co. The
function f,(.) is the well known kernel estimator of f(.) defined by (Rosenblatt, 1956) and
(Parzen, 1962). I{(.) is the indicator of the event specified in the parentheses. The hazard rate
of function can be written as ration between the f(.) and the survivor function S(.) =1 — F(.)
as follows:

H(z) = f(z)/S(x),

and it can be estimated by N

7 fu(®)

Hy(x) = TR (1.2)
In all these works, we establish the complete convergence of hazard function estimator based
on widely orthant dependent (WOD in short) random variables by using the new exponential
probability. It is well known that the probability limit theorem and its applications for independent
random variables have been studied by many authors, while the assumption of independence
is not reasonable in real practice. If the independent case is classical in the literature, the
treatment of dependent random variables is more recent. Widely orthant dependence (WOD)
is one of dependence structure. Now we recall the definition of WOD. The concept of widely
orthant dependent was introduced by (Wang and Cheng, 2011) for risk model. They studied
the basic renewal theorems for random walks with WOD dependent increments.
By definition, r.v.s {X;,i > 1}, are said to be widely upper orthant dependent (WUQD) if for
each n > 1, there exists a positive number g;(n) such that, for all z; € (—o0, 400),i =1,...,n

]P(Xl > Il,XQ > x2, ,Xn > In) < gU(n)H;LZI]P)(XZ > l‘i); (13)

they are said to be widely lower orthant dependent (WLOD) if for each n > 1, there exists some
finite positive number gz, (n) such that, for all ; € (—o0, +00),i = 1,...,n,

P(X) <21, X9 < 29,..., Xpn < 2) < gr(n)IL P(X; < 2); (1.4)

and they are said to be widely orthant dependent (WOD) if they are both WUOD and WLOD.
WUOD, WLOD and WOD r.v.s. are called by a joint name widely dependent r.v.s. and
gu(n),gr(n),n > lare called dominating coefficients. Clearly, we havegy(n) > 1,gr(n) >
1,m>2 and g, (1) = g(1) = 1.

The concept of complete convergence was introduced by (Hsu and Robbins, 1947) as follows:
a sequence X,,,n > 1 of random variables converges completely to a constant « if for all ¢ > 0,

n
D P(1X; — 9] > €) < +oo.
i=1
By the Borel.Cantelli lemma, this implies that X,, — ¢ a.s., and so complete convergence is a
stronger concept than a.s. convergence.
In this paper,we attempt to establish a new probability inequality and to derive the complete
convergence for the estimators of the probability density estimator (1.1) and hazard functions
under strictly stationary WOD random variables. The results obtained in the paper improve
and extend the corresponding ones of (Li and Yang, 2005) for NA samples. We will also study
the complete consistency for the estimator (1.1) under some mild conditions. The main results
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are presented in Section 2. Some lemmas are provided in Section 3. The proofs are given in
Section 4. C(f) denotes all the continuity points of function f and C?(f) stands for a point set in
where the second-order derivative f” exist and is bounded and continuous.

2 Some lemmas

To prove the main results of the paper, we need the following important lemmas. The first
one is a basic property for WOD random variables, which was obtained by.(Wang, Wang and
Gao, 2013) .

Lemma 2.1.

(i) Let{X,,n > 1} be WLOD (WUQOD) with dominating coefficients gr.(n),n > 1(gy(n),n >
1),
o if{fn(.),n > 1} are nondecreasing, then {f,(X,),n > 1} are still WLOD (WUOD)
with dominating coefficients gr.(n),n > 1(gu(n),n > 1);

e if{fn(.),n > 1} are nonincreasing, then {f.(X,),n > 1} are WUOD (WLOD) with
dominating coefficients gr,(n),n > 1(gy(n),n > 1).

(i) If {X,,n > 1} are nonnegative and WUOD with dominating coefficients gy (n),n > 1,
then for eachn > 1,

n

n
E]]X: < gu(n) [[EX:.

i=1 =1

In particular, if {X,,,n > 1} are WUOD with dominating coefficients gy (n),n > 1, then for
eachn > 1 and any \ > 0,

Eexp{A Z X} <gu(n) H Eexp{AX;}.
i=1 i=1
By Lemma (2.1), we can get the following corollary immediately.

Corollary 2.2. Let{X,,n > 1} be a sequence of WOD random variables.

() If {f.(.),n > 1} are all nondecreasing (or all nonincreasing), then {f,(X,),n > 1} are
still WOD.

(i) Foreachn > 1 and any X € R,

]Eexp{)\ZXi} <g(n) HEexp{)\Xi}.
i=1

=1

Proof. For A > 0, it is easy to see that AX; and A Z X; are WOD by the definition. Which
j=i+1

implies that exp(AX;) and exp(A Z X;) are also WOD fori=1,2,...,n— 1, by Lemma (2.1)
j=i+1
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(7). It follows from corollary 2.2 we obtain

E(J[e*) = E(exp(AX1)exp(A > X)),
i=1 j=2
< g1(n)E[exp(AX1)|E[exp(A Y X;)],

Jj=2
n

= g1(n)E[exp(AX1)|E[exp(AX)exp(A Y X)),

j=3
< g1(n)g2(n)Eexp(AX1)|Elexp(AX2)|Elexp(A > X;),
j=3
n—1 n
< [T ]Ee),
i=1 =1
= g(n) [J@®M),
i=1
n—1
where g(n) = Hgi(n). The following lemma is very useful in the proof of Lemma (2.4). O
i=1

Lemma 2.3. (Chen and Liu, 2017) For any x € R, we have
exp(x) < 14z + |z exp(2|z]), 0 < a < 1.

Lemma 2.4. Let{X,,n > 1} be a sequence of WOD random variables with EX,, = 0 for each
n > 1. If there exists a sequence of positive numbers {a,,n > 1} such that | X;| < a; for each
i >1,thenforany A > 0and0 < a <1,

E exp {/\ Z Xl} < g(n)exp {)\H‘O‘ Z e”‘alE|X¢1+”} . (2.1)

=1 =1
Proof. By lemma 2.3, forallz e Rand 0 < a < 1, exp(z) < 1+ z + |z|' ™ exp(2|z|). Thus, by
E(X;) =0and |X;| < a; foreach i > 1, we have
Eexp(AX;) < E{1+AX;+ [AXi|"exp(2]AX;])}
= 1+ AE(X;) + MR {|X;[ M exp(2]AX;)) }
L+ AR {1X" exp(2]A X)) }
L+ AR {1 XM exp(20a;) }
1+ A exp(2Aa;)E {| X'}
exp {)\HO‘ exp(2Xa;)E {\Xi|1+a}} (2.2)

A

IN

(using 1 +y < exp(y) for all y € R) for any A > 0. By lemma (2.1) and (2.2), we have can see
that

IN

g(n) [ [ Eexp {AX:} (2.3)

i=1

n
g(n) exp {)\Ha Z 62’\‘“E|Xi|1+a} . (2.4)

i=1

o137

i=1

IN

4
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The lemma is thus proved. O

Lemma 2.5. Let {X,.n > 1} be a sequence of WOD random variables with EX,, = 0 for each
n > 1. If there exists a sequence of positive numbers {a,,n > 1} such that | X;| < a; for each
i1 >1,thenforany A > 0,0 <a<lande>0

P(> Xi| > ) < 2g(n)exp {—)\e F AN e2’\‘“IEXZ-|1+a} . (2.5)

i=1 i=1

Proof. By Markov’s inequality and lemma (2.4), we can see that

=
™
o
v
o
A

exp(—Ae)E exp {/\ Z Xi}

i=1

IN

exp(— HEexp {0\ X}
i=1

IN

n
g(n)exp {—)\6 + Alfe Z 62)““IE|XZ'|1+“} . (2.6)

i=1

The desired result follows by remplacing X; by —X; in (2.6). This completes the proof of the
lemma. O

Lemma 2.6. (Shanchao, 2003) Suppose that (H1) holds, then for all z € C?(f),

lim [ K(u)f(z — hu) du = f(x).
h—0 R

Lemma 2.7. Suppose that (H,) holds, then for all z € C*(f),
B [Efu(@) = f(2)] < € < +oo.

Proof. By Taylor's expansion and (H;) — (Hs), for any 0 < 6 < 1 we can see that

~ 1 n €T — XZ‘
Bae) = Bl S KC)
1 n xTr — Xz
=, &R
1 n 3
= ;/}RK(u)f(a: — hypu) du
= Z/ K)[f(z) — f (z)h nquW(hnu)Q] du
h2 "
= )+ J/ Ku)f (x — 0hpu)u® du — f(z) + 7"]” (x) / K(u)u? du. (2.7)
R
By assumption (H1) and (2.7), we get the result. O
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Lemma 2.8. Let {X,;n > 1} be a sequence of WOD random variables with unknown distri-
bution function F(z) and bounded probability density function f(x). Let F,,(x) be the empirical

p(l+a)—1
_ log P0F®) (ng(n))
- _—_—a

n (I+a)

distribution function. If an — 0 forsomep>1and0 < a <1, then

sup |Fy(z) — F(z)| = O(é;l), completely.

In particular, if g(n) = O(n’) for somme § > 0, then

p(l+a)—1
log r(+e) n

sup | By, (z) — F(z)] = O( ), completely.

Proof. Let F(z,;) =i/nforn>3and 1 <i<n-—1. By lemma 2 in (Shanchao, 2003) we have
that

sup |Fu(2) ~ F@)| < max |Fu(wny) — Flaag)| +2/n. (2.8)
z€R 1<j<n—1

Noting that ann — o0, then for any positive constant B;, we have that 2/n < 3151/2 for all n
large enough. Then if follows from (2.8) that

P(sup |Fu(w) — F(2)| > Bi&y) < P( max  [Fn(wnj) — F(zq;)] 2 B16n/2)
T S)sn—

IN

n—1
Y P(|Fu(@ng) = F(as)| = Biéa/2)-
j=1
(2.9)

Let Y; = I(X; < ;) — EI(X; < ;). By Lemma (2.1), {Y;;i > 1} is still a sequence of WOD

1 — 1
random variables with EY; = 0, |Y;| < 2. Thus by choosing A = (3171”’) plite)=t (5—"> plire)=t

2p(1+a)+1(1+a) np—1
in Lemma (2.5) we have that for all n large enough,

IN

P(|Fn(xnj) *F(mnj)| > Blgz/Q) P(|Zﬁ‘ > Blgn/z)
j=1

IN

29(n) exp {)\Blé;L/Q FATY emf'Eﬁ’H“}

i=1

IN

2g(n) exp {—/\8151/2 + Al tape2Amaxicicn ‘“]E|i~/i|1+“}
2¢g(n) exp{—/\Blgn/2 + AlFape2Amaxicicn a;

2°(E(X; < ang) ™) + (BL(X; < 2nj)) ")}

(using the inequality (a 4 b)**! < max(2%,1)(a®"! + b>*1))
2¢g(n) exp{—/\Blgn/Q 4 \Hepe2Amaxicicy ai

2ME(1(X; < xnj) )}

(using the Holder's inequality (E(2))' ™ < E(Z't®)

2¢g(n) exp{—)\Blg;l/Z 4 \Hope2Amaxicicn ai2°‘+1}.

IN

IN

IN
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Let p > 1. It is well known that

1

uv = inf {iup + qu/pvq} foru > 0,v>0and 1/p+1/q=1.
b>0 | pb q

This yields the inequality

/\1+an62A max)<i<n a¢2a+1 < i)\p(1+a)np2p(a+1) + lbq/p62q)\max19§n ai (210)
~pb q
We can thus conclude that for every p > 1 and 0 < « < 1, there for all A > 0, such that
P(|F(wnj) = F(ans)] = Bi€a/2) < 2g(n) exp{-AB1&./2 + bAp“W nPopeth)}
X exp{,bq/p(i?quamgignai}
q

= 2g(n) exp{ébq/PquA <20 xp(B(A, ).
(2.11)

8@()\ n) _

The equation = 0 has the unique solution

~ 1
\ = % m &n p(ifa)—1 (2 12)
= 2p(1+a)+1(1 +a) 1 .

which minimizes ®(A,n). Then from (2.11),(2.12) and taking 2¢\ max, ., ,, a; < 1 it follows that

p(l4+a)

P(|Fu(nj) = F(xnj)] = Biéa/2) < 2exp{ébq/pe}9( ) exp{—pynaTHer1 6, P T

< zexp{ébq/f”e}mn) exp{—pColog(ng(n))}

1 1
— Zpalp -
2ol gy
(2.13)
(p(l-%—;v) .
P @
Where 111 = (1—@)%(bp/(l+a))p<l+a) 1 Recall that g(n) > 1. Taking p; sufficiently
large such that 11Cy > 2 by ((2.9)) and ((2.13)) we have that
0o co n—1
ZP( sup  |Fu(z) — F(z)| > B1&,) < 2exp{- bQ/pe}Z Zg mCo
n=1 —oo<e<+oo n=1i=1
1
_ Zpa/p _ - -
QQXp{qb e}Z(n l)g('I’L) (ng(n))“lc()
< vexpllpre} S tngln) L
¢ (ng(n))mCo
= 2 exp{lb‘m’e} i v
q “— (ng(n))mco~1
< +o00.
This complete the proof of the lemma. O
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3 Main Results and Proofs

In this section, we will present the complete convergence for kernel estimators of density and
hazard functions We adopt the following assumptions.

Hy) [T K(udu =1, [T uK (u)du = 0, [T u? K (u)du < oo, K (u) € Ly;
(Hg) The bandW|dths h,, satisfy that h,, | 0 and nh,, — oo as n — oo. Now we state our main
results as follows.

Theorem 3.1. Suppose that (H,) — (Hz2) hold. Let {X,;n > 1} be a sequence of strictly
stationary of WOD random variables with g(n) = O(n’) for some § > 0. Suppose that the kernel
p(1+a)—1

K (.) is a bounded monotone density function and the bandwidth h,, = O(n ~a0tw log 3»(+a) n)
for somep > 1 and0 < o < 1. Then for any « € C2(f).

(1+a)
~ p(1+a)
|[fn(z) = f(z)] =0 (M) , completely. (3.1)

n (+a) hn

Proof. SetY; = h;! [K(%) ~ EK(%)} for 1 < i < n. Since K(.) is a bounded monotone
density function, then {Y;,i > 1} is still a sequence of WOD random variables. Moreover, it
follows from 0 < h,, | 0 that there exists some positive constant C' such that max;<;<, |Y;| <
Ch;; 1. By lemma (2.5) and elementary inequality (a+b)'"* < max(2%,1)(at®+b'+*) we have

that
n n X 1+«
YENIT = 3B iy {K( ) ( ’)}
i=1 P
- hl_m hy,
_ 2¢ Xz X — Xz lta
- h1+a I
2a+1 n
< plva ZJE ( < (by hélder’s inequality)
i=1
9o+l r—X; 1+a
= h1+a TranE (K ( hn )>
2a+1 T —u 1+«
= h1+a /<K< I >> f(u) du
2a+1
= h1+a /K )du
. 2a+1
S Cnh1+a
log”;‘(ﬁ%l " Aoolvi | ith Aung pp(1+a) p(1+71a)—1 h .
Set ¢, = W pplying lemma (2.5) with A = (W) . where 4, is

some positive constant, for all n large enough, then we get that
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B(IS¥il > Aing)

=1

n
2¢g(n) exp {)\Amﬁn 4\t Z 62)\(17‘,]E|}/i|1+a}

=1

P(| fu(z) — Efu(z)] > A1)

IN

IN

IN

2g(n) exp {—/\Amﬁn + AlFagPAmaxicicn ‘“IE\Y}\HO‘}

IN

2g(n) exp{—AA1n¢, + )\1+°‘n21+a6’h;<1+“)62/\maxlﬁiin @il

Let p > 1. It is well known that

1 1
uv = inf {—up + qu/pvq} foru >0,v>0and 1/p+1/¢ =1.
b>0 | pb q

This yields the inequality

14a, 2XAmaxi<j<n ajga+1l g —(1+a) < 1 p(14a), pop(a+1) ~p —p(l+a) 1 q/p QqAnlaXISiSnaq,
AT %ne 2472Ch,, < —b)\ nP2 CPh,, + —b¥Pe .
P q

(3.2)
We can thus conclude that for every p > 1 and 0 < a < 1, there for all A > 0, such that

~ ~ 1 ~
P(|fo(@) = Efa(@)] > A1G) < 2g(n) exp{=AAing, + — A pppr ) Grp pia)),
p

1 ;
X exp{gbq/pe%/\mdxlgigna1,}
= 2g(n) exp{éb‘ﬂpe?q)‘ M8Xi<icn Y% exp(W(A, n)).
(3.3)
The equation w = 0 has the unique solution
1
p(iFta)—1
N = AiGbp _ (3.4)
2p(1+a) (1 + Oc)nP*16'1’}Lf,p(l+a>

which minimizes ®(A,n). Then from (3.3),(3.4) and noting 2¢\ max;;,,, a; < 1, we obtain
upper bound for the tail probability as

1
S 1 ArGabp e
B ;Yd z Aina) < 2g(n) exp{gque} P <2p(1+a)(1 + a)nz)—léphnp(lw))
AinG, (1 — ;)}
p(1+a)
S zg(n) exp{lbq/pe} exp{—MnPUfz)—l Cﬁ(pr(}rz)ull hﬁ(pr(}rz;xll (1 o #)}
< 2M, exp{éb‘m’e}n‘; exp{—]T/f(l - )logn}

p(1+a)
1 _M(1—

= 2Mlexp{qu/pe}n6 M1 p(11+o))‘
q

9
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Taking M = (1 — p(lia))Alp(’fﬁfﬂl émﬁf’lw large enough such that 6 — M (1 — o74—) < —1,

then we have that

> P(|fa(@) = Efa(@)] > A1Ga) < +oo, (3.5)
j=1
that is
~ ~ log P
[fn(z) = Efn(z)] = O OgT , completely. (3.6)
n+a) b,

By lemma (2.7) that
h[Efu(z) = f(2)] < C < +o0.

p(l+a)—1
log r(+e) n

Which implies that

(3.7)

o
n (1+a) hn

[Efu(z) — f(z)| = O (

Note that

[fal@) = f@)] = |fa(@) = Eful@) + Efa(e) - ()]
| fu(@) = Efa(@)] + [Efa(z) = f(2)]-

IN

Therefore, the desired result (3.1) follows immediately by (3.6)-(3.7). The proof is completed.

L
p(l-{-a)—l
Theorem 3.2. Suppose that (H,) — (Hs) hold. B, = % —0. Let {X,;n > 1}
n <) by,
be a sequence of strictly stationary of WOD random variables. Suppose that the kernel K (.) is

p(l+a)—1

a bounded monotone density function and the bandwidth satisfies that h,, = O(n~ leET) log 3p(+e) n)
for somep > 1 and 0 < a < 1. Then for any = € C?(f).

|fu(z) = f(2)] = O (By), completely. (3.8)

Proof. In view of the proof of Theorem (3.1), we only need to show that

p(1+a)—1
- - log pOta)
(@) — Efu(z)| = O ( g m (”9(”))> , completely. (3.9)
n (+a) hn
and
- log P55 (ng(n))
[Efu(z) = f(2)] = O | B——="F ) (3.10)
n (1+a) hn
Noting that g(n) > 1 then (3.10) follows from (3.10) immediately and thus we only need to
p(1+a)—1
prove (3.9). Similar to the proof of (3.9), set 3, = (W) . Applying Lemma (2.5)
n ) hp

) (1+a) \ PATa)—1 )
with A = (%) ! to obtain that for all n large enough,
on e

10
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P(|fa(x) — Efu()] > A28,)

IN

B(> Vil > Aamp)
j=1

IA

2g(n) exp {AAgnﬂn FAFY e”“’iIEIYzl““}

=1

IN

29(n) exp { ~Aan, + AP s gy e ]

29(71) eXp{*)\Aznﬁn + /\1+an21+aéh;(1+a)62)\maxlggn (li}.

IN

Let p > 1. It is well known that

1 1
uv = inf {—up + qu/pvq} foru > 0,v >0and 1/p+1/q=1.
b>0 | pb q

This yields the inequality
>\1+an62>\max1§ignai2u+15h;(1+0¢) < ib)\P(H‘U‘)nPQP(a+1)éPhT—LP(1+a) =+ lbLI/PeZI/\ maXy <<y i
D

(3.11)
We can thus conclude that for every p > 1 and 0 < « < 1, there for all A > 0, such that

P(|fa(@) = Efu(2)] > A28n) < 2g(n) exp{-AA2nf, + pib/\”(H“)n"?"(““)5’%;”(1*&)}-

% eXp{lbq/pEQq)\ maxi<j<n ai}
q
1 ) ~
= 2g(n) exp{_pIPH sz Y exp(B(, ).
q
(3.12)
The equation a@g\,n) = 0 has the unique solution
1
A - pFa)—1
_ 26nbp_ (3.13)
2p(1+a)(1 _'_Oé)np—lcph;p(hra)

which minimizes \f/()\,n). Then from (3.12),(3.13) and noting 2¢\ max, ,,, a; < 1, we obtain
upper bound for the tail probability as

AzB,bp T
20(140) (1 4 @)np=1CPh, P

(| ZYL| = Aonfn) < 2g(n) exp{éque} €xp { (
j=1

Agnfn(1 - #>}

p(1+ )
Loas TV TR & Rt 1
< ~palr — Mynitar—1 gra+e)=T p p+a)=T (1 _
< 2l exp{ L) exp{~ MR A T )
—~ 1
< gl exp{ 17} exp{~ D (1 ~ —) loa(na()}
— 2(ng(n)) exp{ ~b/7e} (ng(n)) 0T
q
1 M (1—
= 2exp{- b7} (ng(n))' M0 ),
q

1
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; N — 1 (1+a) b
Taklng My = (1 B p(1+a))A2p(Ii+oe)—1 (7p2pf)1+a)

then we have that

large enough such that 1 — M (1 — m) < -1,

Y Blfa(x) = Eful@)] = Asfn) < +o0, (3.14)
j=1

which is equivalent to (3.9). The proof is completed.

Furthermore, by relaxing the restriction on the bandwidth h,,, we have the following result.

Theorem 3.3. Suppose that (H,) — (Hz2) hold. Let {X,;n > 1} be a sequence of strictly
stationary of WOD random variables. Suppose that the kernel K(.) is a bounded monotone

p(l+a)—1
density function and | 96" ()}, o Then for any x € C2(f),
n(1+a) b,
fn(a;) — f(z) — 0, completely. (3.15)
p(l«lka)fl
Proof. In view of the proof theorem (3.2), by (3.9) and (W) — 0 we have that
n ) hy

fu(x) = Efy(z) — 0,completely.
Therefore, we only need to show that

[Efu(z) — f(z)] =0 (3.16)

p(l+a)—1

a +
without the condition h,, = O(n™ 30+a) log 3r(i+2) n) in theorem(3.2).Actually, by lemma(2.5)
we have that
lim [Efu(z) — f(@)] <C lim hZ = 0.

n—4oo

Consequently, (3.16) is proved and thus the proof of the theorem is completed. O

Since the proofs of Theorems (3.4)-(3.6) are similar, we only present the proof of Theorem 2.4
as follows.

As an application of the results above, we obtain the complete convergence and the complete
convergence for the hazard function estimator H,,(z) as follows.

Theorem 3.4. Suppose that (Hy) — (Hz2) hold. Let {X,;n > 1} be a sequence of strictly
stationary of WOD random variables with g(n) = O(n%) for some § > 0. Suppose that the
kernel K(.) is a bounded monotone density function and the bandwidth satisfies that h,, =
O(n‘ﬁ log% n) forsomep > 1 and 0 < a < 1. If there exists a point xy such that
F(x0) < 1, then for any x € C>(f) and = < x,

p(l+a)—1

|Ho(2) — H(z)| = O(n” @@ bl log #0+a) n), completely. (3.17)

12
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Proof. The proof of this theorem is based on the following decomposition:

fa() f(z)

1—Fy(z) 1-F(2)

(1= Fu(@))(fu(@) = f (@) + (Fu(w) = F(2))f(x)
(1= Fu(2))(1 = F(z))

|fulz) = f(@)] +

|Hn () — H(z)]

f(z)
(1= Fu(2))(1 = F(x))

IN

|[Fy(z) — F ()]
(3.18)

1—F ()

From 0 < F(z) < F(zg) < 1 for all x < g, sup,, f(z) < M < +oo, applying theorem (3.1) and
logp(Pl(Tizl)l n

taking § = in lemma (2.8), we can see that
~ 1 p(l a)—1
|fr(x) — f(z)] = O(n" [ h,, “log »(+e) " n), completely. (3.19)
and i
sup |Fy(x) — F(x)] = O(n~ (G log 1+ n), completely. (3.20)
r<xo

On the other hand, from (3.20) one has that = < z and all n large enough,

= Fy(a) > 1— F(z) > L= L (@)

> 5 > 0. (3.21)

consequently, the desired result (3.17) follows from (3.18) — (3.21). The proof is completed.
Since the proof of theorems (3.4)-(3.6) are similar, we only present the proof of theorem (3.4)

as follows. !
p(l{l»a)—l
Theorem 3.5. Suppose that (H,) — (Hs) hold. 3, = w — 0. Let {Xn;n > 1}
n ) hy,
be a sequence of strictly stationary of WOD random variables. Suppose that the kernel K (.) is
p(14a)—1

a bounded monotone density function and the bandwidth satisfies that h,, = O(n~ e log 3p(Fa) n)
for somep > 1 and0 < o < 1. Then for any x € C?(f) and z < w,

|H () — H(z)| = O(B,), completely. (3.22)

Theorem 3.6. Suppose that (H,) — (Hz2) hold. Let {X,;n > 1} be a sequence of strictly
stationary of WOD random variables. Suppose that the kernel K(.) is a bounded monotone
p(l+a)—1
W — 0. If there exists a point xo such that F(xq) < 1, then
+a hn

for any x € C%(f) and x < xy,

density function and

H,(x) — H(xz) — 0, completely. (3.23)

Conclusion

Our work consists in establishing some new exponential inequalities for the distribution of sums
of WOD random variables. Using these inequalities, we proved the complete convergence for
kernel estimators of density and hazard functions, under some suitable conditions.
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